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ABSTRACT
We introduce a notion of self-concordant smoothing for minimizing 
the sum of two convex functions, one of which is smooth and the 
other nonsmooth. The key highlight is a natural property of the 
resulting problem’s structure that yields a variable metric selection 
method and a step length rule especially suited to proximal quasi-
Newton algorithms. Also, we efficiently handle specific structures 
promoted by the nonsmooth term, such as ω1-regularization and 
group-lasso penalties. A convergence analysis for the class of prox-
imal quasi-Newton methods covered by our framework is presented. 
In particular, we obtain guarantees, under standard assumptions, for 
two algorithms: Prox-N-SCORE (a proximal Newton method) and
Prox-GGN-SCORE (a proximal generalized Gauss-Newton method). 
The latter uses a low-rank approximation of the Hessian inverse, 
reducing most of the cost of matrix inversion and making it effective 
for overparameterized machine learning models. Numerical experi-
ments on synthetic and real data demonstrate the efficiency of both 
algorithms against state-of-the-art approaches. A Julia implementa-
tion is publicly available at https://github.com/adeyemiadeoye/Self-
ConcordantSmoothOptimization.jl.
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1. Introduction

We consider the composite optimization problem

min
x→Rn

L(x) := f (x) + g(x), (1)

where f  is a smooth, convex loss function and g is a closed, proper, convex nonsmooth 
regularization function. Several optimization problems in engineering, machine learn-
ing, and !nance can be written in the form (1), including sparse signal recovery, image 
processing, compressed sensing, and most classi!cation and regression tasks in machine 
learning. Proximal gradient algorithms are among the most widely used methods for such 
problems (see [20] and the references therein for a comprehensive treatment). These algo-
rithms handle the nonsmooth term g e"ciently by employing its proximal operator, which 
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is typically assumed to be computable at low cost. Among other notable approaches is the 
partial smoothing framework of [9], which reassesses early full smoothing methods that 
iteratively replace g with a smooth approximation, e.g., [12,13], and instead smooths only 
one component of g while leaving the other unchanged. The setting they consider has the 
form g(x) = R(x) + ε(x), where R is typically a scaled ω1-norm (ϑ↑x↑1) that promotes 
sparsity, and ε encodes additional structure (group, fused, etc.). The main motivation 
remains to use the proximal operator of the (unchanged) nonsmooth component so that 
the intended structures are preserved. Notably, fast proximal gradient schemes [8,34,35,61] 
have become standard for solving such problems.

Although such !rst-order schemes outperform subgradient or bundle methods [9], 
they often yield only modest solution accuracy [45]. Incorporating second-order infor-
mation typically improves both convergence speed and solution accuracy. The main 
drawback is the computational cost associated with full Hessian inverse. Several prior 
works [10,27,46,52,57,60] therefore incorporate approximate second-order information 
into proximal gradient schemes to mimic the performance of true proximal Newton 
methods. To ensure global convergence, many of these schemes rely on line search or trust-
region procedures, which introduce additional computational cost. Some other works 
avoid such safeguards by imposing extra structure on the smooth term f. For instance, 
in the convex case [60] assumes that f  is self-concordant; this assumption yields e"cient 
step-length and correction rules but con!nes the approach to settings where these con-
ditions hold (see [31,49]). In contrast, we propose a step-length selection rule speci!cally 
for proximal quasi-Newton methods; it is derived from a self-concordance-like structure 
inherent in our scheme and does not demand that f  or g be self-concordant.

In particular, we regularize1 problem (1) by a second smooth function gs, resulting in 
the following problem:

min
x→Rn

Ls(x) := f (x) + gs(x;µ) + g(x), (2)

where2 gs is a self-concordant, epi-smoothing function for g with a positive smoothing 
parameter µ (see De!nition 3.3). By construction (see Section 3.1), the functions g and 
gs do not con#ict; therefore, e"cient proximal schemes can be used to iteratively solve 
problem (2) and, for a suitable choice of µ, recover the solution of the original formu-
lation (1) (see Sections 4 and 7). The smooth regularizer gs serves two main algorithmic 
purposes in this work. First, it provides an adaptive step-length selection method analogous 
to the Newton-decrement framework but without requiring any self-concordance informa-
tion about f. Second, its Hessian has a simple diagonal structure that can be exploited as 
a variable metric to scale the proximal operator of g e"ciently. As a result, the regulariza-
tion enhances both the solvability of the smooth part and the handling of the nonsmooth 
component.

While our development does not rely on any particular structure of g, Section 5 shows 
how known structures can be incorporated, extending the approach to a broader class of 
structured penalties. For lasso and multi-task regression with structured sparsity, we relate 
Nesterov’s smoothing [35] to our framework and combine the ‘prox-decomposition’ prop-
erty of g with the smoothness of gs, thereby enabling straightforward treatment of such 
structures.
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Most notably, three observations are vital to the development of our algorithmic 
framework: 

(1) For many practical optimization problems, e.g., those that arise in modern machine 
learning, proximal Newton methods enjoy powerful convergence guarantees but 
are often computationally prohibitive. This motivates the use of proximal quasi-
Newton schemes that use low-rank updates at each iteration (see Section 4.2).

(2) The in!mal-convolution smoothing technique employed to construct gs uncovers 
a structure that falls within the self-concordant regularization (SCORE) frame-
work of [1,2]. Consequently, we can devise an e"cient adaptive step-length rule 
for proximal quasi-Newton algorithms without requiring the original problem to be 
self-concordant. In other words, our development extends SCORE so that it accom-
modates nonsmooth regularizers while preserving problem-speci!c structure.

(3) The notion of epi-smoothing functions introduced in [14] permit a principled com-
bination of the smooth regularizer gs with proximal algorithms that handles the 
nonsmooth term g, assuming an e"cient method exists for evaluating its proximal 
operator. Moreover, the diagonal Hessian of gs serves as a natural variable met-
ric for the resulting scheme, enabling e"cient computation of the scaled proximal 
operator.

Burke and Hoheisel [14,15] developed the notion of epi-smoothing for studying several 
epigraphical convergence (epi-convergence) properties for convex composite functions by 
combining the in!mal convolution smoothing framework due to Beck and Teboulle [9] 
with the idea of gradient consistency due to Chen [17]. The key variational analysis tool used 
throughout their development is the coercivity of the class of regularization kernels stud-
ied in [9]. In particular, they establish the close connection between epi-convergence of the 
regularization functions and supercoercivity of the regularization kernel. Then, based on 
the above observations, we synthesize this idea with the notion of self-concordant regular-
ization [1,2] to propose two proximal-type algorithms, viz., Prox-N-SCORE (Algorithm 1) 
and Prox-GGN-SCORE (Algorithm 2), for convex composite minimization.

Paper organization. The rest of this paper is organized as follows: In Section 2, we present 
some notations and background on convex analysis. In Section 3, we establish our self-
concordant smoothing notion with some properties and results. We describe our proximal 
quasi-Newton scheme in Section 4, and present the Prox-N-SCORE and Prox-GGN-SCORE

algorithms. In Section 5, we describe an approach for handling speci!c structures pro-
moted by the nonsmooth function g in problem (1), and propose a practical extension of 
the so-called prox-decomposition property of g for the self-concordant smoothing frame-
work, which has certain in-built smoothness properties. Convergence properties of the
Prox-N-SCORE and Prox-GGN-SCORE algorithms are studied in Section 6. In Section 7, 
we present some numerical simulation results for our proposed framework with an accom-
panying Julia package,3 and compare the results with other state-of-the-art approaches. 
Finally, we give a concluding remark and discuss prospects for future research in Section 8.
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2. Notation and preliminaries

We denote by R̄ := R ↓ {↔↗,+↗} the set of extended real numbers. The sets R+ :=
[0,+↗[ and R++ := R+\{0}, respectively, denote the set of nonnegative and positive 
real numbers. Let g : Rn ↘ R ↓ {+↗} be an extended real-valued function. The (e!ec-
tive) domain of g is given by dom g := {x → Rn | g(x) < +↗} and its epigraph (resp., strict 
epigraph) is given by epig := {(x, ϖ ) → Rn ≃ R | g(x) ⇐ ϖ } (resp., episg := {(x, ϖ ) → Rn ≃

R | g(x) < ϖ }). Given ϖ → R++, the ϖ -sublevel set of g is ϱϖ (g) := {x → Rn : g(x) ⇐ ϖ }. 
The standard inner product between two vectors x, y → Rn is denoted by ⇒·, ·⇑, that is, )︄
x, y

[︄
:= x⇓y, where x⇓ is the transpose of x.

For an n ≃ n matrix H, we write H ⇔ 0 (resp., H ↖ 0) to say H is positive de!nite (resp., 
positive semide!nite). If all the entries of H are zero, we say that H is null. The sets Sn

+ and 
Sn

++, respectively, denote the set of n ≃ n symmetric positive semide!nite and symmetric 
positive de!nite matrices. The set 

]︄
diag(v) | v → Rn⌊︄, where diag : Rn ↘ Rn≃n, de!nes the 

set of all diagonal matrices in Rn≃n. Matrix Id denotes the d ≃ d identity matrix. We denote 
by card(G), the cardinality of a set G. For any two functions f  and g, we de!ne (f ↙ g)(·) :=
f (g(·)). We denote by Ck(Rn), the class of k-times continuously-di$erentiable functions on 
Rn, k → R+. If the p-th derivatives of a function f → Ck(Rn) is Lf -Lipschitz continuous on 
Rn with p ⇐ k, Lf → R+, we write f → Ck,pLf (Rn). The notation ↑·↑ stands for the standard 
Euclidean (or 2-) norm ↑·↑2. We de!ne the weighted norm induced by H → Sn

++ by ↑x↑H :=
⇒Hx, x⇑

1
2 , for x → Rn. An Euclidean ball of radius r centered at x̄ is denoted by Br(x̄) :=

{x → Rn | ↑x ↔ x̄↑ ⇐ r}. Associated with a given H → Sn
++, the (Dikin) ellipsoid of radius 

r centred at x̄ is de!ned by Er(x̄) := {x → Rn | ↑x ↔ x̄↑H ⇐ r}. We de!ne the spectral norm 
↑A↑ ∝ ↑A↑2 of a matrix A → Rm≃n as the square root of the maximum eigenvalue of A⇓A, 
where A⇓ is the transpose of A.

A convex function g : Rn ↘ R ↓ {+↗} is said to be proper if dom g ′= ∞. The function 
g is said to be lower semicontinuous (lsc) at y if g(y) ⇐ lim infx↘y g(x); if it is lsc at every 
y → dom g, then it is said to be lsc on dom g. We denote by ϱ0(D) the set of proper convex 
lsc functions from D ∈ Rn to R ↓ {+↗}. Given g → C3(dom g), we respectively denote by 
g∋(t), g∋∋(t) and g∋∋∋(t) the !rst, second and third derivatives of g, at t → R, and by △xg(x), 
△2

xg(x), and △3
xg(x) the gradient, Hessian and third-order derivative tensor of g, respec-

tively, at x → Rn; if the variables with respect to which the derivatives are taken are clear 
from context, the subscripts are omitted. If △2g(x) → Sn

++ for a given x → Rn, then the local
norm ↑·↑x with respect to g at x is de!ned by 

⌋︄⌋︄d
⌋︄⌋︄
x :=

)︄
△2g(x)d, d

[︄1/2, the weighted norm 
of d induced by △2g(x). The associated dual norm is denoted ↑v↑▽

x :=
)︄
△2g(x)↔1v, v

[︄1/2, 
for v → Rn. The subdi$erential ςg : Rn ↘ 2Rn  of a proper function g : Rn ↘ R ↓ {+↗}

is de!ned by x ̸↘

⌈︄
u → Rn | (↦y → Rn)

)︄
y ↔ x, u

[︄
+ g(x) ⇐ g(y)

⌉︄
, where 2Rn  denotes the 

set of all subsets of Rn. The function g is said to be subdi$erentiable at x → Rn if ςg(x) ′= ∞; 
the subgradients of g at x are the members of ςg(x).

We de!ne set convergence in the sense of Painlevé-Kuratowski. Let N denote the set of 
natural numbers. Let {Ck}k→N be a sequence of subsets of Rn. The outer limit of {Ck}k→N is 
the set

lim sup
k↘↗

Ck :=
]︄
x → Rn

| ∀{kj}j→N, ∀{xj}j→N ↦j, xk → Ck, {xk} ↘ x
⌊︄
,
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and its inner limit is

lim inf
k↘↗

Ck :=
]︄
x → Rn

| ∀xk → Ck : {xk} ↘ x,↦k → N
⌊︄
.

The limit C of {Ck}k→N exists if its outer and inner limits coincide, and we write

C = lim
k↘↗

Ck := lim sup
k↘↗

Ck = lim inf
k↘↗

Ck.

We say that a function g : Rn ↘ R ↓ {+↗} is coercive if lim inf↑x↑↘↗ g(x) = +↗, and 
supercoercive if lim inf↑x↑↘↗

g(x)
↑x↑ = +↗. The sequence {gk} of functions gk : Rn ↘ R̄

is said to epi-converge to the function g : Rn ↘ R̄ if limk↘↗ epigk = epig; it is said to 
continuously converge to g if for all x → Rn and {xk} ↘ x, we have limk↘↗ gk(xk) = g(x); 
and it converges pointwise to g if for all x → Rn, limk↘↗ gk(x) = g(x). Epi-convergence, 
continuous convergence, and pointwise convergence of {gk} to g are respectively denoted 
by e– lim gk = g (or gk e

↔↘
g), c– lim gk = g (or gk c

↔↘
g), and p– limgk = g (or gk p

↔↘
g).

The conjugate (or Fenchel conjugate, or Legendre transform, or Legendre-Fenchel 
transform) gϕ : Rn ↘ R ↓ {+↗} of a function g : Rn ↘ R ↓ {+↗} is the mapping y ̸↘

supx→Rn{
)︄
x, y

[︄
↔ g(x)}, and its biconjugate is gϕϕ = (gϕ)ϕ.

3. Self-concordant regularization

This section introduces the concept of self-concordant smoothing, which provides struc-
tures that can be exploited in composite optimization problems. We begin by presenting 
the de!nition of generalized self-concordant functions, as given in [56].

De!nition 3.1 (Generalized self-concordant function on R): A univariate convex func-
tion g → C3(dom g), with dom g open, is said to be (Mg , ↼)-generalized self-concordant, 
with Mg → R+ and ↼ → R++, if

{︄{︄g∋∋∋(t)
{︄{︄ ⇐ Mgg∋∋(t)

↼
2 , ↦ t → dom g.

De!nition 3.2 (Generalized self-concordant function on Rn of order ω): A convex func-
tion g → C3(dom g), with dom g open, is said to be (Mg , ↼)-generalized self-concordant of 
order ↼ → R++, with Mg → R+, if ↦x → dom g

{︄{︄{︄
}︄
△

3g(x)[v]u, u
⟨︄{︄{︄{︄ ⇐ Mg↑u↑2x↑v↑

↼↔2
x ↑v↑3↔↼ , ↦ u, v → Rn,

where △3g(x)[v] := limt↘0{(△2g(x + tv) ↔ △2g(x))/t} is the third directional derivative 
of g.

Note that for an (Mg , ↼)-generalized self-concordant function g de!ned on Rn, the uni-
variate function ↽ : R ↘ R ↓ {+↗} de!ned by ↽(t) := g(x + tv) is (Mg , ↼)-generalized 
self-concordant for every x, v → dom g and x + tv → dom g. This provides an alternative 
de!nition for the generalized self-concordant function on Rn.
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A key observation from De!nitions 3.1 and 3.2 is the possibility to extend the the-
ory beyond the case ↼ = 3 and u= v originally presented in [38]. This observation, for 
instance, allowed the authors in [4] to introduce a pseudo self-concordant framework, in 
which ↼ = 2, for the analysis of logistic regression. In a recent development, the authors 
in [41] identi!ed a new class of pseudo self-concordant functions and showed how these 
functions may be slightly modi!ed to make them standard self-concordant (i.e. where 
Mg = 2, ↼ = 3, u = v), while preserving desirable structures. With such generalizations, 
and stemming from the idea of Newton decrement [38], we propose new step-length 
selection techniques for proximal quasi-Newton methods from the self-concordant reg-
ularization framework of this section. We denote by FMg ,↼ the class of (Mg , ↼)-generalized 
self-concordant functions, with generalized self-concordant parameters Mg → R+ and ↼ →

R++.

De!nition 3.3 (Self-concordant smoothing function): We say that the parameterized 
function gs : Rn ≃ R++ ↘ R is a self-concordant smoothing function for g → ϱ0(Rn) if 
the following two conditions are satis!ed: 

SC.1 e– limµ∃0gs(x;µ) = g(x).
SC.2 gs(x;µ) → FMg ,↼ .

We denote by Sµ
Mg ,↼ the set of self-concordant smoothing functions for a function g →

ϱ0(Rn), that is, Sµ
Mg ,↼ :=

⌈︄
gs : Rn ≃ R++ ↘ R | gs e

↔↘
g, gs → FMg ,↼

⌉︄
.

3.1. Self-concordant regularization via in!mal convolution

Next, we present key elements of smoothing through in!mal convolution, which includes 
the Moreau-Yosida regularization process as a special case in de!ning the (scaled) proximal 
operator.

De!nition 3.4 (In!mal convolution): Let g and h be two functions from Rn to R ↓

{+↗}. The in!mal convolution (or ‘inf-convolution’ or ‘inf-conv’)4 of g and h is the 
function g↭h : Rn ↘ R̄ de!ned by

(g↭h)(x) = inf
w→Rn

]︄
g(w) + h(x ↔ w)

⌊︄
. (3)

The in!mal convolution of g with h is said to be exact at x → dom g if the in!mum (3) is 
attained. It is exact if it is exact at each x → dom g, in which case we write g ! h. Of utmost 
importance about the inf-conv operation in this paper is its use in the approximation of 
a function g → ϱ0(Rn); that is, the approximation of g by its in!mal convolution with a 
member hµ(·) of a parameterized family H := {hµ | µ → R++} of (regularization) kernels. 
In more formal terms, we recall the notion of inf-conv regularization in De!nition 3.5. 
For h → ϱ0(Rn) and µ → R++, we de!ne the function hµ : Rn ↘ R ↓ {+↗} by the epi-
multiplication operation5

hµ(·) := µh
⟩︄

·

µ

/︄
, µ → R++. (4)
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De!nition 3.5 (Inf-conv regularization): Let g be a function in ϱ0(Rn). De!ne

H :=
]︄
(x,w) ̸↘ hµ(x ↔ w) | µ → R++

⌊︄

a parameterized family of regularization kernels. The inf-conv regularization process of g
with hµ → H is given by (g↭hµ)(x), for any x → Rn.

The operation of the inf-conv regularization generalizes the Moreau-Yosida regulariza-
tion process in which case, hµ(·) =↑·↑

2 /(2µ) or, with a scaled norm, hµ(·) =↑·↑
2
Q /(2µ)

for some Q → Sn
++. The Moreau–Yosida regularization process provides the value func-

tion of the proximal operator associated with a function g → ϱ0(Rn). This leads us to the 
de!nition of the scaled proximal operator.

De!nition 3.6 (Scaled proximal operator): The scaled proximal operator of a function 
g → ϱ0(Rn), written proxQ⇀g(·), for ⇀ → R++ and Q → Sn

++, is de!ned as the unique point 
in dom g that satis!es

(g↭⇁⇀)(x) = g(proxQ⇀g(x)) + ⇁⇀(x ↔ proxQ⇀g(x)),

where ⇁⇀(·) :=↑·↑
2
Q /(2⇀). That is, proxQ⇀g(x) := argmin

w→Rn
{g(w) + ⇁⇀(x ↔ w)}.

A key property of the scaled proximal operator is its nonexpansiveness; that is, the 
property that (see, e.g., [47] and [60, Lemma 2])

⌋︄⌋︄⌋︄proxQ⇀g(x) ↔ proxQ⇀g(y)
⌋︄⌋︄⌋︄
Q

⇐
⌋︄⌋︄x ↔ y

⌋︄⌋︄
Q↔1 , (5)

for all x, y → Rn.
In the sequel, we assume that the regularization kernel function h is of the form

h(x) =

n\︄

i=1
↪(x(i)), (6)

where ↪ is a univariate potential function. We are now left with the question of what prop-
erties we need to hold for ↪ such that g↭hµ produces gs satisfying the self-concordant 
smoothing conditions SC.1–SC.2. To this end, we assume that ↪ satis!es the following: 

K.1 ↪ is supercoercive.
K.2 ↪ → FM↪ ,↼ .

Many functions that appear in di$erent settings naturally exhibit the structures in condi-
tions K.1–K.2. For example, the ones belonging to the class of Bregman/Legendre functions
introduced by Bauschke and Borwein [5] (see also [21] for a related characterization of 
the class of Bregman functions). In the context of proximal gradient algorithms for solv-
ing (1), the recent paper [7] enlists these functions as satisfying the new descent lemma 
(a.k.a descent lemma without Lipschitz gradient continuity) which the paper introduced. 
We summarize examples of these regularization kernel functions on di$erent domains 
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Table 1. Examples of regularization kernel functions for self-concordant smoothing, and their general-
ized self-concordant parameters M↪ and ↼ (see Definition 3.1).
↪(t) dom ↪ M↪ ↼  Remark

1
p

/︂
1 + p2|t|2 ↔ 1, p → R++ R 2 2.6 p= 1

1
2

\︂

⎛¬
1 + 4t2 ↔ 1 + log

⎞¬
1 + 4t2 ↔ 1

2t2

⎡⎤

⎣ R 2
¬
2 3 Ostrovskii & Bach [41]

1
2
t2 R 0 3 ‘Energy’

1
p
|t|p , p → (1, 2) R+ 4 6 p= 1.5

log(1 + exp(t)) R 1 2 ‘Logistic’
t log t ↔ t [0,+↗] 1 4 ‘Boltzmann–Shannon’⎦
⎢

⎥

1
2
(t2 ↔ 4t + 3), if t ⇐ 1

↔ log t, otherwise
R 4 3 De Pierro & Iusem [21]

in Table 1. We extract practical examples on R for the smoothing of the 1-norm and the 
indicator functions.

Remark 3.1: Suppose that dom h is a nonempty bounded subset of Rn, for example, if 
↪ → ϱ0(dom ↪), then since we have that g → ϱ0(dom g) is bounded below as it possesses a 
continuous a"ne minorant (in view of [6, Theorem 9.20]), the less restrictive condition 
that ↪ is coercive su"ciently replaces the condition K.1. In other words, the key con-
vergence notion presented later holds similarly for the resulting function g↭hµ in this 
case. Particularly, we get that g↭hµ in this case is exact, !nite-valued and locally Lipschitz 
continuous (see, e.g., [15, Proposition 3.6]) making it !t into our algorithmic framework.

Remark 3.2: Whenever the supercoercivity condition is di"cult to check (and the con-
dition in Remark 3.1 does not hold), two possibilities exist according to [15, Proposition 
3.9]: (1) If h → ϱ0(Rn) is such that g↭hµ e

↔↘
g, and g → ϱ0(Rn) is supercoercive, then h is 

necessarily supercoercive; (2) If, however, g → ϱ0(Rn) is not supercoercive, then we can 
!nd some h → ϱ0(Rn) that is not supercoercive but for which g↭hµ e

↔↘
g.

In light of Remarks 3.1 and 3.2, our examples in Table 1 include both coercive and 
supercoercive functions. In either case, we have ↪ → FM↪ ,↼ . We keep the supercoercivity 
condition to emphasize other realizable properties of g↭hµ.

Examples. For some functions g and hµ, there exists a closed form solution to g↭hµ. 
On the other hand, if one gets that g↭hµ = g ! hµ → ϱ0(Rn), e.g., as a result of Proposi-
tion 3.13(i), then knowing in this case that

g↭hµ = (gϕ
+ hϕ

µ)ϕ, (7)

we can e"ciently estimate g↭hµ using fast numerical schemes (see, e.g.  [30]). The struc-
ture of h implies gs can be expressed in terms of a corresponding univariate function 
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↽ : R ↘ R ↓ {+↗} by de!ning ↽s(t;µ) := (↽↭hµ)(t), and then

gs(x;µ) =

n\︄

i=1
↽s(x(i);µ).

In the following, we provide examples of such ↽s for some ↪ → FM↪ ,↼ .

In!mal convolution of → · →1 with hµ. In the !rst two examples, we consider g(x) = ↑x↑1
(Figure 1).

Example 3.7: Let p=1 in ↪(t) =
1
p

⎧
1 + p2|t|2 ↔ 1, with dom ↪ = R. Then,

↽s(t;µ) =
µ2 ↔ µ

/︂
µ2 + t2 + t2

/︂
µ2 + t2

.

Example 3.8: ↪(t) =
1
2 [

¬
1 + 4t2 ↔ 1 + log(

¬
1+4t2↔1
2t2 )], with dom ↪ = R:

↽s(t;µ) =

/︂
µ2 + 4t2

2
↔

µ

2

\︂

⎛1 + log(2) ↔ log

⎞
2t ↔

/︂
µ2 + 4t2 + µ

t

⎡

↔ log

⎞
2t +

/︂
µ2 + 4t2 ↔ µ

t

⎡⎤

⎣ .

In!mal convolution of εC(x) with hµ. In the next example, we consider g(x) = ↩C(x), 
where C := {x → Rn | l ⇐ x ⇐ u} and

↩C(x) :=

⎫
0, if x → C,
+↗, otherwise.

Figure 1. Generalized self-concordant smoothing of ↑ · ↑1 with ↪(t) =

/︂
1 +|t|2 ↔ 1 (left) and ↪(t) =

1
2 [

¬
1 + 4t2 ↔ 1 + log(

¬
1+4t2↔1
2t2 )] (right). The smooth approximation is shown for µ = 0.2, 0.5, 1.0.
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Example 3.9: Let g(x) = ↩C(x), and consider

↪(t) =

⎦
⎢

⎥

1
2
(t2 ↔ 4t + 3), if t ⇐ 1

↔ log t, otherwise,

with dom ↪ = R. We have

↽s(t;µ) =

⎦
⎩⎢

⎩⎥

1
2µ

⎭
l ↔ t + 3µ

⎨ ⎭
l ↔ t + µ

⎨
, if l ∅ t ↔ µ

µ log(µ) ↔ µ log(t ↔ l), otherwise.

The next two results characterize the functions h and hµ de!ned by supercoercive and 
generalized self-concordant kernel functions.

Lemma 3.10: Let ↪ → ϱ0(R) be a function from R to R ↓ {+↗}, and let the function 
h : Rn ↘ R ↓ {+↗} be de"ned by h(x) :=

⎬n
i=1 (i↪(x(i)) with x(i) → dom ↪, (i → R++, 

i = 1, 2, . . . , n. Then the following properties hold: 

(i) h → ϱ0(Rn).
(ii) h is supercoercive if and only if ↪ is supercoercive on its domain.
(iii) If ↪ → FM↪ ,↼ , where M↪ → R+ and ↼ ∅ 2, then h(x) is well-de"ned on dom h =

{dom ↪}n, and h(x) → FMh,↼ , with Mh := max{(1↔
↼
2

i M↪ | 1 ⇐ i ⇐ n} → R+.

 Proof: (i) This statement is a direct consequence of [6, Corollary 9.4, Lemma 1.27 and 
Proposition 8.17].

(ii) Follows directly from the de!nition of supercoercivity.
(iii) h(·) → FMh,↼ with Mh := max{(1↔

↼
2

i M↪ | 1 ⇐ i ⇐ n} → R+ follows from [56, 
Proposition 1]. ↫

Proposition 3.11 (Self-concordance of hµ): Suppose the conditions of Lemma 3.10 hold 
such that the function h : Rn ↘ R ↓ {+↗} de"ned by (6) is (Mh, ↼)-generalized self-
concordant. Let A → Rn≃n be a diagonal matrix de"ned by A := diag( 1

µ) such that h( x
µ) ∝

h(Ax) is an a#ne transformation of h(x). Then the following properties hold: 

(i) If ↼ → (0, 3], then hµ → FM,↼ with M = n
3↔↼
2 µ

↼
2↔2Mh.

(ii) If ↼ > 3, then hµ → FM,↼ with M = µ4↔ 3↼
2 Mh.

 Proof: (i) We have ↑A↑ =

¬
n

µ . By [56, Proposition 2(a)], h( x
µ) → FM,↼ with M =

↑A↑
3↔↼ Mh. In view of Lemma 3.10(iii), the scaling h( ·

µ) ̸↘ µh( ·

µ) gives M ̸↘

µ1↔ ↼
2M. The result follows.

(ii) The value µ2 → R++ corresponds to the unique eigenvalue of A⇓A. By [56, Propo-
sition 2(b)], h( x

µ) → FM,↼ with M = µ3↔↼Mh. The result follows as in Item (i) 
above. ↫
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The next result concerns the epi-convergence of smoothing via in!mal convolution 
under the condition of supercoercive regularization kernels in ϱ0(Rn).

Lemma 3.12 ([15, Theorem 3.8]): Let g, h → ϱ0(Rn) with h supercoercive and 0 → dom h. 
Let hµ be de"ned as in (4). Then the following hold: 

(i) e– limµ∃0{gϕ + µHϕ} = gϕ.
(ii) e– limµ∃0{g↭hµ} = g.
(iii) If h(0) ⇐ 0, we have p– limµ∃0{g↭hµ} = g.

The main argument for the notion of epi-convergence in optimization problems is that 
when working with functions that may take in!nite values, it is necessary to extend tra-
ditional convergence notions by applying the theory of set convergence to epigraphs in 
order to adequately capture local properties of the function (through a resulting calculus 
of smoothing functions), which on the other hand may be challenging due to the curse of 
di!erentiation associated with nonsmoothness. We refer the interested reader to [48, Chap-
ter 7] for further details on the notion of epi-convergence, and to [14,15,54] for extended 
results on epi-convergent smoothing via in!mal convolution.

In the following, we highlight key properties of the in!mal convolution of g → ϱ0(Rn)
with hµ satisfying h → FMh,↼ .

Proposition 3.13: Let g, h → ϱ0(Rn). Suppose further that h is (Mh, ↼)-generalized self-
concordant and supercoercive, and de"ne gs := g↭hµ for all µ → R++. Then: 

(i) g↭hµ = g ! hµ → ϱ0(Rn).
(ii) if gϕ is such that △2gϕ[v] is null, it holds that gs → Sµ

Mg ,↼ with

Mg =

⎦
⎢

⎥
n

3↔↼
2 µ

↼
2↔2Mh, if ↼ → (0, 3],

µ4↔ 3↼
2 Mh, if ↼ > 3.

(iii) gs is locally Lipschitz continuous.

 Proof: First, as an immediate consequence of [6, Lemma 1.28, Lemma 1.27 and Proposi-
tion 8.17], we have hµ → ϱ0(Rn). 

(i) Follows immediately from [6, Proposition 12.14].
(ii) By Item (i), gs = g ! hµ → ϱ0(Rn). As a consequence of [6, Proposition 12.14], we 

have

gs(x,µ) = min
w→Rn

]︄
g(w) + hµ(x ↔ w)

⌊︄
,

and gs e
↔↘

g (by [48, Theorem 11.34]). In view of [48, Proposition 7.2], for x → dom g
and

wµ(x) → argmin
w→Rn

]︄
g(w) + hµ(x ↔ w)

⌊︄
′= ∞,
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gs e
↔↘

g implies that gs(x,µ) ↘ g(x) for at least one sequence wµ(x) ↘ x. Hence, we 
have

(g↭hµ)(x) = g(wµ(x)) + hµ(x ↔ wµ(x)).

And, given h → FMh,↼ , we have by Proposition 3.11 that hµ is (Mg , ↼)-generalized 
self-concordant, where Mg is given by

Mg =

⎦
⎢

⎥
n

3↔↼
2 µ

↼
2↔2Mh, if ↼ → (0, 3],

µ4↔ 3↼
2 Mh, if ↼ > 3.

Hence, hµ → C3(dom g), and by [6, Proposition 18.7/Corollary 18.8], noting that 
higher-order derivatives are de!ned inductively in this sense [6, De!nition 2.54, 
Remark 2.55], we deduce from the assumption on gϕ that

{︄{︄{︄
}︄
△

3(g↭hµ)(x)[v]u, u
⟨︄{︄{︄{︄ =

{︄{︄{︄
}︄
△

3hµ(x ↔ wµ(x))[v]u, u
⟨︄{︄{︄{︄ , ↦ u, v → dom g,

and similarly for the second-order directional derivatives. By de!nition, the uni-
variate function

↽(t) := hµ(u1 + tv1), (8)

is (Mg , ↼)-generalized self-concordant, for every u1, v1 → dom g. That is, ↦t → R,
{︄{︄↽∋∋∋(t)

{︄{︄ ⇐ Mg↽
∋∋(t)

↼
2 ,

which concludes the proof with u1 ∝ x, v1 ∝ w( x
µ) and t ∝ ↔µ in (8).

(iii) Following the arguments in Items (i) and (ii) above, wµ (and hence gs) is !nite-
valued (see also [14, Lemma 4.2]). Then the Lipschitz continuity of gs near some 
x̄ → dom g follows from the convexity of gs (see [48, Example 9.14]; see also [15, 
Proposition 3.6]).

↫

4. A proximal quasi-Newton scheme

Our notion of self-concordant smoothing developed in the previous section is motivated 
by algorithmic purposes. Notably, we have discussed the epi-convergence of gs → FMg ,↼
to g → ϱ0(Rn) under suitable conditions, which plays a critical role in the optimization 
problem (2) in a global sense. We next characterize the optimal solution set of (2) using the 
notion of )-optimality with respect to (1). We de!ne )-argmin g := {x | g(x) ⇐ inf g + )}
to be the set of points that minimize the function g up to a tolerance ) → R+. For our 
approach, it su"ces to state the following about the set of minimizers of gs.

Proposition 4.1: Fix any µ → R++. Suppose g → ϱ0(Rn) and gs → Sµ
Mg ,↼ . Then a minimizer 

of gs is )µ-optimal for g with )µ → R+.
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 Proof: From Proposition 3.13(iii), we have that, for any x̄ → dom g, gs e
↔↘

g implies there 
is at least one sequence wµ(x̄) ↘ x̄. By the (super)coercivity of gs, the level set {x →

Rn | gs(x;µ) ⇐ ⇀̂} at ⇀̂ → R is bounded and contained in a compact set C such that 
wµ(x̄) → C. Let wµ(x̄) → )µ-argmin gs ∈ C (with µ → R++ !xed). Then, since gs e

↔↘
g, we 

get from [48, Theorem 7.31(b)] that g(x̄) ⇐ inf g + )µ. Hence, x̄ → )µ-argmin g. Finally, 
wµ(x̄) → )µ-argmin g necessarily follows from [48, Theorem 7.33]. ↫

Proposition 4.1, along with the observation in [48, Theorem 7.37], suggests that a prox-
imal algorithm can provide a solution to (2), which also solves (1) with a high accuracy. 
Hence, the proximal method e$ectively handles the nonsmooth part of the problem, while 
our regularization approach enhances both the solvability of the smooth part of the origi-
nal problem and improves the handling of the nonsmooth part through the choice of the 
variable metric. For the optimization problem (2), we assume the following: 

P.1 f  is convex and f → C2,2Lf (Rn).
P.2 ρ1In ⇐ △2f (xϕ) ⇐ L1In, ρ2In ⇐ △2gs(xϕ) ⇐ L2In at a locally optimal solution xϕ

of (2) with L1 ∅ ρ1 → R++ and L2 ∅ ρ2 → R++.
P.3 g → ϱ0(Rn).
P.4 gs → Sµ

Mg ,↼ .

In particular, we consider gs(x;µ) := g↭hµ, where h is a suitable regularization kernel 
for self-concordant smoothing of g in the sense of Section 3.

Proximal quasi-Newton algorithms for solving (2) consist in minimizing a sequence 
of upper approximation of Ls obtained by summing the nonsmooth part g(xk) and a 
local quadratic model of the smooth part q(xk) := f (xk) + gs(xk) near xk. That is, for 
x → dom L ∝ dom f ℜ dom g, we iteratively de!ne 

q̂k(x) := q(xk) +
)︄
△q(xk), x ↔ xk

[︄
+

1
2
↑x ↔ xk↑2Q , (9a)

m̂k(x) := q̂k(x) + g(x), (9b)

where Q → Sn
++, and then solve the subproblem

↩k → argmin
d→Rn

m̂k(xk + d), (10)

for a proximal quasi-Newton search direction ↩k. Our characterization of the optimality 
conditions for (2) in this section, particularly the #exibility in the choice of the variable 
metric Q, is well-motivated by the class of cost approximation (CA) methods [44]. This leads 
to a novel approach for selecting {xk} from the sequence of iterates {↩k}. The necessary 
optimality conditions for (2) are de!ned by

0 → △q(xϕ) + ςg(xϕ), (11)

for xϕ → dom L. To !nd points xϕ satisfying (11), CA methods, as the name implies, iter-
atively approximate △q(xk) by a cost approximating mapping 1 : Rn ↘ Rn, taking into 
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account the !xed approximation error term 1(xk) ↔ △q(xk). That is, a point d is sought 
satisfying

0 → 1(d) + ςg(d) + △q(xk) ↔ 1(xk). (12)

Let 1 be the gradient mapping of a continuously di$erentiable convex function ⇁ : Rn ↘

R. A CA method iteratively solves the subproblem

min
d→Rn

⌈︄
⇁(d) + q(xk) + g(d) ↔ ⇁(xk) +

)︄
△q(xk) ↔ △⇁(xk), d ↔ xk

[︄⌉︄
. (13)

A step is then taken in the direction ↩k ↔ xk, namely

xk+1 = xk + ⇀k(↩k ↔ xk), (14)

where ↩k solves (13) and ⇀k → R++ is a step-length typically computed via a line search 
such that an appropriately selected merit function is su"ciently decreased along the 
direction ↩k ↔ xk.

Remark 4.1: Evaluating the merit function too many times can be impractical. One way to 
mitigate this issue for large-scale problems is to incorporate ‘predetermined step-lengths’ 
into the solution scheme of (13). This allows us to update xk as xk+1 ∝ ↩k. However, meth-
ods that use this approach do not generally yield a monotonically decreasing sequence 
of objective values. Instead, convergence is characterized by a metric that measures the 
distance from iteration points to the set of optimal solutions [43].

We discuss next a new proximal quasi-Newton scheme that compromises between min-
imizing the objective values and decreasing the distance from iteration points to the set of 
optimal solutions as speci!ed by a curvature-exploiting variable metric.

4.1. Variable metric and adaptive step-length selection

A very nice feature of the CA framework is that it can help, for instance, through the speci!c 
choice of 1, to e"ciently utilize the original problem’s structure—a practice which is par-
ticularly useful when solving medium- to large-scale problems. This feature !ts directly 
into our self-concordant smoothing framework. We notice that (13) gives (10) with the 
following choice of ⇁ :

⇁(·) =
1
2
↑·↑

2
Q , Q → Sn

++. (15)

In this case, the optimality conditions and our assumptions give

(Q ↔ △q)(xk) → (Q + ςg)(d), (16)

which leads to

↩k = proxQg (xk ↔ Q↔1
△q(xk)). (17)

In the proximal quasi-Newton scheme, Q may be the Hessian of q(xk) or its (low-rank) 
approximation. Although a diagonal structure of Q is often desired in this case due to its 
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ease of implementation, we most likely discard relevant curvature information, especially 
when q is not assumed to be separable. Our consideration in this work entails the following 
characterization of the optimality conditions:

(Hk ↔ △q)(xk) → (Qk + ςg)(d), (18)

where Hk may be the Hessian, △2q(xk) ∝ Hf
k + Hg

k , of q or its approximation, where 
Hf
k ∝ △2f (xk), H

g
k ∝ △2gs(xk;µ), and Qk → Sn

++. Speci!cally, we set Qk = Hg
k  in (18) and 

propose the following step update formula:

xk+1 = prox
Hg
k

⇀kg(xk ↔ ⇀̄kH↔1
k △q(xk)), (19)

where ⇀̄k → R++ results from damping the quasi-Newton steps. 

Algorithm 1 Prox-N-SCORE (A proximal Newton algorithm)
Require: x0 → Rn, problem functions f , g, self-concordant smoothing function gs →

Sµ
Mg ,↼ , ⇀ → (0, 1]

1: for k = 0, . . . do
2:  gradk ℑ △f (xk) + △gs(xk)
3:  Hg

k ℑ △2gs(xk); ηk ℑ
⌋︄⌋︄△gs(xk)

⌋︄⌋︄
Hg↔1
k

⊤ Note: Hg
k  is diagonal

4:  ⇀̄k =
⇀

1+Mgηk

5:  Hk ℑ △2f (xk) + Hg
k ; Solve for 3k: Hk3k = gradk

6:  xk+1 ℑ prox
Hg
k

⇀g (xk ↔ ⇀̄k3k)
7: end for

The validity of this procedure in the present scheme may be seen in the interpretation 
of the proximal operator proxg(x+) for some x+ → dom g as compromising between min-
imizing the function g and staying close to x+ (see [42, Chapter 1]). When scaled by, say, 
Hg
k , ‘closeness’ is quanti!ed in terms of the metric induced by Hg

k , and we want the proxi-
mal steps to stay close (as much as possible) to the Newton iterates relative to, say, ↑·↑Hg

k
. To 

see this, we note that in view of the !xed-point characterization (13) via CA methods, we 
may interpret proximal quasi-Newton algorithms as a !xation of the error term △⇁ ↔ △q
at some point in dom q ℜ dom g. Let us !x some x̄ → dom q ℜ dom g and introduce the 
operator Ex̄ de!ned by

Ex̄(z) := △
2q(x̄)z ↔ ⇀̄△q(z), (20)

where 0 < ⇀̄ ⇐ ⇀ ⇐ 1. Set Q = Qk → Sn
++ arbitrary in (15). We aim to exploit the structure 

in gs (and △2gs), so we de!ne an operator ξx̄(Qk, ·) to quantify the error between △2gs and 
Qk as follows:

ξx̄(Qk, z) := (△2gs(x̄) ↔ Qk)(z ↔ xk). (21)

We provide a local characterization of the optimality conditions for (13) in terms of Ex̄ and 
ξx̄ in the next result.
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Proposition 4.2: Let the operators Ex̄ and ξx̄(Qk, ·) be de"ned by (20) and (21), respectively. 
Then the optimality conditions for (13) with ⇁(·) =

1
2↑·↑

2
Qk

 are locally characterized in terms 
of Ex̄ and ξx̄(Qk, ·) by

Ex̄(xk) + ξx̄(Qk, d) → △
2gs(x̄)d + ⇀ςg(d). (22)

More precisely, (18) holds with Qk = △2gs(x̄) whenever x̄ is the unique optimizer satisfy-
ing (22) at a local solution d of (13).

 Proof: As gs satis!es the property in SC.1, it holds that [14, Lemma 3.4]

lim sup
x↘x̄
µ∃0

△gs(x;µ) = ςg(x̄). (23)

Hence, by Lemma 3.12 and [48, Theorem 13.2], there exists vg → Rn, in the extended sense
of di$erentiability (see [48, De!nition 13.1]), such that 

lim sup
x↘x̄
µ∃0

△gs(x) = ςg(x̄) = {vg}, (24a)

∞ ′= ςg(d) ⊥ vg + △
2gs(x̄)(d ↔ x̄) + o(↑d ↔ x̄↑)Er(x̄). (24b)

Let xk be in some neighbourhood of x̄ and let {xk} ↘ x̄ be generated by an iterative process. 
By assumption, the di$erentiable terms in (24b) are convex and the di$erential operators 
are monotone. It then holds that

ςg(d) ⊥ vg + △
2gs(x̄)(d ↔ xk) + o(↑d ↔ x̄↑)Er(x̄), (25)

for all xk in the neighbourhood of x̄. Since di$erentiability in the extended sense is nec-
essary and su"cient for di$erentiability in the classical sense (see [48, De!nition 13.1 and 
Theorem 13.2]), it holds for some µ → R++ that vg ∝ △gs(x̄) which is de!ned through:

△gs(d) = △gs(x̄) + △
2gs(x̄)(d ↔ x̄) + o(↑d ↔ x̄↑). (26)

Consequently, using (12) (with 1 = △⇁), and de!ning the Dikin ellipsoid Er(x̄) in terms 
of gs for r small enough, we deduce from (25), (26) that Qk(xk ↔ d) + △2gs(x̄)(xk ↔

d) ↔ ⇀̄△q(xk) → ⇀̄△gs(x̄) for 0 < ⇀̄ ⇐ 1. We assert △2f (x̄)(d ↔ x̄) → Er(x̄) at a local solu-
tion d of (13), and then deduce again from (25), (26) that ⇀̄△gs(x̄) + △2gs(x̄)(d ↔ xk) +

△2f (x̄)xk → ⇀ςg(d) holds for 0 < ⇀̄ ⇐ ⇀ ⇐ 1 near x̄, whenever x̄ is the unique solution xϕ

of (2). As a result, using q := f + gs, we get

(△2q(x̄) ↔ ⇀̄△q)xk ↔ △
2gs(x̄)xk → Qk(d ↔ xk) + ⇀ςg(d). (27)

In terms of Ex̄ and ξx̄(Qk, ·), (27) may be written as (22), which exactly gives (18) with the 
choice Qk = △2gs(x̄). ↫
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We consider damping the quasi-Newton steps such that

⇀̄k =
⇀k

1 + Mgηk
, (28)

where Mg is given by P.4 and ηk :=
⌋︄⌋︄△gs(xk)

⌋︄⌋︄▽

xk
 is the dual norm of △gs(xk) with respect 

to gs(xk). Note that the above choice for ⇀̄k, in the context of minimizing generalized self-
concordant functions, assumes ↼ ∅ 2 (see, e.g.  [56, Equation 12]). Suppose for example 
⇀k = 1 is !xed and ↼ = 3, then (27) leads to the standard damped-step proximal quasi-
Newton method in the framework of Newton decrement (cf. [56,60]).

By (6), Hg
k  has a desirable diagonal structure and hence can be cheaply updated from 

iteration to iteration. This structure provides an e"cient way to compute the scaled prox-
imal operator proxH

g
k

g , e.g., via the proximal calculus presented in [11] (see Section 7 for 
two practical examples). Overall, by exploiting the structure of the problem, precisely 

(i) taking adaptive steps that properly capture the curvature of the objective functions, 
and

(ii) scaling the proximal operator of g by a variable metric Hg
k  which has a simple, 

diagonal structure,

we can adapt to an a"ne-invariant structure due to the quasi-Newton steps and ensure we 
remain close to them towards convergence.

If we choose Hk ∝ △2q(xk) in (19), we obtain a proximal Newton step (see Algorithm 1):

xk+1 = prox
Hg
k

⇀kg(xk ↔ ⇀̄k△
2q(xk)↔1

△q(xk)). (29)

However, Hk may be any approximation of the Hessian of q at xk. In view of (22), this 
corresponds to replacing the Hessian term △2q(x̄) in (20) by the approximating matrix 
evaluated at x̄. 

Algorithm 2 Prox-GGN-SCORE (A proximal generalized Gauss-Newton algorithm)
Require: x0 → Rn, problem functions f , g, self-concordant smoothing function gs →

Sµ
Mg ,↼ , model M, input-output pairs {u(i), y(i)}mi=1 with y(i) → Rny , ⇀ → (0, 1]

1: for k = 0, . . . do
2:  Hg

k ℑ △2gs(xk); ηk ℑ
⌋︄⌋︄△gs(xk)

⌋︄⌋︄
Hg↔1
k

⊤ Note: Hg
k  is diagonal

3:  ⇀̄k ℑ
⇀

1+Mgηk
4:  if m + ny ⇐ n then
5:  Compute ↩ggnk  via (34)
6:  else
7:  Compute ↩ggnk  via (33)
8:  end if
9:  xk+1 ℑ prox

Hg
k

⇀g (xk + ⇀̄k↩
ggn
k )

10: end for
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4.2. A proximal generalized Gauss-Newton algorithm

In describing the proximal GGN algorithm, consider !rst the simple case g ∝ 0. Then (19) 
with ⇀̄k = 1 gives exactly the pure Newton direction

↩
ggn
k = ↔H↔1

k △q(xk). (30)

Now suppose that the function f  quanti!es a data-mis!t or loss between the outputs6 ŷ(i) of 
a model M(·; x) and the expected outputs y(i), for i = 1, 2, . . . ,m, as in a typical machine 
learning problem, and that g ′= 0. Precisely, let ŷ(i) := M(u(i); x), and suppose that f  can 
be written as

f (x) =

m\︄

i=1
ω(y(i), ŷ(i)), (31)

where ω : R ≃ R ↘ R is a loss function. De!ne an ‘augmented’ Jacobian matrix Jk →

R(m+1)≃n by [1,2]

J⇓k :=
⎪
△xk ŷ

(1)
△xk ŷ

(2)
· · · △xk ŷ

(m)
△gs(xk)

⏐
. (32)

Then GGN approximation of the Newton direction (30) gives

↩
ggn
k = ↔(Hf

k + Hg
k)

↔1
△q ℵ ↔(J⇓k VkJk + Hg

k)
↔1J⇓k ek, (33)

where the vector ek := [l∋
ŷ(1)

(y(1), ŷ(1)), . . . , l∋
ŷ(m) (y(m), ŷ(m)), 1]⇓ → Rm+1 de!nes an aug-

mented ‘residual’ term, and Vk := diag(vk), with vk := [l∋∋
ŷ(1)

(y(1), ŷ(1)), . . . , l∋∋
ŷ(m) (y(m), ŷ(m)),

0]⇓ → R(m+1). If m+1<n (possibly m ⁀ n), that is, when the model is overparameterized, 
the following equivalent formulation of (33) provides a computationally e"cient way to 
compute the GGN search direction [1,2]:

↩
ggn
k = ↔Hg↔1

k J⇓k (Im + VkJkH
g↔1

k J⇓k )↔1ek. (34)

Note that in case the function g (and hence gs) is scaled by some (nonnegative) con-
stant, only the identity matrix Im may be scaled accordingly. Now using Hk ∝ J⇓k VkJk + Hg

k
in (19) gives the proximal GGN update (see Algorithm 2):

xk+1 = prox
Hg
k

⇀kg(xk + ⇀̄k↩
ggn
k ), (35)

where ⇀̄k is as de!ned in (28).

5. Structured penalties

As we have noted, more general nonsmooth problems impose certain structures on the 
variables that must be handled explicitly by the algorithm. Such situations arise in some 
Lasso and multi-task regression problems, where problem (1) takes the form

min
x→Rn

f (x) +R(x) + ε(Cx)⎝ ⎠⎜ ⎟
g(x)

, (36)
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where, in addition to R(x), the function (cf. [18,19])

ε(Cx) := max
u→Q

⇒u,Cx⇑, (37)

enforces a desired structure of the solution estimates. Here C : Rn ↘ V is a linear map 
into a !nite-dimensional vector space V, and Q ∈ Vϕ is a closed, convex subset of the dual 
space Vϕ.

For example, in the sparse group lasso problem [23,51], ε(Cx) = ϖ
⎬

j→G ωj↑x(j)↑
induces group level sparsity on the solution estimates and R(x) = ϑ↑x↑1 promotes the 
overall sparsity of the solution, so that the optimization problem is written as

min
x→Rn

f (x) + ϑ↑x↑1 + ϑG
\︄

j→G
ωj↑x(j)

↑, (38)

where ϑ → R++, ϑG → R++, G = {jk, . . . , jng } is the set of variables groups with ng =

card(G), x(j) → Rnj  is the subvector of x corresponding to variables in group j and 
ωj → R++ is the group penalty parameter. Another example is the graph-guided 
fused lasso for multi-task regression problems [26], where the function ε(Cx) =

ϑG
⎬

e=(r,s)→E,r<s τ (ωrs)
{︄{︄{︄x(r) ↔ sign(ωrs)x(s)

{︄{︄{︄ encourages a fusion e$ect over variables x(r)

and x(s) shared across tasks through a graph G ∝ (V ,E) of relatedness, where V =

{1, . . . , n} denotes the set of nodes and E the edges; ϑG → R++, τ (ωrs) is a fusion penalty 
function, and ωrs → R is the weight of the edge e = (r, s) → E. Here, with R(x) = ϑ↑x↑1, 
ϑ → R++, the optimization problem is written as

min
x→Rn

f (x) + ϑ↑x↑1 + ϑG
\︄

e=(r,s)→E,r<s

τ (ωrs)
{︄{︄{︄x(r)

↔ sign(ωrs)x(s)
{︄{︄{︄ . (39)

In both examples, C is de!ned so as to encode these additional structures. See Section 7.2 
for an illustration involving the sparse group lasso.

5.1. Structure reformulation for self-concordant smoothing

The key observation in problems of the form (36) is that the function ε(Cx) belongs to the 
class of nonsmooth convex functions that is well-structured for Nesterov’s smoothing [35] 
in which a smooth approximation εs of ε has the form7

εs(Cx;µ) = max
u→Q

]︄
⇒u,Cx⇑ ↔ µd(u)

⌊︄
, µ → R++, (40)

where d is a prox-function8 of the set Q. Note that Nesterov’s smoothing approach assumes 
the knowledge of the exact structure of C. In the sequel, we shall write εC(x) ∝ ε(Cx) or 
εC

s (x;µ) ∝ εs(Cx), with the superscript ‘C’ to indicate the function is structure-aware via 
C.

Proposition 5.1: Let C : Rn ↘ Rn be a linear map and let ω be a continuous convex 
function de"ned on a closed and convex set Q ∈ dom ω ∈ Rn. Further, de"ne

ε̃(x) := max
u→Q

]︄
⇒u,Cx⇑ ↔ ω(u)

⌊︄
,
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and let d := hϕ, where h : Rn ↘ R satis"es △2h → Sn
++ and is of the form (6) with ↪ satis-

fying K.1–K.2 so that h → FMh,↼ with ↼ → [3, 6) if n>1 and with ↼ → (0, 6) if n=1. Then 
the function

εs(x;µ) = max
u→Q

]︄
⇒u,Cx⇑ ↔ ω(u) ↔ µd(u)

⌊︄
, µ → R++, (41)

is a self-concordant smoothing function for ε̃(x).

 Proof: We follow the approach in [9, Section 4]. First note that we can write ε̃(x) =

ε(Cx), where

ε := (ω + ↩Q)ϕ.

Now, let d̃ := d + ↩Q. In view of [56, Proposition 6], we have d, d̃ → FMd ,↼d  where Md = Mh
and ↼d = 6 ↔ ↼. Next, de!ne h̃ := (d̃)ϕ. We have

(εϕ
+ h̃

ϕ
µ)ϕ(x) = (ω + ↩Q + µd̃)ϕ(x)

= max
u→Q

]︄
⇒u, x⇑ ↔ ω(u) ↔ µd(u)

⌊︄
,

which is precisely (ε̃↭hϕ
µ)(x) according to [9, Theorem 4.1(a)] (cf. (7)). Now, since d :=

hϕ → FMd ,↼d , the result follows from Proposition 3.11 and Proposition 3.13(ii). ↫

Under the assumptions of Proposition 5.1, εC
s (x;µ) provides a self-concordant smooth 

approximation of ε(x) with V ∝ Rn. In this case, ω = 0 in Proposition 5.1 and the prox-
function d in (40) is given by hϕ, the dual of h → FMh,↼ .

5.2. Prox-decomposition and smoothness properties

An important property of the function g = R+ εC we want to infer here is its prox-
decomposition property [63] in which the (unscaled) proximal operator of g satis!es

proxg = proxεC ↙ proxR. (42)

Under our assumptions on g and h, this property extends for the inf-conv regularization 
(and hence the self-concordant smoothing framework) .9 To see this, let V ∝ Rn, and note 
the following equivalent expression for the de!nition of inf-convolution (3):

(R↭hµ)(x) = inf
(u,v)→Rn≃Rn

u+v=x

]︄
R(u) + hµ(v)

⌊︄
.

De!ne also the function rs : R ≃ R ↘ R such that

(R↭hµ)(x) ∝

n\︄

i=1
rs(x(i);µ).

The next result follows, highlighting what we propose as the inf-decomposition property.
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Proposition 5.2: Let g → ϱ0(Rn) be given as the sum g(x) = R(x) + εC(x). Suppose 
that the function h → ϱ0(Rn) is supercoercive and de"ne z := [rs(x(1);µ), . . . , rs(x(n);µ)]⇓. 
Then the regularization process (g↭hµ)(x), for all µ → R++, is given by the composition

(g↭hµ)(x) = (εC↭hµ)(z). (43)

 Proof: The exactness of the inf-conv regularization process by Proposition 3.13(i) allows 
to infer

(εC↭hµ)(z) = inf
(u,v)→Rn≃Rn

u+v=z

⌈︄
εC(u) + hµ(v)

⌉︄

= inf
(u,v)→Rn≃Rn

2u+v=x

⌈︄
R(u) + εC(u) + hµ(v)

⌉︄

= ((R+ εC)↭hµ)(x) = (g↭hµ)(x).
↫

Given the smoothness properties of εC↭hµ and R↭hµ, we can apply the chain rule to 
obtain the derivatives of their composition g↭hµ. Precisely, [55, Lemma 2.1] provides su"-
cient conditions for the validity of the derivatives obtained via the chain rule for composite 
functions, which are indeed satis!ed for g↭hµ by our assumptions.

6. Convergence analysis

We analyse the convergence of Algorithms 1 and 2 under the proposed smoothing frame-
work. In view of the numerical examples considered in Section 7, we restrict our analysis to 
the case 2 ⇐ ↼ ⇐ 3. However, similar convergence properties are expected to hold for the 
general case ↼ → R++, as the key bounds describing generalized self-concordant functions 
hold similarly for all of these cases (see, e.g., the Section 2 and concluding remark of [56]). 
We de!ne the following metric term, taking the local norm ↑·↑x with respect to gs:

d↼(x, y) :=

⎦
⎩⎢

⎩⎥

Mg
⌋︄⌋︄y ↔ x

⌋︄⌋︄ if ↼ = 2,⟩︄
↼

2
↔ 1

/︄
Mg

⌋︄⌋︄y ↔ x
⌋︄⌋︄3↔↼
2

⌋︄⌋︄y ↔ x
⌋︄⌋︄↼↔2
x if ↼ > 2.

(44)

We introduce the notations Hg
ϕ ∝ △2gs(xϕ), Hf

ϕ ∝ △2f (xϕ) and Hϕ ∝ △2q(xϕ). Recall also 
the notations Hg

k ∝ △2gs(xk), H
f
k ∝ △2f (xk) and Hk ∝ △2q(xk) at xk. Furthermore, we 

de!ne the following matrices associated with any given twice di$erentiable function f : 

ϒ
x,y
f :=

⟨︂ 1

0

⟩︂
△

2f (x + τ (y ↔ x)) ↔ △
2f (x)

⨆︁
dτ , (45a)

ϒ
x,y
f := △

2f (x)↔1/2ϒ
x,y
f △

2f (x)↔1/2. (45b)

We begin by stating some useful preliminary results. The following result provides bounds 
on the function gs in (2).
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Lemma 6.1 ([56, Proposition 10]): Suppose that P.3–P.4 hold. Then, given any x, y →

dom g, we have

ω↼(↔d↼(x, y))↑y ↔ x↑2x ⇐ gs(y) ↔ gs(x) ↔ ⇒△gs(x), y ↔ x⇑ ⇐ ω↼(d↼(x, y))↑y ↔ x↑2x, (46)

in which, if ↼ > 2, the right-hand side inequality holds if d↼(x, y) < 1, and

ω↼(τ ) :=

⎦
⎩⎩⎩⎩⎩⎩⎩⎩⎩⎩⎩⎢

⎩⎩⎩⎩⎩⎩⎩⎩⎩⎩⎩⎥

exp(τ ) ↔ τ ↔ 1
τ 2

if ↼ = 2,
↔τ ↔ ln(1 ↔ τ )

τ 2
if ↼ = 3,

(1 ↔ τ ) ln(1 ↔ τ ) + τ

τ 2
if ↼ = 4,

⟩︄
↼ ↔ 2
4 ↔ ↼

/︄
1
τ

⨆︂
↼ ↔ 2

2(3 ↔ ↼)τ

⟩︄
(1 ↔ τ )

2(3 ↔ ↼)

2 ↔ ↼
↔ 1

/︄
↔ 1

∮︁

otherwise.

(47)

The next two lemmas are instrumental in our convergence analysis, and are immediate 
consequences of the (local) Hessian regularity of the smooth functions f  and gs in (2).

Lemma 6.2 ([37, Lemma 1.2.4]): For any given x, y → dom f , we have
⌋︄⌋︄⌋︄△f (y) ↔ △f (x) ↔ △

2f (x)(y ↔ x)
⌋︄⌋︄⌋︄ ⇐

Lf
2

⌋︄⌋︄y ↔ x
⌋︄⌋︄2 , (48)

{︄{︄{︄{︄f (y) ↔ f (x) ↔ ⇒△f (x), y ↔ x⇑ ↔
1
2
⇒△

2f (x)(y ↔ x), y ↔ x⇑
{︄{︄{︄{︄ ⇐

Lf
6

⌋︄⌋︄y ↔ x
⌋︄⌋︄3 . (49)

Lemma 6.3 ([56, Lemma 2]): For any given x, y → dom g, ϒx,y
gs  satis"es

↑ϒ
x,y
gs ↑ ⇐ R↼(d↼(x, y))d↼(x, y),

where, for τ → [0, 1), R↼(τ ) is de"ned by

R↼(τ ) :=

⎦
⎩⎩⎩⎩⎩⎢

⎩⎩⎩⎩⎩⎥

⟩︄
3
2

+
τ

3

/︄
exp(τ ) if ↼ = 2,

1 ↔ (1 ↔ τ )
4↔↼
↼↔2 ↔

⟩︂
4↔↼
↼↔2

⨆︁
τ (1 ↔ τ )

4↔↼
↼↔2

⟩︂
4↔↼
↼↔2

⨆︁
τ 2 (1 ↔ τ )

4↔↼
↼↔2

if ↼ → (2, 3].
(50)

Global convergence. We establish a global convergence result for the proximal quasi-
Newton scheme (19). Speci!cally, we show that the iterates produced by this scheme 
decrease the objective function value in (1) when the step lengths are chosen according 
to (28) with ⇀k → (0, 1]. Consequently, global convergence follows.

Let us de!ne the following mapping:

G⇀kg(xk) :=
1
⇀̄k

Hk

⟩︄
xk ↔ prox

Hg
k

⇀kg(xk ↔ ⇀̄kH↔1
k △q(xk))

/︄
. (51)
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Clearly, (19) is equivalent to

xk+1 = xk ↔ ⇀̄kH↔1
k G⇀kg(xk). (52)

Using (18) with Qk = Hg
k  and the de!nition of the (scaled) proximal operator, G⇀kg(xk)

satis!es

G⇀kg(xk) → △q(xk) + ςg(xk ↔ ⇀̄kH↔1
k G⇀kg(xk)). (53)

Moreover, G⇀kg(x̄) = 0 if and only if x̄ solves problem (2).

Proposition 6.4: Suppose that P.1, P.3 and P.4 hold for (2). Let {xk} be the sequence gener-
ated by scheme (19) for problem (2) and satisfying ω↼(d↼(xk+1, xk)) ⇐

1
2 , where ω↼ and d↼

are respectively de"ned by (47) and (44). De"ne )µ
k (y) := (Lf /6)

⌋︄⌋︄y ↔ xk
⌋︄⌋︄3, and let ⇀̄k be 

speci"ed by (28) with ⇀k → (0, 1]. Then {xk} satis"es

L(xk+1) ⇐ L(xk) ↔ )µ
k (xk+1). (54)

 Proof: Letting y = xk ↔ ⇀̄kH↔1
k G⇀kg(xk) and x = xk in Lemma 6.2, where G⇀kg is de!ned 

by (51), we have

f (xk+1) ⇐ f (xk) ↔ ⇀̄k(H↔1
k △f (xk))⇓G⇀kg(xk) +

⇀̄2
k
2

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
2

Hf
k

+
⇀̄3
kLf
6

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
3
. (55)

Using L(xk+1) := f (xk+1) + g(xk+1) and (55), we get

L(xk+1) ⇐ f (xk) ↔ ⇀̄k(H↔1
k △f (xk))⇓G⇀kg(xk) +

⇀̄2
k
2

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
2

Hf
k

+
⇀̄3
kLf
6

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
3
+ g(xk ↔ ⇀̄kH↔1

k G⇀kg(xk))

Lemma 6.2
⇐ f (z) ↔ ⇒△f (xk), z ↔ xk⇑ ↔

1
2
↑z ↔ xk↑2Hf

k
+

Lf
6

↑z ↔ xk↑3

↔ ⇀̄k(H↔1
k △f (xk))⇓G⇀kg(xk) +

⇀̄2
k
2

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
2

Hf
k

+
⇀̄3
kLf
6

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
3
+ g(xk ↔ ⇀̄kH↔1

k G⇀kg(xk)). (56)

In the above, we used the lower bound in Lemma 6.2 on f (z). By the convexity of g, we 
have g(z) ↔ g(xxk+1) ∅ v⇓(z ↔ xk+1) for all v → ςg(xk+1). Now since from (53), we have 
G⇀kg(xk) ↔ △q(xk) → ςg(xk ↔ ⇀̄kH↔1

k G⇀kg(xk)), and noting that △q ↔ △f = △gs, (56) 
gives

L(xk+1) ⇐ f (z) + g(z) ↔ ⇒△f (xk), z ↔ xk⇑ ↔
1
2
↑z ↔ xk↑2Hf

k
+

Lf
6

↑z ↔ xk↑3
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↔ ⇀̄k(H↔1
k △f (xk))⇓G⇀kg(xk) +

⇀̄2
k
2

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
2

Hf
k

+
⇀̄3
kLf
6

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
3

↔ (G⇀kg(xk) ↔ △q(xk))⇓(z ↔ xk + ⇀̄kH↔1
k G⇀kg(xk))

⇐ L(z) ↔ ⇒△f (xk), z ↔ xk⇑ ↔
1
2
↑z ↔ xk↑2Hf

k
↔ ⇀̄k(H↔1

k △f (xk))⇓G⇀kg(xk)

+
⇀̄2
k
2

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
2

Hf
k
+

Lf
6

↑z ↔ xk↑3 +
⇀̄3
kLf
6

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
3

↔ G⇀kg(xk)
⇓(z ↔ xk) ↔

⇀̄2
k
2

⇒H↔1
k G⇀kg(xk),G⇀kg(xk)⇑

↔ △q(xk)⇓(z ↔ xk + ⇀̄kH↔1
k G⇀kg(xk))

= L(z) + G⇀kg(xk)
⇓(xk ↔ z) +

⇀̄2
k
2

⇒H↔1
k (Hf

kH
↔1
k ↔ In)G⇀kg(xk),G⇀kg(xk)⇑

+ △gs(xk)⇓(z ↔ xk) + ⇀̄k(H↔1
k △gs(xk))⇓G⇀kg(xk) ↔

1
2
↑z ↔ xk↑2Hf

k

+
Lf
6

↑z ↔ xk↑3 +
⇀̄3
kLf
6

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
3
, (57)

where the second inequality results from the fact that ⇒H↔1
k G⇀kg(xk),G⇀kg(xk)⇑ → R+ and 

⇀̄k ∅ ⇀̄2
k for 0 < ⇀̄k ⇐ 1. Now set z = xk in (57) and use the following relations from (52):

⇀̄kH↔1
k G⇀kg(xk) = xk ↔ xk+1, G⇀kg(xk) =

1
⇀̄k

Hk(xk ↔ xk+1).

We get

L(xk+1) ⇐ L(xk) +
⇀̄2
k
2

⇒H↔1
k (Hf

kH
↔1
k ↔ In)G⇀kg(xk),G⇀kg(xk)⇑

+ ⇀̄k(H↔1
k △gs(xk))⇓G⇀kg(xk) +

⇀̄3
kLf
6

⌋︄⌋︄⌋︄H↔1
k G⇀kg(xk)

⌋︄⌋︄⌋︄
3

= L(xk) ↔

∮︂
⇒△gs(xk), xk+1 ↔ xk⇑ +

1
2
⇒Hg

k(xk+1 ↔ xk), xk+1 ↔ xk⇑

+
Lf
6

⌋︄⌋︄xk+1 ↔ xk
⌋︄⌋︄3

⨀︁
. (58)

Now, let us de!ne the following cubic-regularized upper quadratic model of gs near xk
(cf. [39]):

ĝs(y) := gs(xk) + ⇒△gs(xk), y ↔ xk⇑ +
1
2
⇒Hg

k(y ↔ xk), y ↔ xk⇑ +
Lf
6

⌋︄⌋︄y ↔ xk
⌋︄⌋︄3 ,

for y → Rn and Lf  given by P.1. Then, using Lemma 6.1 with x = xk, we have

gs(y) ↔ ĝs(y) ⇐ ω↼(d↼(y, xk))
⌋︄⌋︄y ↔ xk

⌋︄⌋︄2
x ↔

1
2
⇒Hg

k(y ↔ xk), y ↔ xk⇑ ↔
Lf
6

⌋︄⌋︄y ↔ xk
⌋︄⌋︄3 . (59)
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Next, using (59) with y = xk+1, (58) gives

L(xk+1) ⇐ L(xk) + gs(xk+1) ↔ ĝs(xk+1)

⇐ L(xk) +

⟩︄
ω↼(d↼(xk+1, xk)) ↔

1
2

/︄⌋︄⌋︄xk+1 ↔ xk
⌋︄⌋︄2
x ↔

Lf
6

⌋︄⌋︄xk+1 ↔ xk
⌋︄⌋︄3 ,

which proves the result. ↫

A straightforward implication of Proposition 6.4 is that the sequence {L(xk)} is mono-
tonically decreasing if ↩̄k := xk+1 ↔ xk ′= 0. Consider the set of indices

KS :=
]︄
k such that xk → S and S is a subsequence of {xk}

⌊︄
. (60)

Then, for all kj → KS, {xkj} converges to some xϕ.

Lemma 6.5: Let an iterate xk be generated by the scheme (19) for problem (2). Then, xk is a 
stationary point of L if and only if ↩̄k = 0.

 Proof: The statement holds true by our characterization of the optimiality conditions 
in (18) with Qk = Hg

k . ↫

Theorem 6.6: Let {xk} ⊥ Rn in Proposition 6.4. Then every limit point xϕ of {xk} at 
which (18) holds with Qk = Hg

k  is a stationary point of the objective function L in prob-
lem (1).

 Proof: Proposition 6.4 implies {L(xk)} is nonincreasing and bounded below. Hence, it 
converges to a !nite value Lϕ. Consequently (and from the proof of Proposition 4.1), the 
sequence of iterates {xk} generated from (19) is bounded, and every limit point exists. Let xϕ

be a limit point of {xk}, and now consider all kj → KS with {xkj} ↘ xϕ, where KS is de!ned 
by (60). The relation in (23) implies inclusion in both directions, and hence since gs e

↔↘
g, if 

{xkj} is such that

lim sup
xkj↘xϕ

µ∃0

△gs(xkj ;µ) ↘ 0, (61)

one !nds xϕ is a stationary point of g [14]. For any suitably chosen !xed µ → R++, it su"ces 
that both properties (23) and (61) hold only approximately with respect to Proposition 4.1 
as they pertain only to the smooth part of the problem. Taking the limit of (18) as kj ↘ ↗

with Qk = Hg
k , the result follows from Lemma 6.5. Precisely, ↩̄kj ↘ 0, and hence all the 

limit points of {xk} are stationary points of L. ↫

How to choose ⇀k. In previous results, we did not specify a particular way to choose ⇀k. Our 
algorithms converge for any value of ⇀k → (0, 1]. Compared to the step-length selection rule 
proposed in [56], for instance, our approach and analysis do not directly rely on the actual 
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value of ↼ in the choice of both ⇀̄k and ⇀k. Indeed, in the context of minimizing a function 
gs → FMg ,↼ , an optimal choice for ⇀̄k, in view of [56], corresponds to setting

⇀k =

⎦
⎩⎩⎢

⎩⎩⎥

ln(1 + dk)(1 + Mηk)

dk
if ↼ = 2,

2(1 + Mgηk)

2 + Mgηk
if ↼ = 3,

where dk := Mg↑H
g↔1

k △gs(xk)↑ and in each case, it can be shown that ⇀̄k → (0, 1). However, 
choosing ⇀k this way does not guarantee certain theoretical bounds in the context of the 
framework studied in this work, especially for ↼ = 2. We therefore propose to leave ⇀k as a 
hyperparameter that must satisfy 0 < ⇀k ∝ ⇀ ⇐ 1. This however provides the freedom to 
exploit speci!c properties about the function f, when they are known to hold. One of such 
properties is the global Lipschitz continuity of △f , where supposing the Lipschitz constant 
L is known, one may set

⇀k = min{1/L, 1}.

Local convergence. We next discuss the local convergence properties of Algorithms 1 and 2. 
In our discussion, we take the local norm ↑·↑x (and its dual) with respect to gs, and the 
standard Euclidean norm ↑·↑ with respect to the (local) Euclidean ball Br0(·) ⊥ Er(·). We 
also remark that, by de!nition, ω↼ is a strictly increasing function.

Theorem 6.7: Suppose that P.1–P.4 hold, and let xϕ be an optimal solution of (2). 
Let {xk} be the sequence of iterates generated by Algorithm 1 and de"ne (k := 1 +

Mgω↼(↔d↼(xϕ, xk))
⌋︄⌋︄xk ↔ xϕ

⌋︄⌋︄
xk
, where ω↼ is de"ned by (47). Then starting from a point 

x0 → Er(xϕ), if d↼(xϕ, xk) < 1 with d↼ de"ned by (44), the sequence {xk} satis"es

⌋︄⌋︄xk+1 ↔ xϕ
⌋︄⌋︄
xϕ ⇐ ϑk

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄ + Rk

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄
xϕ +

Lf
2¬ρ2

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄2 , (62)

where ϑk := (L1 + L2)((k ↔ ⇀k)/((k
¬

ρ), ⇀k → (0, 1], Rk := R↼(d↼(xϕ, xk))d↼(xϕ, xk) with 
R↼ de"ned by (50).

 Proof: The iterative process of Algorithm 1 is given by

xk+1 = prox
Hg
k

⇀kg(xk ↔ ⇀̄k△
2q(xk)↔1

△q(xk)).

In terms of Ex̄ and ξx̄(Qk, ·) with Qk ∝ Hg
k , and using the de!nition of q, we have

⌋︄⌋︄xk+1 ↔ xϕ
⌋︄⌋︄
xϕ =

⌋︄⌋︄⌋︄proxH
g
ϕ

⇀kg(Exϕ(xk) + ξxϕ(Qk, xk+1)) ↔ proxH
g
ϕ

⇀kg(Exϕ(xϕ))
⌋︄⌋︄⌋︄
xϕ

(5)
⇐

⌋︄⌋︄Exϕ(xk) ↔ Exϕ(xϕ) + ξxϕ(Qk, xk+1)
⌋︄⌋︄▽

xϕ

=
⌋︄⌋︄Hϕxk ↔ ⇀̄k△q(xk) ↔ Hϕxϕ

+ ⇀̄kq(xϕ)
⌋︄⌋︄▽

xϕ

=
⌋︄⌋︄△q(xϕ) ↔ △q(xk) + (1 ↔ ⇀̄k)(△q(xk) ↔ △q(xϕ)) + Hϕ(xk ↔ xϕ)

⌋︄⌋︄▽

xϕ
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⇐
⌋︄⌋︄△q(xk) ↔ △q(xϕ) ↔ Hϕ(xk ↔ xϕ)

⌋︄⌋︄▽

xϕ + (1 ↔ ⇀̄k)
⌋︄⌋︄△q(xk) ↔ △q(xϕ)

⌋︄⌋︄▽

xϕ

⇐

⌋︄⌋︄⌋︄△f (xk) ↔ △f (xϕ) ↔ Hf
ϕ(xk ↔ xϕ)

⌋︄⌋︄⌋︄
▽

xϕ

+

⌋︄⌋︄⌋︄△gs(xk) ↔ △gs(xϕ) ↔ Hg
ϕ(xk ↔ xϕ)

⌋︄⌋︄⌋︄
▽

xϕ

+ (1 ↔ ⇀̄k)
⟩︂⌋︄⌋︄△f (xk) ↔ △f (xϕ)

⌋︄⌋︄▽

xϕ +
⌋︄⌋︄△gs(xk) ↔ △gs(xϕ)

⌋︄⌋︄▽

xϕ

⨆︁
. (63)

To estimate ↑△f (xk) ↔ △f (xϕ) ↔ Hf
ϕ(xk ↔ xϕ)↑▽

xϕ , we note that for v → Rn, ↑v↑▽

xϕ ∝

↑Hgϕ↔ 1
2

k v↑ since we take the dual norm with respect to gs. Now, using P.2, we get that the 
matrix Hg

ϕ  is positive de!nite and

↑Hgϕ↔ 1
2

k ↑ ⇐
1

¬
ρ2

. (64)

Consequently, we have

⌋︄⌋︄⌋︄△f (xk) ↔ △f (xϕ) ↔ Hf
ϕ(xk ↔ xϕ)

⌋︄⌋︄⌋︄
▽

xϕ
=

⌋︄⌋︄⌋︄⌋︄⌋︄H
gϕ↔ 1

2

k

⟩︂
△f (xk) ↔ △f (xϕ) ↔ Hf

ϕ(xk ↔ xϕ)
⨆︁⌋︄⌋︄⌋︄⌋︄⌋︄

⇐ ↑Hgϕ↔ 1
2

k ↑

⌋︄⌋︄⌋︄△f (xk) ↔ △f (xϕ) ↔ Hf
ϕ(xk ↔ xϕ)

⌋︄⌋︄⌋︄

Lemma 6.2
⇐

Lf ↑xk ↔ xϕ↑2

2¬ρ2
.

To estimate ↑△gs(xk) ↔ △gs(xϕ) ↔ Hg
ϕ(xk ↔ xϕ)↑▽

xϕ , we can apply Lemma 6.3 as in the proof 
of [56, Theorem 5], and get

⌋︄⌋︄⌋︄△gs(xk) ↔ △gs(xϕ) ↔ Hg
ϕ(xk ↔ xϕ)

⌋︄⌋︄⌋︄
▽

xϕ
⇐ R↼(d↼(xϕ, xk))d↼(xϕ, xk)

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄
xϕ .

Following [56, p. 195], we can derive the following inequality in a neighbourhood of the 
sublevel set of Ls in (2) using Lemma 6.1 and the convexity of gs:

↑△gs(xk)↑▽
xk ∅ ω↼(↔d↼(xϕ, xk))↑xk ↔ xϕ

↑xk . (65)

In this regard, (28) gives

1 ↔ ⇀̄k ⇐
(k ↔ ⇀k

(k
. (66)

Next, by P.2, we deduce
⌋︄⌋︄△gs(xk) ↔ △gs(xϕ)

⌋︄⌋︄ ⇐ L2
⌋︄⌋︄xk ↔ xϕ

⌋︄⌋︄ ,

and
⌋︄⌋︄△f (xk) ↔ △f (xϕ)

⌋︄⌋︄ ⇐ L1
⌋︄⌋︄xk ↔ xϕ

⌋︄⌋︄ .
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Then, using (64), we get

⌋︄⌋︄△gs(xk) ↔ △gs(xϕ)
⌋︄⌋︄▽

xϕ =

⌋︄⌋︄⌋︄⌋︄⌋︄H
gϕ↔ 1

2

k
⎭
△gs(xk) ↔ △gs(xϕ)

⎨
⌋︄⌋︄⌋︄⌋︄⌋︄

⇐
L2

¬
ρ2

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄ .

Similarly,

⌋︄⌋︄△f (xk) ↔ △f (xϕ)
⌋︄⌋︄▽

xϕ ⇐
L1

¬
ρ2

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄ .

Finally, putting the above estimates into (63), we obtain (62). ↫

To prove the local convergence of Algorithm 2, we need an additional assumption about 
the behaviour of the Jacobian matrix Jk near xϕ. As before, Jk denotes the Jacobian matrix 
evaluated at xk; likewise, Vk and ek. At xϕ, we respectively write Jϕ, Vϕ and uϕ. We assume 
the following: 

G.1 ↑Jkv↑ ∅ ϑ1↑v↑, ϑ1 → R++, for all xk near xϕ, and for any v → Rn.

For f  de!ned by (31), condition G.1 implies that the singular values of Jk are uniformly 
bounded away from zero, at least locally. Let the unaugmented version of the residual vector 
ek be denoted by ẽk, that is,

ẽk := [l∋
ŷ(1)

(y(1), ŷ(1)), . . . , l∋
ŷ(m) (y(m), ŷ(m))]⇓ → Rm.

De!ne the following matrix:

W⇓

k :=

\︂

⨀︂⨀︂⨀︂⨀︂⎛

ŷ(1)∋∋(x(1)) ŷ(2)∋∋(x(1)) · · · ŷ(m)∋∋(x(1))

ŷ(1)∋∋(x(2)) ŷ(2)∋∋(x(2)) · · · ŷ(m)∋∋(x(2))
...

...
...

ŷ(1)∋∋(x(n)) ŷ(2)∋∋(x(n)) · · · ŷ(m)∋∋(x(n))

⎤

⨁︁⨁︁⨁︁⨁︁⎣
→ Rn≃m. (67)

We note that the ‘full’ Hessian matrix Hk can be expressed as

Hk ∝ J⇓k VkJk + (1 ⊗ (W⇓

k ẽk))
⇓

+ Hg
k , (68)

where 1 → Rn≃1 is the n ≃ 1 matrix of ones and ⊗ denotes the outer product. By P.1, P.2 
and the Lipschitz continuity of gs around xϕ in Proposition 3.13(iii), we have: for r small 
enough, there exists a constant ϑ2 → R++ such that 

⌋︄⌋︄ẽk
⌋︄⌋︄ ⇐ ϑ2 near xϕ. Furthermore by our 

assumptions (see, e.g., [40, Theorem 10.1]), we deduce that there exists ϑ3 → R++ such that 
↑Wk↑ ⇐ ϑ3 near xϕ.

The next result follows. Note that for Algorithm 2, we consider the case where f  in 
problem (2) may, in general, be expressed in the form (31).
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Theorem 6.8: Suppose that P.1–P.4 hold, and let xϕ be an optimal solution of (2) where 
f is de"ned by (31). Additionally, let G.1 hold for the Jacobian matrix Jk de"ned by (32). 
Let {xk} be the sequence of iterates generated by Algorithm 2, and de"ne (k := 1 +

Mgω↼(↔d↼(xϕ, xk))
⌋︄⌋︄xk ↔ xϕ

⌋︄⌋︄
xk
, where ω↼ is de"ned by (47). Then starting from a point 

x0 → Er(xϕ), if d↼(xϕ, xk) < 1 with d↼ de"ned by (44), the sequence {xk} satis"es

⌋︄⌋︄xk+1 ↔ xϕ
⌋︄⌋︄
xϕ ⇐ ϑk

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄ + Rk

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄
xϕ +

Lf
2¬ρ2

⌋︄⌋︄xk ↔ xϕ
⌋︄⌋︄2 , (69)

where Rk is as de"ned in Theorem 6.7, ϑk := ((k(L1 + L2)((k ↔ ⇀k) + ϑ̃)/
¬

ρ2, ⇀k → (0, 1], 
and ϑ̃ := ϑ2ϑ3 → R++.

 Proof: Let Ĥk := J⇓k VkJk + Hg
k , and consider the iterative process of Algorithm 2 given by

xk+1 = prox
Hg
k

⇀kg(xk ↔ ⇀̄kĤ
↔1
k J⇓k ek).

We !rst note that J⇓k ek is a compact way of writing △f (xk) + △gs(xk) =: △q(xk), where f
is given by (31). Following the proof of Theorem 6.7, we have
⌋︄⌋︄xk+1 ↔ xϕ

⌋︄⌋︄
xϕ =

⌋︄⌋︄⌋︄proxH
g
ϕ

⇀kg(Exϕ(xk) + ξxϕ(Qk, xk+1)) ↔ proxH
g
ϕ

⇀kg(Exϕ(xϕ))
⌋︄⌋︄⌋︄
xϕ

⇐

⌋︄⌋︄⌋︄△q(xk) ↔ △q(xϕ) ↔ Ĥϕ
k(xk ↔ xϕ)

⌋︄⌋︄⌋︄
▽

xϕ
+ (1 ↔ ⇀̄k)

⌋︄⌋︄△q(xk) ↔ △q(xϕ)
⌋︄⌋︄▽

xϕ .

(70)

Let Wϕ and ũϕ respectively denote expressions for Wk and ũ evaluated at xϕ. Substitut-
ing (68) into (70) and using (64) in the estimate

⌋︄⌋︄⌋︄(1 ⊗ (Wϕ⇓

ẽk))⇓(xk ↔ xϕ)
⌋︄⌋︄⌋︄

▽

xϕ
⇐

⌋︄⌋︄⌋︄⌋︄⌋︄H
gϕ↔ 1

2

k (1 ⊗ (Wϕ⇓

ũϕ))⇓

⌋︄⌋︄⌋︄⌋︄⌋︄
⌋︄⌋︄xk ↔ xϕ

⌋︄⌋︄ ,

where Wk is de!ned by (67), we get
⌋︄⌋︄xk+1 ↔ xϕ

⌋︄⌋︄
xϕ ⇐

⌋︄⌋︄△q(xk) ↔ △q(xϕ) ↔ Hϕ(xk ↔ xϕ)
⌋︄⌋︄▽

xϕ +

⌋︄⌋︄⌋︄(1 ⊗ (Wϕ⇓

ũϕ))⇓(xk ↔ xϕ)
⌋︄⌋︄⌋︄

▽

xϕ

+ (1 ↔ ⇀̄k)
⌋︄⌋︄△q(xk) ↔ △q(xϕ)

⌋︄⌋︄▽

xϕ

⇐

⌋︄⌋︄⌋︄△f (xk) ↔ △f (xϕ) ↔ Hf
ϕ(xk ↔ xϕ)

⌋︄⌋︄⌋︄
▽

xϕ

+

⌋︄⌋︄⌋︄△gs(xk) ↔ △gs(xϕ) ↔ Hg
ϕ(xk ↔ xϕ)

⌋︄⌋︄⌋︄
▽

xϕ

+ (1 ↔ ⇀̄k)
⟩︂⌋︄⌋︄△f (xk) ↔ △f (xϕ)

⌋︄⌋︄▽

xϕ +
⌋︄⌋︄△gs(xk) ↔ △gs(xϕ)

⌋︄⌋︄▽

xϕ

⨆︁

+
ϑ̃
⌋︄⌋︄xk ↔ xϕ

⌋︄⌋︄
¬

ρ2
, (71)

where ϑ̃ = ϑ2ϑ3. Now, using the estimates derived in the proof of Theorem 6.7 in (71) 
above, we obtain (69). ↫
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7. Numerical experiments

In this section, we validate the e"ciency of the technique introduced in this paper in 
numerical examples using both synthetic and real datasets from the LIBSVM reposi-
tory [16]. The approach and algorithms proposed in this paper are implemented in the 
Julia programming language and are available online as an open-source package.10 We 
test the performance of Algorithms 1 and 2 for various !xed values of ⇀k ∝ ⇀ → (0, 1]
(see Figure 2). In the remaining parts, we !x ⇀k = 1 and compare our approach with
PANOC [53], ZeroFPR [57], OWL-QN [3], proximal gradient [29], and fast proximal gra-
dient [8] algorithms.11 In the sparse group lasso experiments, we also compare with the 
block coordinate descent (BCD)12 algorithm, and the semismooth Newton augmented 
Lagrangian (SSNAL) method [28] which was extended13 in [64] to solve sparse group 
lasso problems. BCD is known to be an e"cient algorithm for general regularized prob-
lems [22], and is used as a standard approach for the sparse group lasso problem [23,25,51]. 
Since the problems considered in our experiments use the ω1 and ω2 regularizers, we 
use ↪(t) =

1
p

⎧
1 + p2|t|2 ↔ 1 from Example 3.7, with p=1 and derive gs in problem (2) 

accordingly.

Figure 2. Behaviour of Prox-N-SCORE and Prox-GGN-SCORE for di!erent fixed values of ⇀k in 
problem (72).
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For a diagonal matrix Hg
k → Rn≃n, the scaled proximal operator for the 1- and 2-norms 

are obtained using the proximal calculus derived in [11]. Let d̂k → Rn be the vector contain-
ing the diagonal entries of Hg

k , and let ϑ → R++; the components of proxH
g
k

ϑ↑·↑1
 and proxH

g
k

ϑ↑·↑

at iteration k are given, respectively, by: 

(i) (prox
Hg
k

ϑ↑·↑1
(pk))(i) = sign(p(i)

k )max{|p(i)
k | ↔ ϑd̂

(i)
k , 0}, and 

(ii) (prox
Hg
k

ϑ↑·↑
(pk))(i) = p(i)

k max{1 ↔ ϑd̂
(i)
k /↑pk↑, 0}.

We terminate each of the tested algorithms either with the default stopping criterion or 
when ↑xk↔xk↔1↑

max{↑xk↔1↑,1} < )tol with )tol → {10↔6, 10↔10}.
All experiments are performed on a laptop with dual (2.30GHz + 2.30GHz) Intel Core 

i7-11800 H CPU and 32GB RAM.

7.1. Sparse logistic regression

We consider the problem of !nding a sparse solution x to the following logistic regression 
problem

min
x→Rn

L(x) :=
m\︄

i=1
log

⟩︂
1 + exp(↔y(i)

⇒a(i), x⇑)
⨆︁

⎝ ⎠⎜ ⎟
=:f (x)

+ϑ↑x↑1, (72)

where, in view of (1), g(x) := ϑ↑x↑1, ϑ → R++, and a(i) → Rn, y(i) → {↔1, 1} form the data. 
We perform experiments on both randomly generated data and real datasets summarized 
in Table 2. For the synthetic data, we set ϑ = 0.2, while for the real datasets, we set ϑ = 1. 
We !x µ = 1 in both Algorithms 1 and 2, and set ⇀k = 1/L for the proximal gradient 
algorithm, where L is estimated as L = (max(A⇓A), the columns of A → Rn≃m are the vec-
tors a(i) and (max denotes the largest eigenvalue. For the sake of fairness, we provide this 
value of L to each of PANOC, ZeroFPR, and fast proximal gradient algorithms for computing 
their step-lengths in our comparison.

Table 2. Summary of the real datasets used for sparse 
logistic regression.
Data  m  n  Density
mushrooms 8124 112 0.19
phishing 11,055 68 0.44
w1a 2477 300 0.04
w2a 3470 300 0.04
w3a 4912 300 0.04
w4a 7366 300 0.04
w5a 9888 300 0.04
w8a 49,749 300 0.04
a1a 1605 123 0.11
a2a 2265 123 0.11
a3a 3185 123 0.11
a4a 4781 123 0.11
a5a 6414 123 0.11
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Figure 3. Overparameterized problem (first row) and nonoverparameterized problems (second row) 
in (72). Prox-GGN-SCORE reduces most of the computational burden of Prox-N-SCORE if m + ny < n
(or m ⁀ n). However, Prox-N-SCORE solves the problem faster, and is more stable, if n < m + ny (or 
n ⁀ m).

The results are shown in Figures 2–4. In Figure 3, we observe that Prox-GGN-SCORE

reduces most of computational burden of the quasi-Newton method when m + ny < n
and makes the method competitive with the !rst-order methods considered. However, 
as shown in both Figures 2 and 3, Prox-GGN-SCORE is no longer preferred when n <
m + ny and, by our experiments, the algorithm can run into computational issues when 
n ⁀ m. In this case (particularly for all of the real datasets that we use in this example),
Prox-N-SCORE would be preferred and, as shown in the performance pro!le of Figure 4, 
outperforms other tested algorithms in most cases, especially with ⇀ = 1.

7.2. Sparse group lasso

In this example, we consider the sparse group lasso problem (38):

min
x→Rn

L(x) :=
1
2
⌋︄⌋︄Ax ↔ y

⌋︄⌋︄2
⎝ ⎠⎜ ⎟

=:f (x)

+ ϑ↑x↑1 + ϑG
\︄

j→G
ωj↑x(j)

↑

⎝ ⎠⎜ ⎟
=:g(x)

. (73)
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Figure 4. Performance profile (CPU time) for the sparse logistic regression problem (72) using the LIB-
SVM datasets summarized in Table 2. Here, τ  denotes the performance ratio (CPU times in seconds) 
averaged over 20 independent runs with di!erent random initializations, and ρ(τ ) is the corresponding 
frequency.

We use the common example used in the literature [58,62], which is based on the model 
y = Axϕ + 0.01. → Rm≃1, . + N (0, 1). The entries of the data matrix A → Rm≃n are 
drawn from the normal distribution with pairwise correlation corr(A(i),A(j)) = 0.5|i↔j|, 
↦(i, j) → {1, . . . , n}2. We generate datasets for di$erent values of m and n with n satisfying 
(n mod ng) = 0. In this problem, we want to further highlight the faster computa-
tional time achieved by the approximation in Prox-GGN-SCORE, so we consider only 
overparameterized models (i.e., with m + ny ⇐ n).

In this problem, the matrix C in the reformulation (36) is a diagonal matrix with row 
indices given by all pairs (i, j) → {(i, j)|i → j, i → {1, . . . , ng}, j → G}, and column indices 
given by k → {1, . . . , ng}. That is,

C((i,j),k)
=

⎫
ϑGωj if i = k,
0 otherwise.

We construct xϕ in a similar way as [32]: We !x ng = 100 and break n randomly into groups 
of equal sizes with 0.1 percent of the groups selected to be active. The entries of the subvec-
tors in the nonactive groups are set to zero, while for the active groups, = n

ng ⃗ ≃ 0.1 of the 
subvector entries are drawn randomly and set to sign(ξ) ≃ U where ξ  and U are uniformly 
distributed in [0.5, 10] and [↔1, 1], respectively; the remaining entries are set to zero. For 
the sake of fair comparison, each data and the associated initial vector x0 are generated in 
Julia, and exported for the BCD implementation in Python and also for SSNAL in MATLAB.
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For Prox-GGN-SCORE, Prox-Grad and BCD, we set ϑ = τ1ϖ ↑A⇓y↑↗, ϑG = (10 ↔

τ1)ϖ ↑A⇓y↑↗ with τ1 = 0.9 and ϖ → {10↔7, 10↔8}. SSNAL can be made to return a solu-
tion estimate that has number of nonzero entries close to that of the true solution with a 
carefully tuned ϑ and simply setting ϑG = ϑ (cf., [64, Table 1]). However, by our numer-
ical experiments, SSNAL can be very sensitive to the choice of ϑ and ϑG if the goal is to 
have a reasonable convergence to the true solution with the correct within-group sparsity 
in the solution estimate. After a careful tuning, and for the sake of fair comparison, we set 
ϑ = τ1ϖ ↑A⇓y↑↗ and ϑG = ↑A⇓y↑↗ with ϖ = 10↔5 and τ1 → {4, 5, 10, 12} (depending on 
the problem size) for SSNAL. For each group j, the parameter ωj is set to the standard value 
¬nj [23,51], where nj = card(j). For fairness, the estimate ⇀k = 1/L with L = (max(A⇓A)
is used in the proximal gradient and SSNAL algorithms.

We set µ to 1.2 for m=500, n=2000, 2.0 for m=1000, n = 12,000, and to 1.6 in 
the remaining setups. The simulation results are shown in Table 3 and Figure 5. As 
shown, Prox-GGN-SCORE terminates faster than SSNAL, Prox-Grad and BCD algorithms 
in most cases with the correct number of nonzero entries in its solution estimates. Addi-
tionally, the results further highlight the computational bene!ts of Prox-GGN-SCORE for 
overparameterized problems.

Figure 5. Mean squared error (MSE) between the estimates xk and the true coe"cient xϕ for Prox-

GGN-SCORE, SSNAL, Prox-Grad and BCD on the sparse group lasso problem (73).
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Figure 6. Sparse deconvolution via ω1-regularized least squares (74) using Prox-N-SCORE, Prox-

GGN-SCORE, PANOC, ZeroFPR, proximal gradient, and fast proximal gradient algorithms with n= 1024.

Figure 7. Sparse deconvolution via ω2-regularized least squares (74) using Prox-N-SCORE, Prox-

GGN-SCORE, PANOC, ZeroFPR, proximal gradient, and fast proximal gradient algorithms with n= 1024.

7.3. Sparse deconvolution

In this example, we consider the problem of estimating the unknown sparse input x to a 
linear system, given a noisy output signal and the system response. That is,

min
x→Rn

L(x) :=
1
2
⌋︄⌋︄Ax ↔ y

⌋︄⌋︄2
⎝ ⎠⎜ ⎟

=:f (x)

+ϑ↑x↑p, (74)

where A → Rn≃n and y → Rn≃1 are given data about the system which we randomly 
generate according to [50, Example F].
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We solve with both ω1 (p=1) and ω2 (p=2) regularizers, and set ϑ = 10↔3. We set 
µ = 5 ≃ 10↔2 in the smooth approximation gs of g. We estimate L = (max(A⇓A) and set 
⇀k = 1/L in the proximal gradient algorithm. Again, for fairness, we provide this value of L
to each of PANOC, ZeroFPR, and fast proximal gradient procedures in our comparison. The 
simulation results are displayed in Figures 6 and 7. While Prox-GGN-SCORE and Prox-

N-SCORE sometimes use more computational time in this problem, they provide better 
solution quality with smaller reconstruction error than the other tested algorithms, which 
is more desirable for signal reconstruction problems.

8. Conclusion

In this paper, we introduced a self-concordant regularization framework for proximal 
quasi-Newton methods that solves large-scale convex composite optimization problems 
while preserving the structure induced by nonsmooth regularizers. Two algorithms are 
studied: a proximal Newton algorithm (Prox-N-SCORE) and a proximal generalized 
Gauss-Newton algorithm (Prox-GGN-SCORE). Both algorithms share an adaptive step-
length rule that eliminates the need for line search or trust-region subroutines, and they 
employ a diagonal variable metric derived from the smooth regularization. These design 
choices guarantee global convergence and yield favorable local behaviour under standard 
regularity assumptions. The Prox-GGN-SCORE variant relies on a low-rank approxima-
tion of the Hessian inverse that exploits the structure of prediction models (e.g., in machine 
learning). This makes it especially e$ective for overparameterized regimes where the num-
ber of decision variables exceeds the number of observations, allowing the method to 
scale to high-dimensional problems without forming full matrix inverses. Future work 
will focus on adaptive selection of the smoothing parameter, a theoretical analysis of how 
self-concordant smoothing in#uences optimization dynamics and generalization in scien-
ti!c machine learning settings, and the derivation of explicit complexity estimates for both 
algorithms.

Notes

1. In this work, we use ‘regularization’ and ‘smoothing’ interchangeably but use ‘regularization’ to 
emphasize explicit addition of a smooth function (a smooth approximation of the nonsmooth 
part of the problem) to the smooth part of the problem.

2. We occasionally write gs(x) instead of gs(x;µ) to refer to the same function.
3. https://github.com/adeyemiadeoye/SelfConcordantSmoothOptimization.jl
4. Also sometimes called ‘epigraphic sum’ or ‘epi-sum’, as its operation yields the (strict) epigraphic 

sumepig + epih [24, p. 93].
5. It is easy to show that hϕ

µ = µhϕ.
6. Note that for the sake of simplicity, we assume here y(i) → R, but it is straightforward to extend 

the approach that follows to cases where y(i) → Rny , ny > 1.
7. The reader should not confuse the barrier smoothing technique of, say, [36,59], with the 

self-concordant smoothing framework of this paper. The self-concordant barrier smoothing 
techniques, just like Nesterov’s smoothing, realize !rst-order and subgradient algorithms that 
solve problems of this exact form.

8. A function d1 is called a prox-function of a closed and convex set Q1 if Q1 ∈ dom d1, and d1 is 
continuous and strongly convex on Q1 with convexity parameter ρ1→ R++ [35].

https://github.com/adeyemiadeoye/SelfConcordantSmoothOptimization.jl
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9. Additional assumptions may be required to hold in order to accurately de!ne this property in 
our framework, e.g., nonoverlapping groups in case of the sparse group lasso problem, in which 
case, V is the space Rn.

10. https://github.com/adeyemiadeoye/SelfConcordantSmoothOptimization.jl. Code to reproduce 
most of the experiments in this paper can be found in the v0.1.0 release.

11. We use the open-source package ProximalAlgorithms.jl for the PANOC, ZeroFPR, and fast 
proximal gradient algorithms, while we use our own implementation of the OWL-QN (modi-
!cation of https://gist.github.com/yegortk/ce18975200e7d$d1759125972cd54f4) and proximal 
gradient methods.

12. We use the BCD method of [33] which is e"ciently implemented with a gap safe screen-
ing rule. The open-source implementation can be found in https://github.com/EugeneNdi-
aye/Gap_Safe_Rules.

13. We use the freely available implementation provided by the authors in https://github.com/Yang
jingZhang/SparseGroupLasso.

14. Number of ‘outer’ iterations is displayed for SSNAL (alg.B). In an augmented Lagrangian 
method, most of the computational time is likely spent on the inner iterations.
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