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ABSTRACT ARTICLE HISTORY
NashOpt is an open-source Python library for computing and design- Received 30 December 2025
ing generalized Nash equilibria (GNEs) in noncooperative gameswith ~ Accepted 13 April 2026
shareq cons.tr.a\ints and real-valued decision vari.a.bles. The library 2020 MATHEMATICS
exploits the joint Karush—-Kuhn-Tucker (KKT) conditions of all players SUBJECT CLASSIFICATION
to handle both general nonlinear GNEs and linear-quadratic games, 91-04; 91-08; 90-04: 93-04:
including their variational versions. Nonlinear games are solved via 93-08

nonlinear least-squares formulations, relying on JAX for automatic

differentiation. Linear-quadratic GNEs are reformulated as mixed-

integer linear programs, enabling efficient computation of multiple

equilibria. The framework also supports inverse-game and Stackel-

berg game-design problems. The capabilities of NashOpt are demon-

strated through several examples, including noncooperative game-

theoretic control problems of linear quadratic regulation and model

predictive control. The library is available at https://github.com/bem-

porad/nashopt.

1. Introduction

Generalized games describe situations where several agents take decisions by optimizing
individual objective functions under local and coupling constraints on their decision vari-
ables. Examples include congestion games, where traffic participants share the same road
network, wireless systems sharing limited bandwidth, energy systems where prosumers
share transmission capacity and balance constraints [28,40], or firms competing in a mar-
ket [3]. The solution concept for these problems, in which the cost function and the feasible
set of each agent depend on the decisions taken by the other agents, is the generalized Nash
equilibrium (GNE), a state in which no agent has an incentive or the possibility to change
their decision [2].

GNEPs have been widely studied in the literature, with various algorithms pro-
posed for their solution, including splitting-based operator frameworks [3,41], approaches
built on augmented Lagrangian formulations [9,27,29,36], interior-point optimization
strategies [13], Newton-type algorithms [17], distributed algorithms [3,39,41], and
learning-based methods only relying on measuring best responses [14]. For the specific
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class of GNEPs in which the shared constraints are linear, efficient solution methods
exist for linear objectives [12,20], multiparametric quadratic programming for strictly
convex quadratic objectives [23], and distributed payoff-based algorithms for convex
games [38].

1.1. Contribution

Motivated by the relative scarcity of software packages for solving rather general classes
of GNEPs and their application to game-theoretic control problems, in this paper we
describe the mathematical formulations of our package NashOpt, a Python library for
solving GNEPs based on satisfying the KKT conditions of each player jointly. The
library supports nonlinear GNEPs, which are solved via nonlinear least-squares meth-
ods, and linear-quadratic GNEPs, which can be solved more efficiently via mixed-
integer linear programming (MILP) and can be used to enumerate multiple equilib-
ria for the same game corresponding to different combinations of active constraints
at optimality. We also address game-design problems, where a central authority can
optimize some parameters of the game to achieve a desired equilibrium in accor-
dance with the optimistic Single-Leader-Multi-Follower (SLMF) Stackelberg game set-
ting [1]. Moreover, we leverage the GNE solution methods to solve game-theoretic
control problems, including non-cooperative linear quadratic regulation (LQR) and
model predictive control (MPC) problems [24,31]. The main purpose of the tool is
to analyze and predict the effect of different agents pursuing their own objectives
in a shared environment, and to design the game to promote desired equilibrium
behaviours.

For nonlinear GNEs, we leverage JAX [8] for automatic differentiation and just-in-
time compilation to achieve high performance, and on the open-source MILP solver
HiGHS [26] or Gurobi [22] for the linear-quadratic case, using the so-called ‘big-M’
formulation to encode the complementary slackness conditions of the KKT system
[19,25].

The library is open-source and can be easily installed via pip install nashopt. We
refer the reader to the online documentation at https://github.com/bemporad/nashoptfor
a detailed description of the syntax and usage of the library.

1.2. Notation

We denote by R the set of real numbers. Given N vectors x; € R",i =1, ..., N, we denote
by x = col(x1, ..., xn) € R” their vertical concatenation, where n = Zfil n;. We denote
by 1 the vector of all ones of appropriate dimension, by I the identity matrix, and by e; the
ith column of I. Given a matrix A, we denote by AT its transpose and by ||A||r its Frobenius
norm.
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2. Problem formulation

Consider the following game-design problem based on a multiparametric generalized Nash
equilibrium problem (GNEP) with N players:

minx*,peP ](X*) p)
st. X7 € argminy;  fi(x,p)
st glxp) <0

h(x,p) =0 (1)
(i <x <y
X_i =X,
i=1,...,N
where x; € R" collects the decision variables optimized by agent i,i = 1,...,N, x_; col-

lects those of all other agents, x = col(xy, ..., xn) € R”" is the stacked vector of all agents’
decision variables, x* is constrained to be a generalized Nash equilibrium (GNE) of the
game corresponding to the parameter vector p € R, n, > 0, where by n, = 0 we mean
that no parameter enters (1). In (1), f; : R” — R is the objective of agent i, g : R” — R
and h: R" — R" define, respectively, shared inequality and equality constraints, and
ti € (RU{—oo})™, uj € (RU {+00})" define the (local) box constraints for each player
i. Moreover, ] : R" x R"™ — R is the objective function used to shape the desired equilib-
rium of the game, and P C R’ is a given feasible set for the parameter vector p, such as the
hyper-box P = {p € R™ : £, < p < u,} where {p, uj are (possibly infinite) bounds. Prob-
lem (1) is also referred to as an optimistic equilibrium of Single-Leader-Multi-Follower
(Stackelberg) game [1], with the leader optimizing p and the followers playing the GNEP
determined by p.

For any given p, a GNE x* is a vector for which no agent can reduce their cost given the
strategies of the other players and feasibility constraints, i.e.

filcol(x7, x2,), p) < fi(col(xi, x%,),p)  Vxi € Xi(xZ,,p)

where, with a slight abuse of notation, we denoted by col(x;, x_;) the vector obtained by
collecting the components of x; and x_; in the right order, and X;(x* ;, p) C R" is the fea-
sible set of player i defined by the constraints in (1) given the strategies x_; of the other
players. We highlight special cases of (1) in the next sections.

2.1. Solving a specific GNEP

To just solve a given game, we set J(x*,p) = 0 and P = {po} a singleton, leading to the
standard GNEP:

x:( = arg miné’isxisui fi(x>P0)
s.t. g(x,po) <0, h(x,po) =0 (2)
x_i=x;, i=1,...,N.
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2.2. Finding a parameter vector for which a GNE exists

If no specific equilibrium is desired, we can set J(x*, p) = 0 and let P be a non-singleton
set, leading to the problem of finding a parameter vector p € P for which an equilibrium
exists.

2.3. Inverse game problem

Given an observed agents’ equilibrium xge (or a desired one we wish to achieve), by setting
J(*,p) = [l — xdes13 (or J(x*, p) = |X* — Xdeslloos [16* — Xdes|l1), we solve the inverse
game of finding a vector p (if one exists) such that x* & xges.

3. KKT conditions and nonlinear least-squares formulation

Let us assume that f;, g, and h are continuously differentiable with respect to x; and that
suitable constraint qualifications hold, such as the Linear Independence Constraint Qual-
ification (LICQ) condition at the GNE x*(p).1 Then, the necessary KKT conditions of
optimality for each player i read as follows [34, Theorem 12.1]:

Vifi(6p) + Vig(6,p) ' i+ V(e p) T i — vi+ yi =0 (3a)
hx,p) = 0 (3b)
glx,p) <0, €<x<u (3¢)
Ai>0, vi>0, »>0 (3d)
Lijgi(x,p) = 0,  vik(xix — Cix) =0, yix(uix — xix) =0

j=1...,ng k=1,...,n;, i=1,...,N (3e)

where 1; € R™ denotes the vector of Lagrange multipliers of player i associated with the
shared inequality constraints g(x, p) < 0, x; the multipliers corresponding to the shared
equality constraints h(x, p) = 0, and v;, y; the multipliers associated with bound constraints
on x;. Note that the problem setting in (1) could be immediately extended to allow for
player-specific constraints with coupling of the form gi(x, p) < 0, h;(x, p) = 0 in the KKT
system (3a).

A generalized Nash equilibrium is a point x* for which the KKT system (3a) holds for all
players simultaneously. The KKT conditions can be expressed as the following zero-finding
problem:

0= Voufi(xp) + Vg, p) T i + Vih(x,p) T i
0 = h(x,p)

0= ,112’]. —|—gj(x,P)2 — /li,j +gj(X,P)

0= \/V,%k + (Cik — xik)* = Vig + Cij — Xik

0= \/)’,'z,k + (xik — Uik)® = yik + Xik — Uik
k=1,...,n, i=1,...,N, j=1L...,ng (4)
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where the last three residuals encode the primal feasibility (3¢c), dual feasibility (3d),
and complementary slackness conditions (3e) using the Fischer-Burmeister nonlinear
complementarity problem (NCP) function ¢ : R — R [16,18] componentwise

po,p) 2Vl +pl—a—-f=0 < af=0,a>0,4>0.

By letting z be the vector collecting x, {1}, { ¢}, {vi}, and {y;}, we can express the joint KKT
conditions as

R(z,p) =0 (5)

where R(z, p) is the residual function defined in (4). In the sequel, we will denote by
v = col(4, u, v, y) the stacked vector of all dual variables, so that z = col(x, v) is the overall
vector of primal and dual variables. Given a solution z*(p) satisfying (5), we will implicitly
denote by x*(p) the corresponding GNE is obtained by extracting from z*(p) the com-
ponents corresponding to the primal variables. We will also denote by R(z) the residual
function when p is omitted or fixed.

For conditions of existence of a GNE for a given p, such as nonemptiness and compact-
ness of the set of feasible decision vectors, convexity assumptions on f, g, and linearity of
h, and constraint qualifications, we refer the reader to [15]. We remark that only relying
on the joint KKT conditions (3a) to characterize GNEs would require additional regularity
assumptions. In NashOpt, these conditions are not verified numerically by the software.
Consequently, when the assumptions above are violated, solving the KKT system should
be interpreted as a heuristic computational approach for computing stationary points of
the joint KKT system that, however, are not guaranteed a priori to be GNEs. On the other
hand, in the case a zero residual R is achieved within a given tolerance at a certain x™,
whether this corresponds to a GNE or not can be immediately checked a posteriori by ver-
ifying that, for each player i, the best responses X;(x* ;, p)  x, or that the associated value
function f;(col(x;, x*,), p) = fi(x*, p).

3.1. Determining a GNE via nonlinear least-squares

For a given parameter pg, we can compute the corresponding z*(po) by minimizing the
squared residual

1
Z*(po) € argmin EIIR(Z,po)Ilﬁ (6)

that serves as a merit function for the zero-finding problem (5) [13,16]. The nonlinear
least-squares problem (6) can be solved via standard methods, such as Levenberg-Mar-
quardt (LM) algorithms [30,33], possibly exploiting sparsity in the Jacobian of R(z, po)
with respect to z. If the minimum residual R(z*(po), po) of the nonlinear least-squares
problem (6) is zero (or, more realistically, below a given positive tolerance), then z*(po)
contains a GNE solution x*(pg) and the associated Lagrange multipliers for each agent’s
problem associated with the parameter vector py.
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3.2. Variational GNE

Variational GNEs (vGNEs) are obtained by simply enforcing that the Lagrange multipliers
associated with the shared constraints are the same for all players, i.e. by replacing {4;}
with a single vector A and {u;} with a single vector x, which further reduces the number
of variables in the zero-finding problem (5).

3.3. Game design

To solve the game-design problem (1), we can embed the KKT conditions (3a) in the opti-
mization of p, leading to the following mathematical program with equilibrium constraints
(MPEC) [21,32]:

min  J([I10]z,p)
b= )
st. R(z,p)=0,peP.

Problem (7) can be solved via constrained nonlinear programming methods with respect
to both z and p.

To avoid the complexity of dealing with the equilibrium constraints, in our approach
we solve the game-design problem (1) by relaxing them and solving instead the following
nonlinear programming problem:

min J([I0]z,p) + £||R(Z»P)||%
pz 2 (8)
st. peP

where p > 0is a penalty parameter. By letting p — oo, the solution of (8) approaches that
of (7). When P is a hyper-box (with possibly infinite lower and/or upper bounds on some
parameters), Problem (8) can be solved very efficiently via bound-constrained nonlinear
optimization methods, such as L-BFGS-B [10].

The choice of the initial point (z, p) and of the penalty p are crucial to achieve conver-
gence to a meaningful solution of (8); in particular, excessively small values of p may lead
to solutions that are far from satisfying the KKT conditions, while very large values of p
may cause the numerical solver to ignore the game-design objective J(x, p). In practice, we
can solve (8) with a moderate value of p to get a value (z*, p*) and then refine the GNE by
solving the nonlinear least-squares problem (6) with hot-start at (z*, p*).

3.4. Non-smooth regularization

When designing a parameter vector p, or finding an equilibrium among many existing ones
for a given pg, we can add the regularization term

]reg(x>P) = a1llx|h —I—a2||x||§, 01,02 >0

in the game-design objective J; for example, we can promote sparsity of the GNE x* by
choosing a sufficiently large a;. When a1 > 0, due to the non-differentiability of the £;-
norm at zero, we can reformulate the problem by splitting x into positive and negative parts,
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X = Xp — Xm» With xp, X, > 0 and apply the result in [5, Corollary 1] to minimize

min  J(xp — Xm,p) + %IIR(col(xp — X v),p)||%

PXpsXmsV
9
+ o117 (p + xm) + 2 (5112 + [6m12) ©)
st. pePp, xpzo,xmzo

where v collects all dual variables.
In the special case we are just looking for a sparse GNE with no game-design objective
(i.e.J(x,p) = 0) and & > 0, by letting a3 2 /2a;, we have

Jreg (6, p) = o117 (% + xm) + 02 (1513 + 1 %mlI3)

2 2

1 o1 1 o1
= - |lasxp + —1| + = |lasx, + —1|| + const.
Then, we can equivalently solve
a1 2
03Xp + —1

a3

min 2 azxm + 2y

XXV 2 "o (10)

VP R(col(xp = xm,v), p) 11l
st. peb, xPZO, Xm > 0.

When P is a hyper-box (with possibly infinite lower and/or upper bounds on some parame-
ters), or a singleton {po} as a special case, Problem (9) can be solved as a bound-constrained
nonlinear least-squares problem, such as via a trust-region reflective algorithm [11]. Lower
and upper bounds £ < x < u can be explicitly included in (9) and (10) by tightening the
nonnegativity constraints on x, and x,,, i.e. by setting

max{0, £} < x, < max{0,u}, max{0, —u} < x, < max{0, —{}.

The approach can be immediately extended to the case J(x, p) = %ll f7 (x, p)ll% for some
vector function f; : R” x R™ — ny by extending the residual vector in (10) with f;(x, —
Xm> P)-

4, Linear quadratic games

Consider the following special case of (1) where the agents’ cost functions are quadratic
and the constraints are linear:

miny J(x*, p)
1 ) . :
st. x7 € argminy, fi(x,p) = ExTQ’x + (¢ + Fip)Tx
st. Ax<b+Sp

Acgx = beq + Seqp (11)
i < x <
X—i= xi,’

i=1,...,N
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where x* is the generalized Nash equilibrium of the Linear-Quadratic (LQ) game with
N players, (Qi, c Fi) define the quadratic cost function for agent i, with Q = (Q")T €
R™*" and the diagonal block Qfl- =0,c e R", Fl € R"™*"_ matrices A € R%*" b e R,
S € R"*" define the shared linear inequality constraints, Aeq € R™*", beq € R™, Seq €
R" " define the shared linear equality constraints.

We consider as game-design function J (x, p), if any is given, the sum of convex piecewise
affine functions

nj

Jewa (x, p) = Z max Djx + Ejxp + hjx (12a)

=t

or the convex quadratic function

1 X X
Jotop) =[x pIQ M + u (12b)
where Q; = Q;— =0, Q) # 0, Qy € RUHM)X(ntm) o e R o the sum of both, i.e.

J(x, p) = Jpwa(x, p) + Jo(x, p). (12¢)

Special cases are: (i) Jpwa(x,p) = Jq(x,p) =0 for no game design; (ii) Jpwa(x,p) =
X — Xdeslloo (ie. ny =1, ny =2n, Dy =[I —I]", E; =0, h; = col(—Xdes» Xdes))» OF
Jpwa(x, p) = llx — xdesll1 (ie. ny=n, nj=2, Dj; = ejT, Dj, = —ejT, Ej1 =Ej;=0,
hj1 = —Xdesj> hj2 = Xdesj)> or JQ(x, p) = %Hx - xdes||% for inverse game problems; (iii) the
social welfare quadratic objective Jq(x, p) = Zfil fi(x, p).

For convenience, let us embed finite lower and upper bounds on x into the inequality
constraints by defining

_ A ) b . S
A=|(1, |, b= u, |, S=]0
—I —lr 0

where I, and I, collect the rows of the identity matrix corresponding, respectively, to finite
upper and lower bound, and ¢, and u, are the corresponding bounds. Let m be the total
number of resulting inequality constraints.

The KKT conditions for each player’s optimization problem are necessary and sufficient
for optimality, due to the convexity of the cost functions and constraints, and can be used
to characterize the generalized Nash equilibria of the game:

Qix+ci+ Fip+ Al di+ Alni =0

Ax < E-I-SP

AeqX = beq + Seqp

Ai>0

lij(Ajx —bj—8§p) =0, i=1,...,N (13)

where Qf collects the rows of Q! corresponding to player i’s variables, A; collects the
columns and rows of A where x; is involved, Aeq; is defined similarly, and 4;, u;, are
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the Lagrange multipliers associated with the inequality and equality constraints, respec-
tively, where the variables in x; appear. Note that the LQ problem (11) could be extended
to handle player-specific linear constraints with coupling of the form Aix < b’ + S'p,
Aéqx = biq + Séqp, by changing (13) accordingly.

By stacking the KKT conditions (13) for all players, we can rewrite the generalized Nash
equilibrium conditions as a single mixed-integer linear program (MILP) using standard
big-M constraints to model the complementarity conditions (see, e.g. [25, Proposition 2]):

p,xf}’,L‘}s,a —[x Qo) L}} +CJ [ ] ZUJ

st. 0j > Digx + Ejxp + hjx, k:l,...,nj
Qix+ c + Fip+ Al di+ Alpti = 0
Ax<b+ 8 (14)

Aeqx = beq + SeqP

Ai>0,i=1,...,N

Ax—b—Sp < M(1—90)

Ai<MS, i=1,...,N

o e {0,1}"

where M € R is a sufficiently large positive constant, J is a vector of binary variables
introduced to model the complementarity conditions, and ¢ is a vector of auxiliary vari-
ables used to define an upper-bound the objective function, ¢ € R". Clearly, at optimality
le 1 0j = Jpwa (%, p), as the first n; inequalities in (14) become all active. Note that using
the same vector ¢ for all players ensures that shared constraints are active/inactive for all
players simultaneously.

Problem (14) can be either solved with respect to p,x, 4, 4,d,6 by MILP when
Jq(x, p) = 0, or by mixed-integer quadratic programming (MIQP) otherwise.

4.1. Extracting multiple equilibria

For the same parameter vector p, multiple generalized Nash equilibria may exist that cor-
respond to different combinations 0 of active inequality constraints, as recently explicitly
characterized in [23]. To extract multiple equilibria, we can iteratively solve the MILP above
after adding the following ‘no-good’ constraint

25—25 <(Z§)—1 (15)
in0;=1 i0;=

which prevents the MILP from returning the same combination § of active constraints in
all subsequent iterations.
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4.2. Variational GNE of LQ games

As for the nonlinear case, a vVGNE can be obtained by enforcing that the Lagrange mul-
tipliers associated with the shared constraints are the same for all players, which further
reduces the number of variables in (14).

4.2.1. Proximal ADMM solver

For vGNEs of LQ games with fixed parameter p = py and no game objective, we also con-
sider the proximal-ADMM algorithm in [7] as an alternative approach to compute a vGNE.
To apply the method, that only handles equality constraints, we reformulate the problem
as the following LQ game with N + 1 players:

x; € arg mfn %x’Qix +(HTx
st. Ax+s =b, Aegx = beg
x_i=x, i=1,...,N (16)
s* € arg min E ||Ax*+s—l_9||§
s 2
st. Ax*+s=b,s>0

where, without loss of generality, we have taken py = 0. The proximal-ADMM iterations
for the reformulation (16) are as follows:

1

i+ € argmin ZxiQp + (¢ + Q)& + (A + (15 Aeqi + L1y — 15

+ = (”Azx + A iXx_; + 5 - b”z + ||Aeq iXi + Aeq 1x_, d”z) (17a)
k1 T+p 5 k1 _ql? T 7 e k2
€ argmm AX T +s=b|| +(A7) s+ Zls—s13 (17b)
>0 2 2 2

ARFL = 2k 4 p(AxMHT 4 1 — ) (17¢)
/uk+1 = /uk + p(Aequ+1 — beq) (17d)
where % ; collects the components of PR ,xf+11,xf‘+1, ..., xK, y > 0is the proximal

parameter, and p is the augmented Lagrangian parameter. The iterations (17) admit a
closed-form solution: the x;-update in (17a) is an unconstrained strongly convex quadratic
program (QP) that can be solved by caching the Cholesky decompositions of Q% + y I +
p(AA; + A;El,iAeq,i) for each player i and then, at each iteration k, solving two triangular

linear systems; the evaluation of s*! also admits the closed-form solution
1 - -
k+1 _ ( k+1 k k
ST = ———— max ((1 + p)(b — Ax +ys — ,0)
Ty (1+p)( )+ s —u

as, by completing the squares, (17b) is equivalent to the projection of a vector onto the
nonnegative orthant.
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5. Game-theoretic control
5.1. Game-theoretic linear quadratic regulation

We consider a non-cooperative multi-agent linear-quadratic regulator (LQR) problem
where N agents control a shared discrete-time linear dynamical system

x(t 4+ 1) = Ax(t) + Bu(t), u(t) = col(ui(t),...,un(t))
y(t) = Cx(1) (18)

where x(¢) € R" is the state vector atstep t = 0, 1,. . ., y(¢) is the output vector, and u(t) €
R"™ is the input vector partitioned among the N agents, with u;(¥) € R" being the input
applied by agent i at time ¢, and n,, = Zfil n;. Accordingly, we set B = [B; --- By], where
B; € R™*" jg the input matrix associated with agent i. Each agent applies their control
input u;(t) according to the state-feedback law

ui(t) = —Kix(t)

where K; € R"*"r is the LQR gain corresponding to weight matrices Q; € R™*"x - 0,
suchasQ; = CT QyiCwith Q); = 0,and R; € R™, R; >~ 0. We approximate the desired LQR
gain K; by defining the function KIN LR R X (mu=ri) _y RX7i that maps the other agents’
gains K_; into K; via the following Riccati-based iterations:

Kf = (R + B/ X{B)) "B/ X}(A - B_iK_))
A=A —B_K_; — BKK}
XM = @ + Al XA + (KHTRKE (19)

starting from X? = Q;,fork =1,...,NLqr. Then, we define each agent’s cost function as

the squared Frobenius norm of the deviation from its optimal gain KiNLQR (K=)):
1 Nigr 2
filKi, K_) = EIIK,- (K-i) = Kill% (20)

LetK = [KlT _ Kl—\,r 1T denote the stacked feedback gain. A Nash equilibrium is a feedback
gain matrix K* such that

K e argn}gnﬁ(K,-,Ki,-) Vi=1,...,N.

The equilibrium can be computed as the solution of a Nash equilibrium problem by using
the nonlinear least-squares approach (6) (without parameter py), using the centralized LQR
solution Ky qr associated with (A, B, Zi Q;, blkdiag(Ry, . . ., Ry)) asinitial guess. Note that,
in this case, the optimality conditions (4) reduce to Vg f;(K;, K—;) = KINLQR (K-)—Ki=0
foralli =1,..., N, where with a slight abuse of notation, we considered K; as its vectorized
version; hence, the nonlinear least-squares problem (6) reduces to minimizing the sum of
the squared deviations from the optimal gains, i.e. Zil ||KIN MRK_) — Ki||12:.
Alternatively, a feedback Nash equilibrium solution to the posed dynamic game can
be determined by solving a sequence of discrete algebraic Riccati equations as described
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in [35, Section III.B] until convergence is reached within a given tolerance. With this
approach, each agent does not have to disclose their costs Q;, R;, only the intermediate
gains K; need to be communicated at each iteration of the procedure. Instead, solving
the game centrally by minimizing the sum of the residuals f;(K;, K—;) in (20) requires the
agents to disclose their costs. Clearly, both methods are offline procedures to compute the
equilibrium feedback gain K* to apply in closed loop.

5.2. Game-theoretic model predictive control

Consider again the discrete-time linear system (18) with N agents competing to make the
output y(¢) track a given set-point r(t) € R™. By letting Au(t) = u(t) — u(t — 1) denote
the input increment at time ¢, each agent i chooses the sequence Au; = {Au,-,k},f:_o1 of input
increments over a prediction horizon of T by solving the following standard discrete-time

finite-horizon linear optimal control problem [4,6]:

T-1
(Auj, €;) € argmin (Z(}’k—i-l —1(0)" Qi1 — r(t)) + AquQAu,iAui,k) + ge,i€i

k=0
St X1 = Axg + Bug Y41 = Cxpqr
Ui = Ug—1, + Aug; u—y =u(t —1)

Atmin < Aug < Atmax  Umin < Uk < Umax

N N
Ymin — Zfi < Yk+1 < Ymax + Zfi € >0
i=1 i=1

21)

In (21), Qau,i > 0 and Qy,; > 0; for example, if an agent is interested in controlling only
a subset I; of the components of the output vector with unit weights, we have Q,; =
2 jel; € e]-T. The slack variables €; > 0 are used to soften the shared output constraints (with
linear penalty g; > 0).

The predicted trajectories {xi, yx, ux} in (21) satisfy the dynamics (18) over the predic-
tion horizon k = 0, ..., T, with initial condition xy = x(t) and u—; = u(t — 1). Note that
each agent optimizes the sequence of input increments Au; and the slack variable ¢;, so
that constraints on inputs, input increments, and slacks are local to each agent, while out-
put constraints are shared among all agents, each one softening them with possibly different
slacks ¢;. Hence, the resulting game-theoretic MPC problem is the GNE problem of finding
sequences {Au,*}fi | (and slacks {ei*}fi 1) optimizing (21) for all agents i = 1,..., N simul-
taneously. In a receding-horizon fashion, only the first inputs u;(t) = u;(t — 1) + Auj are
applied for i = 1,..., N, and the entire procedure is repeated at t + 1.

The number of constraints in each agent’s problem (21) can be reduced by imposing
the constraints only on a shorter constraint horizon of T, < T steps. This can be especially
useful when T is large but we want to limit the number of Lagrange multipliers and binary
variables involved in the MILP reformulation (14) of the GNEP, in which we remove p, o,
and the objective function (12a), as we are only interested in computing the GNE of the
noncooperative MPC problem.
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If a variational equilibrium is requested, the additional equalities enforcing com-
mon Lagrange multipliers for the shared output constraints in (21) can be imposed. In
Section 6.5, we will consider an example of noncooperative MPC and show that it can devi-
ate significantly from the cooperative and centralized MPC solution in which all moves are
optimized jointly by solving a quadratic programming (QP) problem with decision vari-
ables Au = col(Auy, ..., Auyn), € = col(ey, . . ., €x) and cost function given by the sum
of all agents’ costs in (21).

6. Examples

We report several numerical tests to illustrate the methods described in the previous sec-
tions for computing and designing generalized Nash equilibria. All tests are run on a
Macbook Pro with Apple M4 Max chip and 64 GB RAM using JAX [8] for automatic
differentiation and just-in-time compilation of the involved functions when required.

6.1. Linear-quadratic game

Let us first consider a simple linear-quadratic game with N = 3 agents, each controlling
two decision variables x; € R?, i = 1, 2, 3, with cost functions

filx) = %xTx +il'x (22)

where x = col(x1, x2, x3) € R®, and shared constraints

04 —01 —21 16 —18 —08 1
05 —12 —11 —09 06 23 1

0 —11 05 —06 00 12 |*=]|1
07 0 —09 —02 03 —1 1

The GNE is computed by solving the MILP (14) with no parameter p, and optimal com-
binations extracted by iteratively adding the no-good constraint (15), leading to the three
equilibrium solutions:

xF=[11.05882.7647 —1 —1 —2 —2]"
=[00 —0.3436 — 1.5001 — 1.1599 — 0.7387] "

X =
X =[00 —0.7966 — 0.8336 — 0.2783 — 0.1998] .

These correspond to the optimal active constraint combinations (1), (1,4), and (1, 2,4),
respectively. By imposing the additional constraint that the Lagrange multipliers associated
with the shared constraints are the same for all agents, we get the vGNE

x5 = [0.35530.037 0.0431 — 1.5324 — 1.4232 — 1.408] "

corresponding to the active constraint combination (1,4). The CPU time for computing
each equilibrium ranges between 4.7 and 10.1 ms for the non-variational case and is 8.3 ms
for the variational one using the HiGHS solver [26]. Note that infinitely many different
GNEs may exist for the same combination of active constraints, as clearly shown in [23].
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Figure 1. CPU time for computing a GNE via MILP vs LM for increasing number of agents and constraints.
(a) CPU time vs number N of agents, under ng = 2N shared constraints and (b) CPU time vs number of
shared constraints, with N = 5 agents.

For comparison, we also use the nonlinear least-squares approach (6) and compute the
same VGNE x} as above in 229.9 ms (10 LM iterations) starting from the initial guess x* =
0. The same vGNE is found again by running the proximal ADMM approach described in
Section4.2.1, wherewesety = 1,p = 1,x° = 0, 1% = 0, which takes 13.9 ms (229 ADMM
iterations).

Next, we further compare the MILP, LM, and proximal ADMM approaches on random
GNE problems of increasing size. We consider linear-quadratic games with N agents, each
controlling n; = 2 decision variables, with cost functions f as in (22) and shared constraints
defined by ng = 2N random linear inequalities with unit right-hand side. The results are
shown in Figure 1(a), where, for an increasing number N of agents, we report the CPU
time for computing a GNE via MILP and for computing a vGNE by LM and proximal
ADMM. Computing GNEs on LQ games via MILP with HiGHS is about two orders of
magnitude more efficient than by LM, and even more by using Gurobi’s state-of-the-art
MILP solver; it also outperforms proximal ADMM (which takes between 258 and 1794
iterations). Figure 1(b) shows instead the CPU time taken when fixing N = 5 agents and
increasing the number of shared constraints ng up to 300, showing that MILP methods
degrade more in performance compared to proximal ADMM due to the increasing number
of binary variables in (14).

6.2. Inverse linear-quadratic game design

We consider an inverse game-design problem for a GNEP with N = 10 agents, each
optimizing a vector x; € R" of n; = 10 variables (x € R100), parameterized by a vector
p € R™, with np =5, with ||plloc < 100. For each given p, each agenti = 1,..., N solves
the convex quadratic optimization problem defined in (11) with b € R, beq € R°. All
matrices and vectors are randomly generated with appropriate dimensions, with Q' > 0,
and the box constraints are defined by u = —¢ =10- 1.

To formulate the inverse game problem in an ideal setting, we first compute a refer-
ence equilibrium x4es and a corresponding parameter vector p by solving (11) with zero

objective J(x*, p) = 0. Then, we solve the inverse game-design problem (14) by using either
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J(x*, p) = ||x* — Xdeslloo (MILP problem) or J(x*, p) = %le* — Xdes||5 (MIQP problem) to
retrieve a parameter vector p* that yields an equilibrium x*(p*) ~ x4es. We use Gurobi’s
solvers in both cases.

The parameter vector p* is retrieved, respectively, in 0.0394 s by MILP with ||x*(p*) —
Xdes|loo = 5.4712 - 10713, and 0.0660 s by MIQP with ||x*(p*) — xges|l2 = 1.2434 - 1014,

6.3. Stackelberg game

Consider a problem with N agents (the followers), each controlling a decision variable
x; > 0,i=1,...,N,subject to the shared constraint Zfi 1 Xi < C.Each agent i minimizes:

N
file,p) = apx} + > Tigxixg + mi(x, p)xi
j=1
where a; > 0 is a self-cost coefficient, [ € RN*N
7i(x, p) is the nonlinear price function

is a symmetric interaction matrix, and

2

N
Ti(6p) = prit+pa | D% |

j=1

Here p = col(p1,1,. - ., p1,N>P2) is the vector of game parameters chosen by the leader to
minimize the loss function

N 2 N N
J(x,p) = (Zx - D) +1 D (pri—pri)’ — p D milxp)xi
i=1

i=1 i=1

with p1; € [P1,min> P1,max] a0d p2 € [P2.min> P2,max]. The numerical values are set as follows:
N =38, C= 1,D = 0-9xP1,min - _5)P1,max - O)PZ,min = O’PZ,max =0.2, ]_71,1' = -2, n=
0.1, p = 0.3, and

"0 02 0 0 01 0 0 07 [1.07]
02 0 01 0 0 0 0 1.5
0 01 0 015 0 0 0 0 0.8
F_|o o0 o 01 0 0 0 |12
01 0 0 01 0 02 0 0] 2.0
0 0 0 0 02 0 01 0 0.9
0 0 0 0 0 01 0 02 1.8

o o 0o o0 o0 o0 02 O] | 1.1

By setting p = 10%, (8) is solved with 83 LM iterations in 1.057 s starting from the initial

guess pgo) = Im, p§°) = }M’ and x}o) = I% The optimal parameters and
related GNE are

P} = —[1.6174 1.8083 1.553 1.6970 1.9523 1.5737 1.9009 1.6576]
p5 = 0.1990
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Figure 2. Game-theoretic vs centralized LQR.

x*(p*) = [0.0882 0.1745 0.0413 0.1325 0.2002 0.0565 0.1945 0.1124]T

where Zfil x7(p*) ~1=C. The optimal value of the leader’s loss function is
J(x*(p*), p*) = 0.5637. We observed that different initializations lead to different GNEs
with different values of the leader’s loss function, due to the nonconvexity of the optimiza-
tion problem (8).

6.4. LQR game

We consider a linear system as in (18) with #n, = 10 states and n,, = 10 inputs, each one
controlled by a different agent (n; =1 for all i = 1,...,N, N = 10 agents), with A,B €
R!9%10 randomly generated and scaled so that A is unstable with spectral radius equal to
1.1. We consider state-weighting matrices Q; = e,'eiT andR; =10foralli=1,...,N.

In (19), we set N qr = 50, which is a long-enough horizon used to approximate the
infinite-horizon cost, therefore providing a good approximation of the solution of the alge-
braic Riccati equation associated with the quadruple ((A — B_;K_;), B;, Qi, R;) for each
agent i.

The problem is solved as in (6) (without parameter py) in 6.05s (6 LM iterations),
leading to an asymptotically closed-loop matrix A — BK* with spectral radius 0.7525.
For comparison, the centralized (cooperative) LQR solution leads to a spectral radius of
0.3965. Solving the same problem by using the Riccati-based iterations described in [35,
Section II1.B] leads to the same solution in 0.11 s (7 Riccati iterations).

Figure 2 compares the closed-loop step responses of the combined output vector y(t) =
17 x(t) from various initial conditions x(0) for the noncooperative LQR gain K* and the
centralized LQR gain Kiqg.

6.5. Game-theoretic MPC

We consider a linear system as in (18) with n, = 6 states, n, = 3 inputs, and n, = 3 out-
puts, each one controlled by a different agent (n; = 1 foralli = 1,2, 3, N = 3 agents), with
A, B € R%*3 randomly generated and scaled so that A is stable with spectral radius equal
to 0.95. The output matrix C € R3*® is scaled so that the steady-state gain from inputs
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Figure 3. Closed-loop trajectories for linear MPC: comparison between game-theoretic (competitive)
and centralized (cooperative) formulations. (a) Game-theoretic MPC and (b) Centralized MPC.

to outputs is the identity matrix. Each agent i has state-weighting matrix Q; = CT Qy,iC,
with Q); = e,'eiT, Qi € R3%3 and input-increment weighting Qa,,; = 0.5 fori = 1, 2, 3.
The prediction horizon is T = 10 and the constraint horizon is T, = 3. Foralli = 1, 2, 3,
the input constraints are 0 < u; < 4 and the output constraints are 0 < y; < 5, with slack
penalty ge; = 10°.

The noncooperative MPC problem is solved at each time step t = 0, . . ., Tsim — 1, with
Tsim = 40, by solving the MILP reformulation (14) of the GNEP (without parameter p and
objective function (12)) using the HiGHS solver [26]. The resulting closed-loop trajecto-
ries are shown in Figure 3(a). For comparison, we also show the closed-loop trajectories
obtained by solving a cooperative and centralized MPC problem at each time step ¢ by
jointly optimizing all agents’ moves via the QP solver osQP [37].

The CPU time for solving each GNEP ranges between 4.36 and 65.62ms (HiGHS
MILP), while the CPU time for solving each centralized MPC problem ranges between
0.57 and 2.80 ms (QP).

6.6. Computing sparse equilibria

Consider a Nash equilibrium problem with N = 40 agents, each one controlling a scalar
decision variable x; and no free parameter (e.g. p = 0). The agents are grouped into pairs
(2k —1,2k), k = 1,.. ., 20, with the agents’ objectives defined as

fi®) = (xaer — %), k= LG+1)/2].

Clearly, if for every agent-pair k the corresponding variables xx_; = Xk, we have a Nash
equilibrium x* € RN, Among the infinitely many Nash equilibria, we want to minimize
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Figure 4. Number of nonzeros in x* and optimal cost J(x*,0) as a function of the ¢;-regularization
parameter .

the game-design objective

N
J(,0) = D" (xi — 5 + a1 xlly

i=1

where the components of the reference vector xfef = Wﬁ%, i=1,...,N,anda; >0
promotes sparsity in the equilibrium solution.

Figure 4 shows the number of nonzeros in the computed Nash equilibrium x* and the
optimal cost J(x*, 0) as a function of the ¢;-regularization parameter a1, obtained by solv-
ing Problem (10) with p = 10* and P = {0}. The CPU time is 1.4350 s on the first run due
to JAX compilation time, and 29.9 ms on average on the subsequent runs. As expected,
as o increases, the number of zeros in x* increases, leading to sparser Nash equilibria,
at the expense of a larger optimal cost J(x*,0). Clearly, due to the equilibrium condi-
tion x5, | = x7,;, the number of nonzeros in x* can only decrease by two at a time as a;
increases.

Figure 5 shows the CPU time required to compute the sparse solution as a function of
the number N of agents for a; = 2 using L-BFGS-B. The CPU time grows roughly linearly
with N.

7. Conclusions

In this paper, we have proposed different simple methods for designing and computing
generalized Nash equilibria in noncooperative games with local and shared constraints. We
have presented a mixed-integer linear or quadratic programming reformulation for com-
puting all generalized Nash equilibria of a linear-quadratic game, as well as a nonlinear
least-squares approach for computing generalized Nash equilibria of a rather general class
of nonlinear games. We have illustrated the proposed methods on several numerical exam-
ples, including linear-quadratic games, game-theoretic LQR and MPC control, inverse
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Figure 5. CPU time to compute the Nash equilibrium as a function of the number N of agents.

games, and sparsity-promoting GNE computations. We believe that the proposed methods
and the associated open-source library can be a useful tool for researchers and practition-
ers working in the field of game-theory and game-theoretic control and its applications to

engineering and economic systems.

Note
1. The LICQ condition is verified if the gradients of the active constraints at x*(p)

{Vx,.gj(x*,p) 1je A(x*)} U {inhk(x*,p)} U {:I:ek Xy = f,-,korui,k}

are linearly independent, where e is the kth unit vector of appropriate dimension, A(x*) = {j :
&(x*, p) = 0} is the set of active inequality constraints at x*, and x;x, £;x, and u;j are the kth

components of x;, £;, and u;, respectively.
1 1 1
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