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Abstract—Harmonic model predictive control (HMPC) is a recent
model predictive control (MPC) formulation for tracking piece-wise
constant references that includes a parameterized artificial har-
monic reference as a decision variable, resulting in an increased
performance and domain of attraction with respect to other MPC
formulations. This article presents an extension of the HMPC for-
mulation to track periodic harmonic/sinusoidal references and dis-
cusses its use for tracking arbitrary trajectories. The proposed
formulation inherits the benefits of its predecessor, namely its
good performance and large domain of attraction when using small
prediction horizons, and that the complexity of its optimization
problem does not depend on the period of the reference. We show
closed-loop results discussing its performance and comparing it
to other MPC formulations.

Index Terms—Constrained control, harmonic/sinusoidal signal,
periodic reference, predictive control, trajectory tracking.

|. INTRODUCTION

The use of model predictive control (MPC) [1] to track periodic
references is a widely studied problem in the control literature, since it
has many practical applications, such as repetitive control [2], control of
periodic systems [3], [4], or economic MPC [5]. In [6], a linear MPC for
tracking periodic references was presented as an extension of the MPC
for tracking piece-wise affine references from [7]. This formulation
makes use of an artificial periodic reference trajectory, which becomes
part of its optimization problem. The benefits of using this artificial
reference are that the resulting MPC controller is recursively feasible
even in the event of a reference change, and that the closed-loop system
converges to the periodic trajectory that is “closest” to the periodic
reference, where the distance is measured by the terminal cost of the
MPC controller. Thus, the formulation inherently deals with references
that cannot be perfectly tracked. In addition, the use of the artificial
reference results in a domain of attraction that is typically significantly
larger than the ones obtained from classical MPC formulations [8]. The
disadvantage of this approach is that the number of decision variables of
the artificial periodic reference grows with its period, thus increasing the
complexity of the optimization problem. The use of artificial references
in MPC for tracking periodic references has been extended to nonlinear
MPC [9], [10], [11], as well as applied to economic MPC [12], [13]
and distributed (periodic) MPC [14].

Received 25 July 2024; revised 24 November 2024; accepted 22
February 2025. Date of publication 10 March 2025; date of current
version 30 July 2025. This work has been funded by grant PID2022-
1411590B-100 funded by MICIU/AEI/10.13039/501100011033 and by
ERDF/EU. Recommended by Associate Editor Colin N. Jones. (Corre-
sponding author: Pablo Krupa.)

Pablo Krupa and Alberto Bemporad are with the IMT School for
Advanced Studies, 55100 Lucca, Italy (e-mail: pablo.krupa@imtlucca.it;
alberto.bemporad@imtlucca.it).

Daniel Limon and Teodoro Alamo are with the Department of Systems
Engineering and Automation, Universidad de Sevilla, 41092 Seville,
Spain (e-mail: dim@us.es; talamo@us.es).

Digital Object Identifier 10.1109/TAC.2025.3549348

Krupa et al. [15] presented a linear MPC formulation that uses a
parameterized harmonic signal as an artificial reference for tracking
piece-wise affine set-points. The formulation, named harmonic model
predictive control (HMPC), retains the recursive feasibility and asymp-
totic stability properties of the original linear MPC for tracking [7]. In
addition, Krupa et al. [15] showed that the use of a harmonic artificial
reference may lead to a significantly larger domain of attraction and
better performance when working with small prediction horizons. The
downside of the HMPC formulation is that the use of a harmonic arti-
ficial reference comes at the cost of the inclusion of second-order cone
constraints, resulting in an optimization problem which is no longer
a quadratic programming (QP) problem. However, Krupa et al. [16]
presented an efficient solver for the HMPC formulation, showing that
its solution-time is comparable to state-of-the-art QP solvers applied to
alternative MPC formulations.

Harmonic signals (otherwise known as sinusoidal signals) are a
particular class of periodic signal that are found in many practical
applications, such as power electronics [17], [18], robotics [19], or
spacecraft rendezvous [3], [20].

In this article, we present an extension of HMPC for tracking
harmonic references, instead of the piece-wise constant references
considered in [15]. This is a natural extension, given the fact that
the HMPC formulation uses a harmonic artificial reference and the
wide range of applications where harmonic signals naturally occur.
The benefit of the proposed linear MPC formulation, when compared
to periodic MPC, is that the complexity of its optimization problem does
not depend on the period of the harmonic reference. The formulation
also inherently deals with nonadmissible references, resulting in a
closed-loop behavior that may differ from the typical one obtained
from other periodic MPC formulations due to the terminal ingredients
partly measuring the “distance” to the reference in terms of it “shape,”
as we show in the numerical case study. The optimization problem of
the proposed extension can be solved using a minor modification of the
solver from [16] (available in [21]). In addition, the formulation retains
the recursive feasibility and asymptotic stability of the original HMPC,
as well as its good performance and large domain of attraction when
using small prediction horizons.

The proposed formulation may have other useful applications, such
as obstacle avoidance [22], [23] or tracking of generic reference trajec-
tories [24], due to its large domain of attraction, the elliptic nature of its
artificial reference, and its aforementioned “shape-tracking” behavior.
In particular, we find that the dynamic nature of the harmonic artificial
reference leads to a remarkably good performance when applied to
the problem of tracking generic reference trajectories, as we discuss in
Section IV and show in the numerical case study.

Notations: Given two vectors = and y, x < (>)y denotes
componentwise inequalities. Given two integers ¢ and j with
J >4, Z{ denotes the set of integer numbers from ¢ to j, i.e.,
Z{ ={i,i+1,...,5—1,7}. We denote by S (D7) the set of (di-
agonal) positive definite matrices in R™*™. For vectors 1 to xy,
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(z1,22,...,2xn) denotes the column vector formed by their concate-
nation. Given a vector z € R™, we denote its ith component using a
parenthesized subindex x(;). Given two vectors x € R™ and y € R",
their standard inner product is denoted by (z,y) = Y7 (;)¥y(s). For
z € R™and A € S7, ||z]| = /{(z,z) and ||z||a = /(z, Az). The
identity matrix of dimension n is denoted by /,,. Given scalars and/or
matrices M, ..., My, we denote by diag(My, ..., My) the block
diagonal matrix formed by the concatenation of M; to My.

Il. ADMISSIBLE HARMONIC SIGNALS

Definition 1 (Harmonic signal): A trajectory v(-) € R™ is a har-
monic signal if it satisfies

v(t) = ve + vs sin(wt) + v, cos(wt) 1))

for some parameters v, vs, v. € R™ and frequency w > 0.

In the following, we use a bold v = (v, vs, v.) as a shorthand to
indicate the parameters of a harmonic signal v(-), where their dimension
is inferred from the dimension of v(-).

Consider a system described by a controllable linear time-invariant
state-space model

z(t+1) = Az(t) + Bu(t) (2)

where z(t) € R™* and u(t) € R™ are the state and control input at
the discrete time instant ¢, respectively, subject to

y < Bx(t) + Fu(t) <7, Vt 3)

where £ € R™w "= ' e R™w*™u gy e R™,and y < 7.

Definition 2 (Admissible harmonic signals): The harmonic
signals #(-) and 4(-) with frequency w > 0, parametrized by
X = (%, &5, Zc) and @ = (G, Us, U ), are admissible if they satisfy
#(t+1) = Az(t) + Ba(t) and y < E2(t) + Fa(t) <7, Vt, where
if the inequalities are strictly satisfied V¢, we say that they are strictly
admissible.

The following propositions provide sufficient conditions for ad-
missibility of a harmonic signal, where we use the notation
Ye = EZc + Fle, s = Ets + Flg, and y. = EZ. + Fu,, for clar-
ity of presentation.

Proposition 1: Let Z(-) and 4(+) be harmonic signals with the same
frequency w parameterized by X = (&, &5, Z.) and O = (4, Us, G.),
and

Te = AZe + B,
(X,1) : &5 cos(w) — Z.sin(w) = A, + Bl
Zs sin(w) + & cos(w) = AZ. + B,

D=

Then, (X, @) € D implies Z(t + 1) = A&(t) + Ba(t), Vt.
Proof: The proposition follows from [15, Property 2]. |
Proposition2: Let &(-) and 4(-) be harmonic signals with the same
frequency w parameterized by X = (&, &5, Z.) and @ = (4, Us, G.),
and

Co = {(2,0) : (Pei), Usi)» Je(iy) € ViNY,, i € LT}
where sets V; and Y, are defined as

Vi = {y=(o,v1) : o€R, 1 €R?, ly1]| < Ty —0 — o}

Y, = {y=(yo,y1) yo€R, y1€R?, ||yl < wo ~ Y U}

and o > 0. Then, (X, 1) € C, implies that Z(-) and @(-) satisfy y <
Ei(t) + Fu(t) <7, Vt, where the implication follows with strict
inequality if o > 0.

Proof: The proposition directly follows from [15, Property 3]
considering the definitions of ., s, U, Y;, and Zi. |

+ v(f) = ve + vy sin(wt) + v, cos(wt)

. 4

Current ¢!

vF(t) = v, + vs(t) sin(wk) 4 v, (t) cos(wk)

Fig. 1. Harmonic signal expressed in the relative time k.

Corollary 1: A harmonic signal (Z(-), 4(-)) satisfying the condi-
tions of Propositions 1 and 2 is an admissible harmonic signal of system
(2) subject to (3). Furthermore, it is a strict admissible harmonic signal
if the conditions of Proposition 2 are satisfied for some o > 0.

The key point of Propositions 1 and 2 is that they provide conditions
for admissibility of the harmonic signal (Z(-), i(-)) that only depend on
the parameters X and 1, but not on their frequency w. Satisfaction of the
state dynamics is guaranteed by the satisfaction of the linear constraints
in D, whereas satisfaction of the system constraints is guaranteed by
the satisfaction of the two second order cone constraints in C,, .

In the following, we will be interested in expressing harmonic signals
in terms of a relative time k with respect to the current time ¢. That is,
for a fixed time ¢, we want to obtain an expression (1) for v¥(¢) =
v(t + k) € R™ in the form

VF (1) = ve(t) + vs(t) sin(wk) + ve(t) cos(wk) 4)

for some time-varying parameters v, (t), vs(t), v.(t) € R™. Expres-
sion (4) is simply a time-shift of the underlying harmonic signal
v(-), as illustrated in Fig. 1, where the current time ¢ is taken as the
“initial time” of the periodic signal v*(-), i.e., v°(t) = v(t). As shown
in [15, Property 1], the parameters v () = (v (1), vs(t),v.(t)) of (4)
are obtained from the recursion v, (0) = v., v5(0) = v, v.(0) = v,

v(it+1)=T"v(t), Vt>0 ®)
where 7, = diag(l,,,7.") and

. | Imcos(w) —Iysin(w)

7:Um c R2m><2m . (6)

| Lnsin(w) I, cos(w)

I1l. HMPC FOR HARMONIC REFERENCE TRACKING

The idea behind HMPC [15] is to introduce an artificial harmonic
reference in the optimization problem whose discrepancy with the
desired reference is penalized in the objective function. In addition, the
objective function penalizes the discrepancy between the predicted sys-
tem trajectory and this artificial reference, as is typical in MPC. In [15],
HMPC was used to track set-point references, i.e., piecewise affine
references (z,, u,) € R™ x R™«. In this article, however, the control
objective is to track a harmonic reference trajectory (x,(-),u.(+)),
instead of a piecewise constant reference. At each sample time ¢, this
reference trajectory can be equivalently expressed by its relative-time
signals

R(t) = Tpe + s (t) sin(wk) + z,..(t) cos(wk) (7a)

U () = Upe 4 Ups (t) sin(wk) 4 . (t) cos(wk) (7b)

with suitable values of x,.(t) = (Tye, Trs(t), T,c(t)) and u,.(t) =
(Ure, Urs(t), ure(t)), as discussed in Section II. Notice that we make
no assumption on the admissibility of the reference. If it is an admissible

Authorized licensed use limited to: IMT - Alti Studi Lucca. Downloaded on March 26,2026 at 05:59:26 UTC from IEEE Xplore. Restrictions apply.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 70, NO. 8, AUGUST 2025

5477

harmonic signal (see Definition 2) then we wish to converge to it.
Otherwise, we wish to converge to its closest admissible harmonic
trajectory, for a criterion of proximity that will be apparent further
ahead.

HMPC, as is typical in MPC, uses the notion of receding horizon,
where at each sample time ¢ we consider a window of future predictions
indexed by k € Z}, where N > 0 is the prediction horizon and k = 0
corresponds to the current time ¢. The artificial harmonic reference has
the same form as the reference (7), i.e., sequences {xf} € R™> and
{uf} € R™ whose values at each prediction time k € Z{' are given
by

¥ =z, 4z, sin(wk) + z, cos(wk) (8a)

uf = ue + u, sin(wk) + u, cos(wk) (8b)

where the parameters x; = (%, Zs,2.) and up = (ue,us, u.) are
decision variables of the HMPC’s optimization problem, which, at each
sample time ¢ and for a given choice of the prediction horizon N and a
reference parameterized by x..(t) and u,.(¢), is given by

1;1{111 Vi (X, up; X (1), ur(t)) + erh(‘rkv uf xy,uy) o (9a)
XU k=0

s.t. 20 = z(t) (9b)

2P = Azk + Buk, ke Zé\”l (9¢)

y< Ext+ Fub <7, ke Z)™! (9d)

2V =z, + z,sin(wN) + z. cos(wN) (%e)

(xn,up) €D (9f)

(xp,up) € Cy (92)

wherex = (2°,..., 2V 1), u= (u ..., u™N 1), the two terms of the

cost function are given by the stage cost function
Oz, uyzn,up) = |l —zp|g + lu— unll
with @ € S"/*, R € S"'*, and the offset cost function
Vi () = llze = rell7, + llzs = 2os(OIIF, + llze — 2 ()17,
+ [lue = urells, + lus = urs )15, + llue — ure()|[3,

with T, € S*, T, e D", S. € ST*, and S;, € DY*; and o > 0 is
taken as an arbitrarily small scalar to avoid a possible controllability
loss in the presence of active constraints at an equilibrium point [7].

Constraints (9b)—(9d) impose the typical MPC constraints, namely,
the initial state, system dynamics and system constraints. Constraint
(9e) imposes that the predicted state ¥ reaches the value of the artificial
harmonic reference at k = IN. The equality constraints (9f) impose
the satisfaction of the system dynamics (2) on the artificial harmonic
reference, as shown in Proposition 1, whereas the second order cone
constraints (9g) impose the strict satisfaction of the system constraints
(3) on the artificial harmonic reference, as shown in Proposition 2.
The satisfaction of (9f) and (9g) implies that the artificial harmonic
reference is a strictly admissible harmonic signal of system (2) subject
to (3), where strict satisfaction of the constraints is attained due to the
inclusion of the scalar o > 0 in (2), as stated in Corollary 1.

The cost function of the HMPC formulation penalizes, on one hand,
the discrepancy between the predicted states z* and inputs u* with
the values ¥ and u} of the artificial harmonic reference at prediction
time k, respectively, and on the other hand, the discrepancy between the
parameters (xj,, uy, ) with (x,.(¢), u,.(¢)). The effect is that the artificial
harmonic reference will tend toward the reference, while in turn the

predicted states will tend toward the artificial harmonic reference. Let
x*, u*, xj,, and uj, be the optimal solution of (9). The control input
u(t) is taken as the first move in the sequence of optimal inputs u*.
We note that (9) can recover the classical local optimality of MPC
for tracking (see [8, Property 1]) if, for instance, linear penalization
terms are added to V3, i.e, || Te — Trells as|lxs — s (1) ], cel|ze —
Toe)]s Bellte — ture s Bullts — trs (D], and Be e — pe ()], with
Qe,s,c} Be,s,ey > 0 large enough. However, in this article we focus
on the previously shown quadratic offset cost V},, since it results in a
much simpler to solve optimization problem, a typical choice in linear
MPC for tracking for this reason [25].

A. Properties of the HMPC Formulation (9)

In this section, we formally establish the convergence, stability,
and recursive feasibility guarantees of the HMPC formulation (9). We
start by presenting a key concept of the formulation that we label the
optimal reachable harmonic reference, which plays a major role in the
convergence results.

Definition 3 (Optimal reachable harmonic reference): At sample
time ¢, we define the optimal reachable harmonic reference sequence of
the HMPC formulation (9) for the given reference (. (t), u.,.(t)) as the
harmonic sequences {#*}, {#*} parameterized by the unique solution
() = (1), &, (1), do(1)) and (1) = (i1, (£), i (2), i2e(£)) of

(x(t),a(t)) = arg min Vj(xp, up, x,(t), u,(t)) (10a)

s.t. (xp,up) € DNC,. (10b)

The following lemma establishes the relation between the parame-
ters characterizing the optimal reachable harmonic sequences of two
consecutive time instants. Its proof can be found in the Appendix.

Lemma 1: Assume that x,.(t + 1) = 7,"*x,.(t) and u,.(t + 1) =
T, u,(t). Then, x(t + 1) = 7,'*x(t), u(t + 1) = 7, a(t), Vt.

The main consequence of Lemma 1 is that the optimal reachable
harmonic reference is in fact a unique trajectory (&(-),u(-)) for each
harmonic reference trajectory (x..(-), u,(-)). We formalize this in the
following corollary.

Corollary 2: The optimal reachable harmonic reference sequences
obtained at subsequent times ¢ define a unique trajectory (z(-), u(-))
given by

Z(t) = T + 25 sin(wt) + z. cos(wt)
u(t) = Ue + s sin(wt) + . cos(wt)

and 4. = u.(0).

The following theorems state the recursive feasibility and asymptotic
stability of the HMPC formulation (9), where recursive stability is
maintained even if the reference trajectory (z,(-),u,(+)) is changed
between sample times and asymptotic stability is satisfied with respect
to the optimal reachable harmonic reference trajectory z(-). As a
result, it is easy to verify from (10) that the system will converge,
under nominal conditions, to the desired reference trajectory x..(-)
if (z-(-),u,(+)) is a strictly admissible harmonic trajectory, i.e., if
(x-(0),u,(0)) € DNC,, where t =0 for convenience, since any
value of ¢ can be taken.' If the reference is not admissible, then
the system will asymptotically converge to the “closest” harmonic
trajectory to (z,(+),u,(-)), where “closeness” is defined in terms of
the offset cost function V}, (-). We refer the reader to the Appendix for

I'We note that ¢ > 0 is included for technical reasons, but can be chosen as an
arbitrary small number. Thus, as long as the reference trajectory does not reach
an active constraint (3), a sufficiently small o can always be selected.
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sketches of the proofs of the following theorems, and to preprint [26]
for detailed proofs.

Theorem 1 (Recursive feasibility): Suppose that z(t) belongs to
the feasibility region of the HMPC controller (9) for some fixed
choice of N > 0 and that x, u, x5, u) constitute any feasible so-
lution of (9) for z(t) and the reference (x,(t),u,(t)). Then, the
successor state z(t + 1) = Az(t) + Bu® belongs to the feasibility
region of (9) for any (X, (¢ + 1), @,-(¢ + 1)) not necessarily equal to
(T, (), T, (1)).

Theorem 2 (Asymptotic stability): Consider a controllable system
(2) subject to (3) controlled with the HMPC formulation (9) with N
greater or equal to the controllability index of the system. Then, for
any given harmonic reference trajectory (x,.(-), u..(-)) and initial state
x(0) belonging to the feasibility region of the HMPC formulation (9),
the closed-loop system trajectory x(-) is stable, satisfies the system
constraints for all ¢, and asymptotically converges’ to the optimal
reachable harmonic reference trajectory (-) given by Corollary 2.
That is, there exists a KL function 3(-) satisfying ||z (t) — z(¢)|| <
B(||z(0) = z(0)||,¢), ¥t > 0, c.f., [1, Thm. B.15].

Remark 1: An interesting consequence of the parameterization of
the reference is the effect it has on the optimal reachable harmonic ref-
erence, i.e., on the reference to which the closed-loop system converges
to, particularly when the reference (z,-(+), u,(+)) is nonadmissible. The
terms [|e — 2yc||7, and |[ue — e ||%, of the offset cost function V;,
penalize the distance between the “centers” of both references, whereas
the other terms penalize the discrepancy between the parameters that
characterize the sine and cosine terms, which intuitively can be seen as a
penalization on the discrepancy between the “shapes” of the references.
Therefore, if T}, and S}, are significantly larger than 7, and S., the
closed-loop system will converge to the harmonic trajectory that is
closest to the given reference but that retains its shape, as shown in
Section V-A.

B. Numerically Solving the HMPC Formulation (9)

Krupa et al. [16] presented a method for efficiently solving the
HMPC formulation for set-point tracking from [15] that is applied to
the alternating direction method of multipliers (ADMM) algorithm [27]
to obtain a sparse solver that is available in the open-source MATLAB
toolbox SPCIES [21]. The results in [16] show that the HMPC formu-
lation can be solved in times comparable to other MPC formulations
using state-of-the-art solvers. The same ADMM-based solver can be
applied to (9) by making very minor changes, since the reference only
affects a submatrix of the Hessian of (9). In fact, the solver for (9) is
also available in [21,v0.3.11].

Remark 2: Note that the information of the reference is provided to
the HMPC formulation with the parameters x,-(¢) and u,.(¢), which are
independent of the value of its period (determined by w). This, along
with the way, in which the system dynamics and constraints are imposed
on the artificial harmonic reference, i.e., by means of (9f) and (9g), leads
to an optimization problem whose complexity does not depend on the
value of w. This is not the case in other periodic MPC formulations [6],
where the number of constraints grows with the period of the reference
trajectory, resulting in a increase of the computational complexity of
the solver.

IV. TRACKING ARBITRARY REFERENCES

In this section, we discuss the application of HMPC (9) to track-
ing generic references, i.e., we no longer assume that the reference

2That is, || (t) — &(t)|| — 0 as t — oo, c.f. [1, Appendix B.2].

(z(+), u,-(+)) describes a harmonic signal (see Definition 1), although
we do assume that is satisfies the system dynamics, i.e., z,.(t + 1) =
Az, (t) + Bu,(t), Vt.

In general, HMPC will not be able to track the reference x..(-) due to
the use of a single-harmonic artificial reference, i.e., a harmonic signal
with a single frequency w. However, we find that it is often able to track
a suitably selected output y,, = C'z,.. To do so, we propose the follow-
ing method: at each sample time ¢, a local harmonic approximation
(Z,-(t), @, (t)) of the reference (z,.(t), u,(¢)) is computed to satisfy

where a'(t) is the time-derivative of a evaluated at time ¢, and is
provided as the reference to the HMPC controller. The objective is
to obtain a local reference that provides a good approximation of the
desired reference trajectory (x,.(-), u..(-)) between the current sample
time ¢ and ¢t + N. We find that the best choice of w is to follow the
guidelines from [15, Sect. VI].

V. CASE STuDY

We show various numerical results of the application of the
HMPC formulation to control the ball and plate system described in
[15, Sect. V.A]. The control objective of this system is to control the
position of a solid ball that rests on a horizontal plate. To do so, the
inclination of the plate can be manipulated using two independent
motors located on each of its main axes.

To improve the numerical conditioning of the solvers, we
scale the inputs by a factor of 50. We take the HMPC ingre-
dients as @ = diag(10,5,5,5,10,5,5,5), R=0.51s, T, = 50Q,
T, =0.17,, S. = 1015, S;, = 0.55., N = 8, and include an addi-
tional constraint on the position of the ball on the plate in the form of
a regular hexagon with vertices at a distance of 1 m from the origin.

We also consider the following MPC formulations:

1) The periodic MPC for Tracking (perMPCT) formulation [6], whose
offset cost function matrices we take as matrices 7, and S, of the
HMPC formulation, cost function matrices ) and R as the ones of
the HMPC formulation, and prediction horizon also as N = 8.
The standard MPC formulation with terminal equality con-
straint [28, eq. (8)], which we label equMPC, but considering a
trajectory reference instead of a steady-state reference. We take
N = 16, and the cost function matrices ) and R as the ones of
the HMPC formulation. This formulation is the classical MPC for
generic reference tracking with a terminal equality constraint and
no terminal cost (c.f., [10, Sect. 2]); a typical approach when con-
sidering generic references, since it avoids the need of computing
a terminal invariant set. The issue with this formulation is that it
does not guarantee recursive feasibility. In particular, feasibility is
lost if the reference does not satisfy the system constraints.

2

~

A. Tracking a Harmonic Reference

We show results comparing the above MPC formulations to track a
harmonic reference with base frequency w = 7/16, whose period is
therefore of 1" = 32 samples.

We solve (9) using the solver presented in [16], available in the
SPCIES toolbox [21, v0.3.11], taking its parameter p = 150. We
also solve (9) using version 3 . 2 . 3 of the SCS solver [29]. We solve all
other MPC formulations using the OSQP solver v0 . 6 . 2 [30]. We take
the exit tolerances of SPCIES and OSQP as 1074, and the ones of SCS
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Fig. 2. Tracking an admissible harmonic reference. (a) Position using HMPC. (b) Position using perMPCT. (c) Input trajectories.
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Fig. 3. Tracking a nonadmissible harmonic reference. (a) Position using 73, = 0.17. (b) Position using 7}, = 1007%. (c) Input trajectories (for
T), = 0.1T).

as 1076, since it is the largest tolerance for which we got reasonable
suboptimal solutions. Tests are performed on a 2.3 GHz Intel i7 in
MATLAB using the C-MEX interface of the solvers.

Fig. 2 shows the closed-loop trajectory of the system when tracking
an admissible harmonic reference (depicted in red). We show the results
when using the HMPC and perMPCT formulations in Fig. 2(a) and
(b), respectively, as well as the control inputs for both formulations
in Fig. 2(c). The results indicate that the HMPC controller behaves
similarly to the perMPCT controller when the reference is admissible.

Fig. 3 is analogous to Fig. 2 but taking a nonadmissible harmonic
reference. Fig. 3(a) shows the result using perMPCT and the HMPC
described above, where 7, = 0.17%. Fig. 3(b) shows the results with
HMPC if we instead take 7}, = 1007,. Finally, Fig. 3(c) shows the
control inputs corresponding to Fig. 3(a). Comparing Fig. 3(a) and (b)
we see that when the T, and S, terms are dominant, HMPC behaves
similarly to perMPCT. However, when 7} and S} are dominant, the
behavior of the closed-loop system changes drastically, as shown in
Fig. 3(b). The reason behind this behavior is the offset cost function V/,,
which does not penalize the discrepancy between the artificial reference
with the desired reference, but instead between the parameters that
characterize them, as discussed in Remark 1. This behavior differs from
the one expected from classical MPC formulations. However, it might
be very interesting for those applications in which maintaining the shape
of the trajectory is more important than being closer to the reference
at each individual sample time. Some potential applications are power
electronics, where we want the output to be as close as possible to a
perfect harmonic signal, possibly at the cost of decreasing the power-
output, or aerospace rendezvous.

B. Tracking an Arbitrary Periodic Reference

We now show the results when controlling a reference which is not
given by a harmonic signal. Instead, we take a multiple harmonic signal
on the form

P
Tp(t) = Tpe + Z Tps,i SIN(Gw,t) + Ty ; cOS(TwW,t)
i=1
P
Up(t) = Upe + Zurs,i sin(iw,t) 4 e ; cos(iw,t)
i=1
satisfying z,.(t + 1) = Az,.(t) + Bu,(t), Vt, where we select the base
frequency of the reference as w,. = /32 (I" = 64) and the number of
harmonics as p = 6. The main control objective is to control the position
of the ball on the plate. To this end, we focus on penalizing error in posi-
tion tracking by taking @ = diag(10,0.5,0.5,0.5,10,0.5,0.5,0.5).
We also find that 7} needs to be larger when tracking arbitrary
references, so we take 7}, = T,. Finally, following the guidelines of
[15, Sect. VI], we take the base frequency as w = 0.3254.

Fig. 4(a) shows the trajectory of the ball on the plate using HMPC.
Fig. 4(b) and (c) shows the position and input trajectories of the
horizontal axis, respectively, using the MPC formulations described at
the beginning of this section. Fig. 5(a) and (b) shows analogous results
to Fig. 4(a) and (b) but shifting the reference so that it is (partially)
nonadmissible. We note that equMPC is not included because it looses
feasibility when the reference does not satisfy the system constraints.
Finally, Fig. 5(c) shows a snapshot, at sample time ¢ = 20, of the
position on the horizontal axis corresponding to the test shown in
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Fig. 4. Tracking an admissible arbitrary reference. (a) Ball position using HMPC. (b) State trajectories. (c) Input trajectories.
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Fig. 5. Tracking a nonadmissible arbitrary reference. (a) Ball position using HMPC. (b) State trajectories. (c) Snapshot of HMPC at ¢ = 20.
TABLE |
COMPUTATIONAL RESULTS OF THE SIMULATIONS SHOWN IN FIGS. 2-5
Admissible reference Non-admissible reference
Computation time [ms] Number of iterations  Perf. (11) Computation time [ms] Number of iterations  Perf. (11)
MPC (solver) Avrg. Med. Max. Min. Avrg. Med. Max. Min. Wop Avrg. Med. Max. Min. Avrg. Med. Max. Min. oo
‘5|HMPC (SPCIES)  0.22 022 038 0.19 2883 290 29 25 91.31 4.69 482 587 0.27 636.41 653.0 733 32 1739.49
| HMPC (SCS) 1.64 1.52 4.17 1.38 131.87 125.0 400 125 91.28 3.63 3.55 10.80 2.87 357.61 350.0 1150 275 1741.05
éperMPCT (OSQP) 3.11 298 18.99 2.58 105.08 100.0 725 100 99.86 4.08 3.92 29.81 3.07 150.51 150.0 1200 125 1733.32
é equMPC (OSQP) 0.63 0.58 6.32 0.50 55.12 50.0 775 50 88.86 - - - - - - - - -
+|HMPC (SPCIES) ~ 0.12 0.12 0.19 0.08 15.09 16.0 17 11 55.30 0.75 0.14 422 0.09 100.11 17.0 512 13  268.40
5|HMPC (SCS) 6.49 6.51 11.77 1.83 678.92 675.0 1250 175 55.40 821 7.17 2496 1.83 897.99 775.0 2575 175 269.03
§ perMPCT (OSQP) 7.43 6.39 36.74 3.84 148.89 125.0 700 75 67.76 22.82 2271 31.33 14.39 532.08 525.0 750 325 235.04
&|equMPC (OSQP)  0.61 0.57 648 048 5474 500 925 50 48.38 - - - - - - - - -

Fig. 5(a). The figure includes the local harmonic approximation and
the predicted states and artificial harmonic reference returned by the
HMPC solver. Note that the local harmonic reference approximates the
desired reference.

The results show that the HMPC formulation tracks the admissible
generic reference reasonably well. When the reference is nonadmis-
sible, the local harmonic reference approximation and the artificial
reference are no longer close to each other in the areas in which
the reference is nonadmissible. In this case, the closed-loop trajectory
resembles the desired reference in the areas in which it is nonadmissible,
although in the case of generic references this resemblance is no longer
guaranteed, even if 7}, and S} are dominant. One of the potential
applications of this paradigm is to track generic reference trajectories
that are not completely known before hand, since the proposed approach
only requires knowledge of the future N elements of the reference. The
advantage of HMPC in this case is its guaranteed recursive feasibility.

C. Computational Results and Performance

Table I shows the computational results obtained with the different
MPC formulations and solvers used in the tests shown in Figs. 2-5.
Results for Figs. 2 and 3 are in the rows labeled with “Harmonic ref.”,
and the ones for Figs. 4 and 5 in the rows labeled with “Genericref.”. The
computation times for HMPC related to Fig. 3 consider 7}, = 0.17% [as
in Fig. 3(a)]. Table I also shows the performance of the formulations,
measured as

»
S|
L

o= ) o) — 2@ + llu) — u(0)]% (n

t

I
o

where we recall that 7" is the period of the reference.

The performance of HMPC when tracking a harmonic reference is
better than with perMPCT when using N = 8. The higher performance
of the HMPC formulation when working with small prediction horizons
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was reported in [15] for the case of tracking constant references. The
result indicates that this may also be the case when tracking harmonic
references.

The HMPC and perMPCT formulations do not perform as well as
equMPC when the reference is admissible. However, the advantage of
the HMPC and perMPCT formulations is that they have guaranteed
recursive feasibility and a larger domain of attraction. Indeed, we note
that the prediction horizon of equMPC was set to N = 16 because
any smaller value resulted in a loss of feasibility in the test shown
in Fig. 4. The performance results for the tests with nonadmissible
reference highlight the good performance of the HMPC formulation
when compared to perMPCT. The computational results also highlight
the good performance of the tailored HMPC solver available in [21].
In particular, the fact that the complexity of the optimization problem
does not depend on the period of the reference can provide significant
computational benefits.

VI. CONCLUSION

This article has presented an extension of the HMPC formulation [15]
for tracking harmonic references and has discussed its application
for tracking arbitrary reference trajectories. In the case of tracking
harmonic references, we showed that the terminal ingredients can
be chosen to penalize deviations with respect to the “shape” of the
reference, which is an interesting property that may have useful prac-
tical applications. Preliminary simulations indicate that the HMPC
formulation can provide good tracking of arbitrary references if its
ingredients are chosen appropriately. An interesting application of this
paradigm is when only the future /N reference values are known at any
given instant. Computational results indicate that the modified HMPC
solver from [16] provides computational times that are competitive with
state-of-the-art solvers. Moreover, the computation time per iteration
of the solver does not depend on the period of the reference, making it
an ideal candidate when working with references with large periods.

APPENDIX A

Proof of Lemma 1: Att—+1, (x(t+1),a(t+ 1)) is the optimal
solution of

min Vi, (xp, up, T, "%, (8), T ur(t)) (12a)
XpUp
s.t. (Xh7 llh) eDNC, (12b)

where we recall that 7, = diag([,,,7.)*) and 7. is defined in (6).
By taking the change of variables x;, = 7,"" %X, and u;, = 7,1, we
can recover the optimal solution of (12) from the optimal solution of

{Vio st (T, Tovm) e DG, L (13)

min
XpUp
where Vh = Vh (7’}:11 )A(]—“ ,Thnu ﬁh7 7;11%1 xr(t)7 7;:1u ur(t))'
From Propositions 1 and 2, we have that the set D N C, is closed
under the transform (7,7, 7,"*), i.e.,

(T =&n, Ty an) € DNCy <= (&p,0n) € DNC,.

In addition, the cost function satisfies the equality
V, = Vi (Xp, Qp, %, (t), u,-(t)). Indeed, first note that the . and u,
terms of V}, are equal due to the identity matrices in 7,'* and 7,"*.
Next, for the x5, x., us, and u, terms, we have that for any z,v € R2™
and D = diag(D, D), with D € D7

7" (z = )b = (2 =) (T3") ' DT (2 — v)

Yz—0) DE-v) = z-vl}

where (x) follows from the definition of 7. (6) and the well known
identity sin?(w) + cos?(w) = 1. The equality then follows from the
fact that T}, € D} and S}, € D’*. Therefore, (13) is equivalent to
(10), whose solution is (x(t), a(t)) by definition, thus X}, = x(¢) and
aj, = ua(t). |

Proof of Theorem 1: The proof is nearly identical to the recur-
sive feasibility proof of the original HMPC formulation [15, Thm. 1]
since the constraints of (9) are identical to the ones of the HMPC
formulation presented in [15] with the exception of constraint (9e),
which instead reads as 2V = z, + x. in[15]. This difference, however,
is simply a time-shift which we take to simplify the notation when
working with harmonic references. Thus, since the recursive feasibility
does not depend on the reference, the proof of the theorem follows
identically to the proof of [15, Thm. 1] but taking [15, eq. (19b)] as
Ul = Ue + ussin(wN) + u. cos(wN). [ ]

Proof of Theorem 2: The proof is very similar to the asymptotic
stability proof of the original HMPC formulation [15, Thm. 3]. As
in [15], the proof is based on finding a Lyapunov function that satisfies
the asymptotic stability conditions from [15, Thm. 2]. The difference is
that the Lyapunov function is taken for z:(¢) — 2(t), whereas in [15] the
Lyapunov function is taken for z(t) — Z., since the artificial reference
in [15] is a steady-state. This requires two modifications to the proof.
The first is that [15, Lemma 2] has to be rewritten for the case of a
harmonic reference instead of a steady-state reference. The lemma can
be rewritten, with small modifications, to prove that x(t) = x + 7 if
and only if z:(t) = #(t). The second are the modifications due to the
time-varying nature of the reference (z..(-), u,-(-)) and to the difference
between the offset cost function V}, of (9) with the one used in [15].
These differences require several modifications which are solved using
simple algebraic manipulations, resulting in the same lines of reasoning
and arguments used in [15, Thm. 3]. |
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