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Robust Condensing for LPV-MPC with
Asymptotically Constant Complexity
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Abstract— This paper presents a highly efficient method
for robustly eliminating equality constraints in optimiza-
tion problems arising from Model Predictive Control (MPC).
Such a condensing operation is often implemented to
reduce the number of optimization variables through the
direct elimination of state variables by substitution, a pro-
cedure which is prone to numerical instability and whose
complexity scales linearly with the prediction horizon. We
propose a novel blocked QR decomposition algorithm for
condensing MPC problems in a numerically robust man-
ner. The method is applicable when the system dynamics,
described by either linear or linearized models, are time-
invariant over the prediction horizon. The method effec-
tively handles unstable dynamics and exhibits numerical
convergence properties that result in an asymptotically
constant computational complexity regardless of the hori-
zon length. We benchmark our method against state-of-the-
art algorithms for robust condensing of dynamic optimiza-
tion problems, demonstrating significantly superior results.
For sufficiently long horizons, the proposed algorithm can
even outperform direct state elimination in terms of speed.

Index Terms— Model predictive control, adaptive con-
trol, QR decomposition, robust variable elimination, linear
parameter-varying systems, embedded optimization.

[. INTRODUCTION

Present days are witnessing an unprecedented interest in the
use of embedded Model Predictive Control (MPC) across vari-
ous industrial fields, including automotive [1], [2], robotics [3],
[4], energy conversion [5], and medical devices [6]. At its core,
an MPC scheme solves a constrained optimization problem
over a finite horizon in real-time at each sample step. The
ability to formulate control problems as optimization ones, to
easily deal with nonlinear systems and explicitly consider sys-
tem’s constraints, are definitely contributing to this interest [7],
[8]. Moreover, modern applications must address control re-
quirements that do not simply translate into stabilizing the sys-
tem around a set-point, but rather require optimized dynamic
operations for which MPC is particularly suited [9], [10]. The
formulation and stability theory for MPC has reached a mature
stage and substantial ongoing research focuses on deriving
efficient algorithms for its implementation [7], [11]. This
is especially true for embedded applications, where solving
repeatedly an optimization problem is most often challenging
due to the combination of high sampling rates and scarce
computational resources [12], [13].
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In industrial applications, the most common MPC formu-
lation involves a quadratic cost function subject to affine in-
equalities on inputs and states and linear equalities. The latter
express the system dynamics, which can result from lineariz-
ing a nonlinear model around a nominal trajectory [14]. At
each time step, MPC requires solving the resulting Quadratic
Programming (QP) problem, or multiple QPs if a Sequential
Quadratic Programming (SQP) approach is adopted [15].
Hence, the research on efficient QP solvers is flourishing [16]-
[18]. With less equality constraints than optimization variables,
the problem can be reformulated in a lower dimensional
space where the equalities are removed [19]. This process
is often referred to as variable elimination or condensing.
Solving lower dimensional problems is definitely appealing for
computational reasons [20], and recent literature is showing
interest also into further reducing the number of optimization
variables at the expense of solution accuracy [21], [22].

In contrast with classical Linear Time-Invariant (LTT) MPC,
where the model is fixed and the condensing operation can be
performed offline, in Linear Parameter-Varying (LPV) MPC
the model is allowed to change at each controller execution
— due to changes of external parameters or updating the
linearization of the model — and kept constant over the
prediction horizon; in Linear Time-Varying (LTV) MPC the
model can even change at each prediction step, for example
when linearizing around a predicted nominal trajectory. In all
cases, and especially when performed online, the condensing
process is nearly as crucial as the QP solver itself. Indeed,
the numerical properties of the condensed QP problem are
of utmost importance and highly depend on the condensing
method. For example, replacing predicted states with a linear
function of the inputs, which we will refer to as standard
condensing, can lead to numerical instabilities, especially
when the linear model is unstable [23]. Alternatives to the
elimination of state variables have been investigated, to either
preserve some sparsity patterns in the lower dimensional
problem [24], [25], or to favor specific structure-exploiting
solvers [26]-[28]. In general, numerically robust approaches
for condensing are considered cumbersome [19, Chapter 15.3].

Most of the condensing methods mentioned above focus
on reducing the overall execution time and often neglect the
numerical properties of the reduced QP problem. Addition-
ally, some of those algorithms are only suited for LTI-MPC
approaches. In [23], we investigated an approach based on
a specialized QR decomposition for the robust condensing of
LTV formulations. Reducing the dimension of the optimization
problem in a robust manner is very important because: i)
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common methods, particularly standard condensing, easily
blow up numerically in the presence of unstable linear models,
11) QP solvers, especially first-order methods, usually require
fewer iterations to reach the same accuracy if the QP problem
is well conditioned. Numerical weaknesses are amplified in
embedded MPC, because the scarce computational resources
often impose to work in single precision arithmetic [12]. The
work in [23] shows that the additional computational burden
due to a QR decomposition can be vastly mitigated with a
tailored factorization algorithm.

A. Contribution

Strongly encouraged by the results in [23], in this paper
we answer the question on whether it is possible to further
decrease the computational cost of condensing in LPV-MPC,
exploiting the fact that the linearized state-space matrices are
constant in prediction, but still can change at every execution
of the controller. Many systems fall under this framework, and
the sparse structure with repeated matrices along the horizon
opens up to further efficient methods with respect to the more
generic LTV-MPC formulation. We develop a novel blocked
QR decomposition algorithm for the elimination of equality
constraints in the LPV-MPC problem, or, more generically,
in problems that exhibit the same structure for the equality
constraints.

Although both the approach in [23] and the one presented
here provide a QR decomposition, they are profoundly differ-
ent in their mechanics. Here, not only we exploit the structured
sparsity of the matrix to factorize, but also formulate the
iterations as reduced-order QR decompositions of the block-
columns, therefore obtaining considerably lower execution
times. Moreover, the approach in [23] is restricted to MPC
problems, while the one proposed here applies to matrices
with a more generic structure.

A second contribution of this paper is to demonstrate that
the recursive factorization of the block-columns converge to a
structure that makes the execution-time constant with respect
to horizon length, after a certain convergence tolerance is met.
This means that not only the method is superior to alternative
robust condensing approaches, but it is also appealing when
numerical robustness is not the only concern. Indeed, we show
that it can be even faster than standard condensing, whose
solely benefit is the fast execution speed, making the method
particularly appealing for embedded LPV-MPC applications.

The remainder of this paper is organized as follows. We
first describe the robust condensing idea in Section II and
recall blocked QR decomposition algorithms. We then derive
a novel algorithm for structured optimization problems in
Section III and investigate its convergence properties. The
relevance of the algorithm for LPV-MPC problems is detailed
in Section IV. Finally, in Section V we present different
numerical benchmarks where our algorithm is compared to
state-of-the-art methods, and to more standard approaches.

B. Notation and definitions

Given a matrix A € R™*™, made of ¢ x t blocks and such
that m = gmy, n = tn,, we indicate by A; € R™*™ the i-th

column block of A, and by A; ; € R™«*™ the i-th row and
j-th column block of A. Given the set Z = {iy,...,4,} CN,
r < n, Az denotes the matrix [Ail Al] € RmXxrmne,
obtained by horizontally stacking the block-columns indexed
by Z. Let J C N be another finite set, then Az 7 represents
the matrix obtained by horizontally and vertically stacking
the blocks indexed respectively by Z and J. Given a ma-
trix A, ||A| indicates any norm, ||A|p its Frobenius norm,
JAllg* = Y0y Sy A2 ||All,, = max |A; ;] its co-norm,
with indexes ¢ = 1,...,m, j = 1,...,n intended here
as the matrix entries. The null space of A is denoted by
ker(A), and o(A), A(A) indicate the vectors of, respectively,
the singular values and the eigenvalues of A sorted in non-
increasing order. The spectral radius of A will be indicated
by p(A) = max;—1 . n|N(A)], and k(A) is the condition
number of A, here defined by the Euclidean norm and hence
k(A) = o1(A)o,(A)~. Additionally, ny(A) and n_(A)
represent the positive and negative index of inertia of A.
The matrix 0,,x, 1S the null matrix with m rows and n
columns, whereas Q,, is the null matrix with n columns and an
appropriate number of rows if n > 0, and the empty matrix
if n = 0. The matrix I,, € R™"*"™ is the identity matrix of
dimension n. We denote by U(a,b), a,b € R, b > a, the
uniform distribution of real numbers in the interval [a, b]

[I. PROBLEM STATEMENT

Consider the minimization of an objective function f :
R™ — R subject to a set of linear equality constraints:

min f(z) subjectto A’z =10 (1)

where A € R™*" is full column rank, with m > n. A typical
approach to handle (1) is variable elimination [29], where a
pair of matrices £ € R™*" and Z € R™*(™~") is chosen
such that the following properties hold:

det([E Z])#0, AZ=0 2)

hence the columns of Z span the null-space of A’, and A’F is
non-singular. Let z = ZZ 4 Ee represent the set of solutions
to A’z = 0, with e € R"™ and z € R™". From (2) we can
derive the following parametrization

e=(A'E)"'b, % free. 3)
The unconstrained optimization problem
min f(ZZ+ s)

in m—n variables, with s = E(A’E)~1b, is equivalent to (1).
Clearly, the approach remains valid also if the minimization
is subject to additional inequality constraints.

Among the numerous methods to derive E and Z, the
computation of an orthogonal basis is preferable for numerical
stability [29]. Consider the QR decomposition of A:

R
o

m—n

AQ[ ] Q=2 Q) )

where @ is an orthogonal matrix, Q'Q = I,,, Q; € R™*™,
Q2 € R™*(m=n) and R € R™ ™ is upper triangular. As
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Algorithm 1 Blocked QR decomposition
Input: Matrix A € R™*" formed by p X g blocks.

I: ng =n/q;

2: Q<+ I,

30 R4 Omxns

4. fori=1,...,qdo

A / ’
5: Q(l) |:R;,i 0l(p—i+1)mq—nq:| = [A'/L,z A;),J ,

6: for j=i+1,...,qdo
Ri Aij
At A
7 e g A
Ap’j APJ

8: end for

Ii—1yn 0(;_1
9 Q<+ Q O

[0(11)% QW

QM

10: end for

Output: Orthogonal matrix @) € R™*™ and upper triangular
matrix R € R™"*™ such that QR = A.

shown in [23], selecting £ = @, and Z = (3 not only
satisfies conditions (2), but also guarantees that the vector
s =Q1(R71)'b = Qe solves the minimum norm problem:

s = arg rnzin |z subjectto A’z =1b ®)
The original m-dimensional optimal solution to problem (2)
can be reconstructed by computing z = @2z + s.

Numerical robustness comes at a cost. Traditional QR
decomposition has a O(mn?) complexity, which is more
expensive than most of the alternatives, such as LU, Cholesky
or interpolative decomposition. Hence deriving algorithms that
reduce the execution time of variable elimination for a specific
class of problems is of utmost interest. The elements of A
below its diagonal can be nullified by several methods, most
commonly the Gram-Schmidt procedure, Householder reflec-
tions, and Givens rotations [30]. Regardless of the method
chosen to introduce zeros, the computations to derive (4)
can be reorganized to exploit the underlying structure of
the matrices, especially on modern computing architectures.
Methods that favor vectorized operations [31] are commonly
referred to as blocked, while those optimized also for parallel
execution [32] are typically described as tiled, and most often
rely on block structures for operations on the single tiles. Both
these algorithmic optimizations, blocking and tiling, tend to
require more flops (floating-point operations) than standard
sequential algorithms, but are essential for enabling matrix-
matrix multiplications. Such level-3 operation is the preferred
choice in high-performance computing due to better memory
utilization and high computational intensity [33], [34].

We will first review a generic and iterative blocked QR
decomposition, [30], [35], which will be the backbone of
the novel algorithm derived in this paper. We stress that our
motivation to study blocked algorithms does not stem from
having access to high-performance computing or specialized

hardware — a rare exception, especially in embedded appli-
cations. Rather, we are driven by the opportunity to exploit
the inherent block structure of the problem itself. As we
explore in detail in the next sections, this structure offers
a path to designing blocked algorithms that are extremely
efficient, independent of whether we can perform matrix-
matrix operations using dedicated hardware.

The considered blocked QR algorithm is summarized by
Algorithm 1. We consider matrix A in (4) as subdivided into
p X q blocks, such that:

Aia Al g

A= : (6)
Apa Apq
with A4; ; € R™a*" Vi j, and we also introduce the full
block-column notation A = [Al As Aq], where
A; € R™*"a, Note that, in order to have a compact block
notation, we assume that (m mod p) =0 and (n mod ¢q) =
0. However, Algorithm | can be trivially extended when
this condition does not hold, as well as to blocks of non-
homogeneous row/column dimensions. At each iteration 1,
the algorithm triangularize a subset of the ¢-th block-column,
specifically Az, ; with Z; = {i,. .., p}, by performing the QR
decomposition

!/

= Az, (7

Q(’L) |:R(L)/ O/(p7i+1)mq7nq
with Q) € RPma—(i=lng)x(pmq—(i-1ng) and R(H ¢
R™a*™a, From this point forward, the superscript notation
X denotes the matrix X computed at iteration i. The i-th
diagonal block of R can be directly assigned in Step 5 since
R® = R; ;. From orthogonality of Q¥), triangularizing Az, ;
is equivalent to multiply it by Q(i)’ . Therefore, the rest of the
unfactorized sub-matrix Az, 7, with J; = {i+1,...,q} un-
dergoes the same orthogonal transformation, which completes
the computation of the ¢-th block-row of R. The matrix-matrix
multiplication QW Az, g, is performed, block-column wise,
in Step 7, since that allows structure exploiting optimizations.
In Algorithm | we assume that R is allocated in dedicated
memory. However, it is also possible to reformulate the steps
to construct R on the memory space of A, offering a more
concise interpretation of the major algorithm iteration. Indeed,
let use define the orthogonal matrix Q(*) € R™*™ as
O R Ozirl)nq
@ fom

Then, Algorithm 1 is mathematically equivalent to the iterative
update A < Q()’A, and the Q in (4) can be computed with
right-accumulation Q = QMWQ®) ... Q@ as Step 9.

Remark 2.1: The decomposition in Step 5 of Algorithm 1
could be performed through Householder reflections, which
can be accumulated in the so-called WY representation, with
W,Y € R™*" guch that Q = I,,, — WY’, and Y a unit lower
trapezoidal matrix containing the Householder vectors [36].
This would increase the amount of level-3 operations of the
algorithm.
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[1l. EFFICIENT BLOCK QR DECOMPOSITION

We derive an efficient QR decomposition algorithm for a
matrix A that exhibits the following specific structure. Con-
sider the matrices S, € R"4*"¢, S € R"*"e, G, € R"a*"a,
and let my = ng + r4. Matrix A € R™*"™ is partitioned into
g x g blocks of dimension mg, X ng4 such that:

s, 0 i
S, S:
Sy
S.
A= S, )
Sy
S, S,
0 Sy
. SZ_

with m = gm, and n = gn,. We note that, as long as .Sy is
not the empty matrix (r4 > 0), A is not in block Toepliz form,
for which results on the asymptotic behaviour of eigenvalues
would exist [37]. Matrix A in (9) can be rewritten in the
following compact block-column form:

Av=[Sy L0, o (102)
A= [0 oy, S5 Sy S 0L n]  (10b)

1=2,...,q.

This section adopts a generic formulation, but in Section IV
we will explain the relevance and implications of (10) for MPC
problems.

Consider a generic matrix Y = [Y’ Onw-]/ with Y €
R™*™_ full column rank, and m > n. Clearly

o 0, |R| ¢

[om Ir} {OL] =

is a QR decomposition of 37, with ® € R™*" &'d = ],
R € R™ ™. We can apply (11) to the decomposition of Az, ;

in Step 5 of Algorithm 1, when the matrix to factorize is in
the form of (9). We have that

Qv = Qy)l 07, +iry
Ongtirg  Lmg(a—i)
where Qﬁ € R(matira)x(na+ire)  From now on, we assume
Q") in (12) to be partitioned as

(1)

12)

V(@
—_——

QY =10 v ] (13)
with T(i) c R(nq+i7'q)><nq’ V'l(l) c R(nq+irq)><rq and ‘/'274) c
R(atira)x(i=1)7e We present two lemmas that will be instru-
mental in proving the main theorem of this section. The first
simplifies the outer factorization in Step 5, while the second
streamlines the update of the un-factorized matrix in Step 7,
specifically when Algorithm 1 is applied to (9).

Lemma 3.1: Consider a full-column rank matrix X €
R™=*" g :=m, —n > 0, and its QR decomposition

[©1 @] {R“] =X (14)

07,
with R, € R™*" &, € R™*" ®, ¢ RM=XMd /P = ],
Given the matrix Y := [D’ X’ ]/ with D € R™*"_jts QR
decomposition Q, [R;l Ode]l =Y, R, € R, Q, €
R(ma+ma)x (me+ma) Q;Qy = I, can be computed from the
reduced-order (m, instead of m, + mg) decomposition

Pig Thp| | Ra| _ | D
La1 Tapf [0, R,
with Ry € R"*", Fl,l € RmMaxn, FLQ € Rmaxma, Fg,l S

R™*™ Ty € R™*™a T'T' = [. Matrices Q,,, R, can be then
reconstructed as:

5)

Ry, =Ry (16a)
I'ia Fia Omy,xmy

= ) ) il . 16b

@y 011 P19 ®, (16b)

Proof: See Appendix A.

Lemma 3.1 shows that, given X and Y, there exists Z, €
ker(X'), such that Z, = [Z,1 Z,2] € ker(Y'), Z,, €
R™m*(n+ma) and Ly, = [Omd Zglc]/.

Lemma 3.2: Consider Algorithm 1 applied to a matrix
A € R™*" partitioned with g block-columns as in (10). The
triangularization of block column A;, j = 1,...,¢—1 updates
exclusively block-column Aj ;.

Proof: See Appendix B. [ ]

As a result of Lemma 3.2, Algorithm 1 applied to (9) sees
the for-loop of Step 6 collapsing into a single iteration with
j=1+1,fori=1,...,g—1. The following theorem sets the
basis for the derivation of a novel QR decomposition algorithm
for matrices A as in (9).

Theorem 3.1: Let A € R9™a*4"s be a full-column rank
matrix with structure (9), and Q [R’ o’ ]/ = A its QR
decomposition. Consider a blocked factorization algorithm,
with block-column size n4, and an orthonormal matrix r e
R™a*™q T/ = [, partitioned as follows:

A7)

with T} € Rraxma, TV, € Rraxma, T € R™*" and
Fgl)z € R™*"a, 4 = 1,...,n, Matrices Q and R can be
iteratively constructed by performing n, reduced-order (m,
instead of m,(q — i + 1)) factorizations I"() [R(i)’ Orq]l =
A € RMmaXna  where:
AW = [8; 5. (18a)
i—2 . o !
AG = |8, T[T TYITS Y ROV o g,
§=0

(18b)

with R®) € R"*"a and TY) = I,,,.
Proof: From Lemma 3.2 we know that A, is the only
block-column of the un-factorized A being updated by the
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triangularization of A;, at the i-th iteration of Algorithm 1.
Considering (10), we can consequently rewrite Step 7 as:

Riip1 + TW'80 (192)
i)r &)
Ai+1,i+1 V( ;/Sa”
y
N « i (19b)
R O, (gi-1)
withi=1,...,n,—1, and S = [ S;]/. Let us define
Y(Z) c R(”q+irq)an as
/
o s s ifi=1
y@h=¢L" . (20)

o . /
[SS‘”’V(H) st s;} ifi=2,... 1

Since (19b) is the partition being factorized at iteration ¢ + 1,
it follows that Algorithm | operation reduces exclusively to
the n, decompositions:

~n [R® .

A o
irq

where the null blocks of (19b) have been omitted due to (11).

We aim to prove, by induction, that Y 1) can be equivalently
expressed as

2y

(8)r &(3)
Sa ] . (22)

v+ — V1
y ()

Consider the definition of V*) in (13); since V(1) = V(l) then
(22) clearly holds for ¢ = 1. For the induction step, assume

y® = {Sg(f 1)’Vl(‘ D yt- 1)} holds true. We can then
apply Lemma 3.1 to Y(®) and obtain ng)l = [T VO]
and R from the decomposition

“;1 i [R(Z} I L S e
T & F27,2 Orq R(z—l)
such that
) !
76) [anl, Fg/T(z‘—w] (24a)
) !
v — [Fg/ F%IT@—W} (24b)
Vi) =[0G 1yrgxr, VOV (24¢)

with 70 = I, and V© the empty matrix. From (24c),

V1§l = =180~ polds, which replaced into (20)
leads to
v &) Vl(’)’%(f) ) o)
yarn_ | [ 72 vty {Vlz'ﬁgﬂ
Sy Sy Y(l) 7
S, S
(25)

proving that the recursive relation (22) holds for all values of
i. From (24b) it follows that

Vl(i)/gﬂ(ri) _ ( i) HF(J)) ;

(26)

and the expression (18) for A is derived by combining (20),
(23) and (26). Note that AW g guaranteed to be full column
rank for all 4. For ¢+ = 1 it follows from the rank and sparsity
properties of A, while for ¢ > 1 that is guaranteed by the
iterative column sub-block R(—1).

It remains to prove that the iterative, reduced-order, QR
decomposition

) [ﬁf“] _ A0,

Tq

27

can be used to ultimately construct Q [R' 0’ ]/ = A. For
what concerns R, (27) already computes the block diagonal
elements, since R() = = R; ;. Moreover, from Lemma 3.2 we
know that R;;11, are the only non-zero off-diagonal blocks,
which, considering (24a), can be computed as

i i
Riip1 =TS0 = (H Féji) )
j=1

i=1,...,q—1.

(28)

Matrix @ is built by r (ght accumulation of Q(*), which ex—
clusively depends on Q1 1> see (8) and (12). The terms Q1 1
i =1,...,q are derived from (24). This proves that we can
form @ and R through a block-column algorithm that iterates
on the fixed dimensional decompositions (27), with A as in
(18). ]

The results of Lemma 3.2 and Theorem 3.1 are sufficient
to develop an efficient blocked QR demposition algorithm for
(9). We refer to this novel algorithm as QR-AMPC for the
relevance it has in the field of adaptive MPC, as explained in
Section IV.

A. Numerical convergence of QR—AMPC

Before presenting the full QR-AMPC algorithm, we investi-
gate the numerical properties of the iterative update (18). First,
we introduce a lemma necessary to apply later the monotone
convergence theorem to the |R®) || sequence.

Lemma 3.3: Consider matrices ¥ € R"*"_ invertible, and
W e R™*™ and the QR decomposition

R w
ofo] =3 o
then [|U~![|p > [|R™1[|p.
Proof: See Appendix C. [ |

The following theorem provides the main result of this sec-
tion. We demonstrate that the sequence of matrices A® in (18)
converges, independently of the numerical characteristics of
Sg, Sy and S, matrices.

Theorem 3.2: Consider A()
matrix with mg > ng and rg == my
set of recursive QR decompositions:

6 ﬁf“] _ i _

Tq

€ R™«*"qa_ fyll column rank
—ng > 0, defined by the

ry)

R(ifl) (30)
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) . . . / )
where T = (H;;% F%Fg‘;l)) S, T partitioned ac-
cording to (17)~ and A© that can take any value. Then, matri-
ces T and A enjoy the following convergence property:

(i ) 0":1 Irq
i 00 = G g Gl
lim A® = {Olﬂ] (31b)

with R € R™«*"4 a constant upper triangular matrix.

Proof: Let X € R™*™ be a block matrix, partitioned into
sub-matrices X; ; € R™#*" the following property holds for
any norm:

IXi gl < 1X1 < > 1 Xill, Vi j (32)
11,1

which comes from the extension of triangle inequality to block

matrices. Analogously to norms induced by inner products, the

Frobenius norm is invariant to orthogonal matrices, hence:

2 2
QX |lp = tr(QXX'Q") = tr(Q' QX X") = || X[l

where the second equality comes from the invariance to cyclic
permutations of the trace operation. We can therefore write

(4)
|| = RF({’_U (33)
from which, by applying (32), we get
IR Vle < [|[RV|e-
We can also apply Lemma 3.3 to (30) and derive
|RSD 7 e 2 RO (34)
Therefore, we have shown that the sequence | R || is non-

decreasing and the sequence |R() ||p is non-increasing.
Moreover, from Theorem 3.1 we know that AW is full-column
rank, hence R is invertible for all i.

Given an invertible matrix X € R™”*", we have that

2 n
X[ =" o?(X) (35a)
=1
oi(X V=0 in(X)™Y, di=1,...,n. (35b)

From the invertibility of R there exists a positive a such
that
lim o, (R(i)i1

1—00

)= lim oy (R ' >a >0

1—00

(36)

. . n L1
applies, and lim; 00 ;%4 oj(R" ) > nya consequently
holds. From (35b) we can derive that lim;_,oo HR(”_IHF >

\/Tq@. Hence the sequence of real numbers RO g is
non-increasing and bounded below by a positive value. From
the monotone convergence theorem it converges to the finite
and strictly positive limit ¢ = lim;_, ||R(Z HF From (36)
there exits a 8 > 0 such that lim;_, al(R(i)) < B,
and 1m0 Y12 05(R¥) < ngB easily follows. That
provides an upper bound for the non-decreasing sequence

| RD|g, which in turn converges to the finite limit ¢ =
By applying (32) to (33) we obtain [[RO|p <

TS|k + | R || and since lim;_o0 || RD|jp = ¥ > 0 then
lim (|75 = 0 (37)
11— 00

follows. A matrix with 0 norm is the null matrix, hence

0;
e

Given X = [0’ Y’ ], with Y a square upper triangular
matrix, a valid QR decomposition of X can be directly derived
applying the backward identity, namely:

ofg-E 0-F1->

We can combine (30) with (38) and (39) to prove the existence
of an R € R™*" such that lim;_,., ' is the backward
identity and (31) holds true. [ |

Building on Theorem 3.1, we have established that a
sequence of n, reduced-order factorizations is sufficient to
decompose A. Theorem 3.2 further demonstrates that the com-
ponents associated with the decompositions exhibit numerical
convergence. In Section III-B we will detail how to utilize
such property to design an early stopping criterion for a
computational complexity independent of gq.

In the remaining, we aim to link the decay of ||1"1(f) ||lr to the
components of A. First, we provide norm equivalence results
for sub-blocks of orthogonal matrices.

Lemma 3.4: Let Q € R™*™ be an orthogonal matrix block
partitioned as

lim A® =

1—00

(38)

(39)

Q1.1 Qr,z} (40)

@= [inr Q22

with Ql,l € RraXmz, QLQ € R"a*"aq, Q271 € R™m2xm2 and
Q22 € R™2*7a. Then [|Q11]lp = [|Q22]|p for any r,, ma
such that m = r, + ma.

Proof: See Appendix D. [ |
Since Fg)l € R™*™a js a sub-block of an orthogonal matrix,
TS, |lr < /7 holds for all i > 1 (recall that Ty} = I,,,).
Moreover the multiplication by a sub-block of an orthogonal
matrix does not increase the norms, hence have that

i—2
ITI TS < 105 e < v/, (41)
j=0
By replacing (41) into the definition of F}(f), we obtain:
1T < Vg 182l 1755 Ve - (“2)

Since F(i) I‘(i)R(i)_l, we use the result of Lemma 3.4, to
replace F( Y and get
T le < ¢ TGg (43a)
) ~. 1
¢ = /g [1Selle IR e (43b)

Authorized licensed use limited to: Alberto Bemporad. Downloaded on November 24,2025 at 14:29:04 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2025.3635913

Consider [|RD [y = S0, 0,(AD)2 < no, (A0)2,

and the fact that |R(®) ||z has been proven to be non-

increasing, we can easily derive

S
(44

. ~1)—1 3
¢ < Vg ISalle IRV e < nd 01(S2)om, ([S)

Given (43a), the bound in (44) can be used to design problem-
specific scaling of A in order to guarantee exponential decay
of HFZ(,Z)HF since block i = 1.

B. or-2MPC algorithm

By exploiting the results of Lemma 3.2 and Theorem 3.1,
we derive the novel blocked QR decomposition algorithm
OR-AMPC for computing @Q = [E Z] and R, of a given
A as in (9). In order to formalize the steps of the algorithm,
let us introduce a block partitioning of the matrices T and
Vl(z) in (24), such that:

T = [}, ..., 0,07
Vi =1y, .1 1

with ©; € R7e%X"% @ € R™% X" Y, € R"aX7a, T € R"a*X"a,
Matrices E2 and Z are derived as blocked matrices formed
both by ¢q x ¢ blocks of dimensions respectively mg X n, for
E and mg x (mgq — ng) for Z. It is worth noticing that F
is a block upper triangular matrix, and Z is a block lower
triangular matrix, which favours the utilization and storage of
the factorized matrices.

As stated previously, we are interested in QR-AMPC for its
relevance in the field of adaptive MPC, although it can be
used in any application exhibiting the structure (9). The steps
of QR-AMPC are formalized in Algorithm 2.

Remark 3.1: Step 7 of QOR-AMPC requires the computation
of a full QR decomposition of the full column rank matrix
A ¢ Rma*na Both Givens rotations and Householder
reflectors can exploit the structured sparsity coming from the
lower submatrix being upper triangular. In this work, we have
implemented a customized Householder transformation that
works on shortened reflectors, whose length depends on the
column index of A().

Building on the results of Theorem 3.2, QR-AMPC
can be equipped with an early stopping criterion, so to
compute approximated matrices F, Z and R such that
[E Z][R Omn] ~ A I TP = 0, T s the
backward identity (see (39)), which replaced into (24a)-(24b)
leads to:

70 — [Oqu T(iq),}’, Vl(i) -1, /

O;Lﬁ(iq)rq} :

For a prescribed convergence tolerance €. > 0, we verify the
occurrence of numerical convergence by checking

PO e = 1T/ S lr < e 45)

Suppose that condition (45) is checked at the end of each main
for-loop in QR-AMPC, and let i, = ¢ be the current index for
which (45) holds true. The execution of QR—AMPC can be then
halted at the end of step ¢, and the remaining blocks of the

Algorithm 2 OR-AMPC: efficient block QR decomposition
Input: Matrices S, S, € R"¢*" and S, € R"¢*"¢, forming
A € R™*™ as in Equation (9), with mg = ng + 14, m = qmy,
and n = gny.

A S 8

2: R4+ Onxn;

3 E <+ Omxn;

4 Z Omx(m—n);

5: T «+ L«q;

6: fori=1,...,q do

7: r Jg”} = A, with I' partitioned as in (17);

8 Vi D, Th,77 =T ..., T, T'}I’;

9: T« [T, I"LQT/]/ =[0],...,0},0T;
10: for j=1,...,i—1do

1: Zo ¢ Zq—itj+1,q-i+2: q=i+j+1}
12: EjJ — 7, [@/1 @;] )

/ 7.
13: Zq—i-i—j,?“ — ZO [Tl T]} )
14: end for

15: Ev,z < [@,’L (:)/]/;
16 Zgg-in < [T Y%
17: if ¢ < g then

18: Ri,i+1 — (:)/SI;

19: A [T R
20: end if

21: end for

Output: Orthogonal matrix Q = [E Z|, with E € R™*"
Z € R™*(m=n) "and upper triangular matrix R € R™*™ such
that ER = A and ZA' = 0.

approximated F, Z and R can be explicitly constructed by
simple shifted assignments as follows:

Rj; = Ri_. (46a)
Rjji1=Ri i+ (46b)
!
By = (00 iym, Flicic 04y, (460)
!
Zg—j+1 = |:0/(q7j)mq 2y iottiquic Ozjfic)mq} (46d)

j=1t+1,...,q.

Note that, with €. = 0, we get the exact decomposition, that
is QR—AMPC running for ¢ steps. We stress that, despite the
approximation induced by an €. > 0, det([E7 Z]) # 0 holds
by construction from (46). If we neglect the computational
cost of the memory copies needed for (46), the numerical
convergence of QR-AMPC makes it a constant decomposition
algorithm in ¢ after (45) is met.

Example 3.1: To get a preliminary idea of the effectiveness
of QR-AMPC, we compare it with respect to the generic
blocked QR decomposition (Algorithm 1), to which its me-
chanics are inspired. The numerical benchmarks consists in
factorizing matrices A of different dimensions, but all with
the structure described by (9), in order to derive R and
Q = [E Z] such that (4) holds. The test bench is a 12
Gen Intel® Core™ i9-12900H @2.50 GHz. The algorithm is
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Fig. 1. Throughput increase enabled by or-2aMPC on several A
matrices in the form of (9), spanning different block sizes and different
number of blocks. The throughput increase (or execution time reduction)
is computed as t(or-2AMPC)/t(Algorithm 1). The convergence toler-
ance is set to e = 0 as we are interested in comparing the exact
algorithm.

originally coded in MATLAB®, from which C code is auto-
generated and then compiled with —02 flag. Unless differently
specified, this is the setup of all the algorithms utilized in
this paper, especially in Section V. Moreover, whenever an
execution time measurement is involved, that is acquired as
the shifted geometric mean over 100 executions of the same
code [38]. We introduce the notation ¢(l), which stands for
the turnaround time (in ms) of the algorithm defined by the
label [. In this example we consider three sets of dimensions,
rq € {4,6,8} and n, = 1.57, and for each one we record
t(QrR-AMPC) and t(Algorithm 1) for matrices formed by ¢ €
{5j|j=1,...,8}. For this test we are interested only in the
exact factorization, therefore we set €. = 0. Figure | presents
the results, demonstrating a remarkable reduction in execution
time for QR-AMPC, ranging from 10-fold to 80-fold.

Example 3.2: We evaluate the impact of algorithm con-
vergence on decomposition accuracy and execution time. We
select a specific problem dimension, 74 = 6 and ng = 9, with
g = 40, and generate a set of 100 random tuples (S, Sy, S>)
for each one of the following setups:

o Setup 1: S;, 5,5, ~U(-1,1);

e Setup 2: S, ~U(—0.1,0.1), Sy, S. ~U(—1,1);

e Setup 3: S, ~U(—1,1), S,, S, ~U(-10,10).
The objective of the different matrix entries distributions is to
evaluate their impact on the numerical convergence. In fact,
from (44), one can easily infer that the upper bound directly
depends on the norm of S,, and inversely depends on the
norms of S, and S,. Each random matrix 4 € R360x240
if factorized with QR—AMPC, whose execution is halted at
different steps i, < g, thus applying (46) for ¢ — 7. steps.
We collect the reconstruction error

(@R A) = QIR 0m-n] = 4| (1+14]2) "

and the total execution time, which includes the exact factor-
ization of the first 7. blocks and direct copy of the remaining
q — . blocks with (46). We recall that QR—-AMPC is normally
halted according to the tolerance check (45), while for the sake

10° —
Setup 1
[ ISetup 2
Setup 3
10° T T
<
m'\
S
V H
10710 J
E JNC JINC L L I )
10715 N NN AN NN (RN NN NN SR NN N BN
6 9 12 15 18 21 24 27 30 33 36 39
100 T
g —6— QR-AMPC
o
g
-+
o 501 1
.S
=
3
%
]
0 L Il Il Il Il Il Il Il Il Il Il
6 9 12 15 18 21 24 27 30 33 36 39
halting step (i.)
Fig. 2. Reconstruction error ¢(Q, R, A) and execution time

t(or-2AMPC) for the factorization of random matrices A with 74 = 6,
ng = 9, g = 40, made by tuples (Sz, Sy, S=) drown from different
uniform distribution setups. The algorithm is stopped at increasing
iteration steps i. showing the impact of the different setups on the
numerical convergence.

of this test we select directly the step .. Figure 2 collects
the results, highlighting the convergence rates for the different
values assumed by the tuple (S,,S,,S.). For instance, if a
reconstruction error of 10~% is deemed acceptable for a given
application, the algorithm converges, on average, in 24 steps
for “Setup 17, in 12 steps for “Setup 2”, and in 9 steps for
“Setup 3”. The bound for the latter holds actually on the full
set of 100 matrices. If convergence is achieved, then for any
larger ¢ the matrices are factorized in a constant execution
time. We show such a time in the bottom part of Figure 2 for
different halting steps.

[V. IMPLICATIONS FOR MODEL PREDICTIVE CONTROL

Consider the following Linear Parameter-Varying (LPV)
discrete-time state-space model

a(k + 1) = A(O(k))z(k) + BO(k))u(k)
y(k) = C(0(k))z(k)

where x € R, y € R™, and v € R™ are the system
states, measured outputs, and manipulated inputs, respectively,

(47a)
(47b)
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6(k) € R™ is a vector of parameters affecting the dynamics,
and k is the sample step. The LPV form (47) is of interest
because ) a physical system can naturally exhibit LPV dynam-
ics, i7) those can be the result of linearizing and discretizing
a nonlinear model:

el  furel®),uelt) (asa)
Jelt) = fy (1) (sh)

at time ¢ around nominal values Z.(t), t.(t) that are assumed
constant in prediction, with x., y., u. the continuous-time
counterparts of z, y, u. For MPC design, we consider the
following finite-time optimal control problem:

p—1
min Z Ci(xigr, us, 0(k)) (492)
{uis@i1}02g i=0
i = C(O(k)) )
w €U, y; €Y (49d)
20 = (k) (49¢)

where p is the prediction horizon, ¢;(x;11,u;,60(k)) is any
linear or quadratic cost function, U € R+ and Y € R"v are
polyhedral sets that impose constraints on inputs and outputs
respectively. The above LPV-MPC formulation is also referred
to as adaptive MPC in [39]. Problem (49) has m = p(n, +
n,,) variables, and if we define the optimizer vector as z =
[ug o} u, ] ’, then (49b) can be rewritten in the
compact linear system form A’z = b, A € R™*"™ as in (9),
n = png, b € R", with:

5o = —A(B()), S, = ~BOK)), S. =1,
b= [(AGE)®) 0,1, ]

Therefore, (49) can be cast into an equivalent optimal control
problem in m — n variables by applying the parametrization
z = ZZ + s, see (3), with z € R™™ and F, Z, and
R computed with QR-AMPC applied to matrix A defined
by (50a). Clearly n, = n,, rq4 = n,, hold, and ¢ = p meaning
that the blocking pattern of the QR decomposition corresponds
to the prediction horizon.

In Section III we have shown that the block QR decom-
position has a constant runtime in ¢, however the solution
s = E(R™1)b to the linear system A’z = b has still to
be computed. Here, we show that for an MPC optimization
problem also the computation of s converges numerically,
leading to an overall condensing routine that is constant with
respect to the prediction horizon.

Let s € R™ be decomposed in p stacked vectors, such that
s; € R%™u 4§ = 1 ... p. Recall that R consists of p x p
blocks of dimension n, Xn, of which only the diagonal and 1%
upper off-diagonal blocks are nonzero, and that F is an upper
block-triangular matrix consisting of p x p blocks of dimension
(nz+ny) X ng. Let us also introduce 5§ € RP™= as the solution
of the linear system R’'S = b, partitioned in p stacked vectors,
such that 5, € R™, ¢ = 1,...,p are the constituting blocks.

(50a)

x

(50b)

Given the above mentioned sparsity patterns, and b as in (50b),
we have that s can be efficiently computed as:

1151 = A(0(k))z (k) (51a)
R 5;=—R ;51 J=2,...,p (51b)
P
Si:ZEi)jgj, i=1,...,p (51c)
j=t

Theorem 4.1: Let A € R™*™ be a matrix defined by (9)
and (50a), b € R™ a vector as in (50b), m = p(ng; +ny), n =
png and let [E Z] [R/ 0’]/ = A be the QR decomposition
of A. Assume p(A(6(k))) < 1. Then, the vector s € R™,
such that s = E(R™!)'b with A’s = b, enjoys the following
convergence property:

71— 00
with s; € R ™"« the 4-th slice of s.
Proof: We start by proving that
o1(Rpp) > -+ > 01(Rap) > 01(R1p) > 1. (53)

Consider OR~AMPC steps. We know that AV =[S} S;]/ =
[B(O(K)) I,]". If we impose ¥ 2 I, and W 2 B(6(k))
in (29), we can follow considerations analogous to those used

in the proof of Lemma 3.3, in particular the ones to get to

(76). Under the assumption that B(6(k)) # 0 we get
01(R1,1) > Gl(lnz) =1. 54)

For the steps j = 2,...,p, since AU) contains the sub-block
R;_1 -1, see (30), applying again (76) leads to

o1(Rj ;) =2 o1(Rj—15-1)-

Combining (54) and (55) proves (53). Since for an invertible
matrix X € R"*", ¢;(X~!) = 0,_;41(X) ™! holds for all i,
it can be shown that

(55)

(56)

o1(R, ;) < -+ < o1(Ry3) < o1(Ryp) < 1.

Now recall that R; ;41 = H;Zi ng%Sm withi=1,...,p —
1. Clearly, 01(F§J, %) < 1 holds for a sub-block of a unitary
matrix, and hence p(R; ;+1) < p(Sz). In the context of MPC,
we impose S, £ A(6(k)) and thus, given p(A(0(k))) < 1,
we get

p((R7;)Rj-14) <1,

i ji=2,...,p (57)

which, from a simple manipulation of the linear system (51b),
proves that lim;_, 5; = 0y, . The slice s; is a linear function
of 5;, with j > 1, see (5lc), therefore lim; .0 5; = Op,
directly follows. [ ]

In Theorem 4.1, the (marginal) stability of the linear system,
p(A(6(k))) < 1, is only a sufficient condition for s; to
approach 0. Indeed, condition (57) very likely holds, starting
from a certain j, even in presence of unstable systems.
From (56) and (28), respectively, we can derive that

Jl(R;il) <1,
o1(Rjj+1) < 01(Rj-1,5),

(58a)
(58b)

t=1,...,p
j=2,...,p.
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Hence, the spectral norm of both matrices involved in (57)
is non-increasing, one of which strictly bounded in the
unit circle. Moreover, given X = [D’ Y’]/, o1 (X) >
max(o1(D),01(Y)) holds,

01(R12) < o1(T5])o1 (A(O(K)))
01(Ro,2) ! < max(oy (TS5 A(0(K))), 01 (Ri,1))

(59a)
(59b)

which means that a large eigenvalue in A(6(k)) does enlarge
the upper bound on the 1?; ;41 sequence, but it also shrinks the
upper bound on the (R 1) sequence. Despite being likely, s;
approaching 0 is not guaranteed in case of an unstable system.
For instance, a large tolerance €. can cause QR—AMPC to halt
before properties (58) and (59) have a sufficient impact on
(57). Therefore, when solving for (51) we propose the adoption
of a second tolerance, €5 > 0, used to halt the p iterations
in (51) by checking ||s;||co < €5. Similarly to 4., let is be the
index such that ||s;,4]lco < €s, 5 =0,...,p— i, holds.

A. OrR-AMPC implementation

If the LPV formulation (47) originates from the linearization
of a nonlinear model, at step k£ one could linearize (48)
around z(k) and get b = 0 as a consequence of zy = 0
in (50b). In this case the linear system A’z = b would admit
the trivial solution s = 0. Hence, not only the computation
of s = E(R™1)'b would be completely avoided, but also
OR-AMPC could be modified to get a computationally cheaper
and less memory-demanding implementation that exclusively
computes matrix Z. Clearly, the selection of e; would be
unnecessary in this case.

An additional crucial consideration regards the approxima-
tion introduced by a possible early stopping of the method
due to numerical convergence. By construction, the column
blocks of A’ are increasingly ordered from the current to the
last prediction step. Therefore the steps that are affected by
the approximation are the ones that are furthest in the future,
on which there is obviously more uncertainty.

We finally stress that QR-AMPC requires only the state dy-
namics to stay constant over the prediction horizon. The output
equation can indeed vary and be, for instance, the result of
successive linearizations at different nominal points. We could
therefore replace (49c) with y; = C;z;, 1 =0, ..., p—1, despite
that being a less frequent, but more generic, formulation.

B. QP formulation

We consider the following widely-used MPC formulation
based on a quadratic objective function. Let W}* € R™=*",
WP € Rmw>nu and WY € R™>*"v be some weight matrices
on inputs, input rates, and outputs, respectively. At step k, the
i-th stage cost, t = 0,...,p—1, is

Ci(@hpinwi, 0(K)) = Wi (ui — ;)13 + WP (us — wi—1) |13+
+ W (COK)zivr — 513 (60)

with u_1 = u(k — 1) and [110, ... ﬂp_l], [370, .. .yp_l} some
references trajectories on inputs and states. The optimization

problem (49) with the quadratic cost (60) can be cast into the
following QP problem:

min %Z’HZ +h'z (61a)
s.t. Az =D (61b)
Gz<g (61¢)

with H € R™*™ the symmetric and positive semi-definite
Hessian matrix, ~ € R™ the linear cost term, G € R™e*X™
and g € R™¢ the matrices collecting all the m, constraints
imposed by U and Y along the horizon. Under the parametriza-
tion z = ZZ+ s introduced in (3), (61) turns into the following
reduced dimensional QP in m, = m — n variables
1
min 5z’Hrsz hlz, st G.z<g, (62)
z

where H, € R™*™r h,. € R™, G, € R™*™ and g, €
R™r are computed as:

H.=27'HZ (63a)
hy =2H's +h (63b)
G, =GZ (63¢)
gr=Gs+g. (63d)

In (61)—(63), we have dropped the dependence from k& for
simplicity. In the context of MPC, although somewhat improp-
erly, the non-condensed formulation (61) is often addressed as
sparse, referring in particular to the sparsity patterns of the
Hessian and constraint matrices, whereas (62) as dense.

C. Standard condensing

Here we give a brief overview about standard condensing,
the most common approach when it comes to reducing the
number of variables in an MPC optimization problem. We
are going to use it for comparison in Section V. The idea is
to replace the predicted states x; with the explicit solution
formula

k—1
o = AWO(k) zo + Y AWBK)) BOk)ur—i,  (64)
=0

hence obtaining an optimization problem where Z corresponds
to the vector of predicted inputs.

Equation (64) imposes the coordinate transformation z =
ZZ+ s with

I, 0 0 0
B 0o ... 0 A
0 L., 0 0 0
7| AB B 0 0 | o= [A4%] 4
0 .0 I, 0
APTIB AP AB B | | AP |
(65)

where we have dropped the dependence from (k) for sim-
plicity. Condensing with (65) easily blows up numerically in
case there exists any A\;(A(0(k))) > 1,i=1,...,n.
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V. NUMERICAL RESULTS

We benchmark the proposed method against state-of-the-
art alternatives. First, we propose a comparison with respect
to the most efficient robust condensing method available in
the literature. Then, we show that the proposed method can
be a valid replacement for standard condensing even when
numerical robustness is not a concern. Finally, we test the
algorithm in a typical MPC application in combination with
different well-known QP solvers.

A. Comparison with robust condensing methods

When numerical robustness is a concern, QR decompo-
sitions are the preferred way for condensing (49). In [23]
we proposed a very efficient, non-blocked, QR decomposition
algorithm (named QR-MPC) specifically tailored for the spar-
sity pattern of matrix (9). We showed increased robustness
with respect to pre-stabilization, and reduced computational
burden (up to an order of magnitude) with respect to structure-
unaware QR decomposition. Differently from what we present
here, that algorithm assumes that the state dynamics can
change over the horizon, namely z;.1 = A;x; + Bu,,
i = 0,...,p — 1, as a result, for instance, of successive
linearization along a nominal trajectory. Hence, QR-AMPC is
less versatile than QR-MPC in terms of problem formulation,
but it is much more efficient for the class of problems (49).
Both algorithms provide a QR decomposition of A’. However,
the two algorithms largely differ for the adopted blocked
strategy and recursive mechanics of the reduced-order QR
decomposition, as well as their convergence properties.

The comparison setup is close to the one of Example 3.1.
We consider a set of matrices A to be factorized, formed by
randomly generated A and B matrices with n, € {4,6,8},
ny, = 1.5n, and p € {5j5|j = 1,...,8}. The results are
shown is Figure 3. Here we are interested in showing a
comparison about the exact factorization routines, hence we
set €. = 0 for QR-AMPC. Note that the numerical accuracy
of the two methods is equivalent within machine precision,
with a reconstruction error of A that is lower than 1073 in
both cases. The benchmark shows that QR-AMPC is anyway
a much better alternative than the state-of-the-art QR-MPC
when we are dealing with LPV systems. In fact even the exact
decomposition leads to a significant throughput improvement,
which widens as the prediction horizon increases. With p = 40
there is already an improvement of an order of magnitude.

B. Comparison with standard condensing

Standard and robust condensing clearly target different
needs in the context of MPC problems. The former is com-
putationally very fast and easy to code. The latter is con-
sidered a necessary execution overhead to address possible
numerical instabilities. However, the convergence properties
of QR-AMPC discovered in this work can be a game changer
in case of sufficiently long horizons, making robust condensing
faster than the standard one. We show this by comparing
equality elimination with QR-AMPC, considering two different
tolerances €. = ¢, € {107°,1078}, and with standard
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Fig. 3. Throughput comparison for QrR-MPC and QrR-AMPC for several
A matrices with structure (9), constructed from randomly generated
A(6(k)) and B(6(k)) matrices. We set e = 0 for QR-AMPC so to
compare the two exact factorization methods.

condensing in Section I'V-C. The two approaches are compared
in terms of execution time required to fully form the ele-
ments of the parametrization (3), on 100 problems constructed
from random (stable) A(0(k)), B(6(k)) € U(—100,100)
and C(0(k)) = I,, with n, = 9, n, = 6. We set p €
{10, 20, 40, 60, 80, 100}, and evaluate the KKT residual for
the different values of €. when solving QPs with cost function
(60) defined by W} = 101,,,, W* = 0.11,, and W} = 0,
i =20,...,p— 1. Figure 4 collects the results. The execution
time, which includes exclusively the time to form (62), shows
that at p = 60, QR-AMPC with the lower accuracy is already
faster than standard condensing, and at p = 100 the throughput
gap is on average ~ 4 and ~ 21 times, respectively for the two
tolerances. The execution time is a distribution for QR-AMPC
and a single average value for standard condensing because
it is influenced by the distributions of convergence indexes ¢,
and 74, which are shown in the bottom plot.

Remark 5.1: The benchmark of this section is based on
the time acquisition of the full implementation of QR-AMPC,
and also excludes the time needed to actually solve the QP
problem. As discussed in IV-A some throughput can be saved
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Fig. 4. Comparison between standard condensing and Qr-2AMPC with
two convergence tolerances. Top plot shows the optimality error, mid
plot the execution time of condensing, and bottom row the distribution of
ic and s on the 100 problems solved.

(in QR-AMPC) with a specific selection of linearization points.
Moreover, given that the reduced QPs originating from robust
condensing are better conditioned by construction, the time
to solve the QP could be sensibly less than with standard
condensing, especially with first order methods. For instance,
in [23], the authors compare solution quality metrics for QP
problems solved using the Alternating Direction Method of
Multipliers (ADMM), applied to both standard and robust
(QR) condensing. With a fixed number of iterations, the
optimizer error under robust condensing improves by over an
order of magnitude. Consequently, the crossing point in the ex-
ecution time between the two methods, when considering the
overall optimization routine, may occur at shorter prediction
horizons in practice.

TABLE |
PARAMETERS OF CSTR MODEL IN EQUATIONS (66)
Parameter Value Unit

F 1 m3/h

1% 1 m3

R 1985875  keal/(kmol - K)
AH -5960 kcal/kmol

E 11843 kcal/kmol

ko 34393800 1/h
0Cp 500 keal/(m®-K)
UA 150 keal/(K - h)

C. Application to an MPC problem

The continuous stirred tank reactor (CSTR) [40, p. 563] is a
classical benchmark problem for MPC [39], and it is a perfect
candidate to test the performance of a robust condensing
method. Indeed, it exhibits strongly nonlinear dynamics with
respect to one of the states, and the linearized dynamics can
be open-loop unstable during transitions between different
operating conditions.

The system has n, = 2 states, the concentration of the
reactant C'y [kmol/ m?3] and the temperature inside the reactor
T, [K], and n,, = 1 input which is the jacket coolant temper-
ature T [K]. The inlet feed stream temperature T [K], and
the reactant concentration in it, Css [kmol/ m?], are treated
as measured disturbances. By defining 7', (t) £ Ty(t) —T,(t)
and T (t) = T,.(t) — T.(t), the nonlinear model derived from
mass balance and energy conservation principles is given by

dc F
%@:V(CA]‘(”_CA@)) —T(t) (66a)
dT,(t) F._ . AH = UA __

—F

with r(t) = koeRT(t) Ca(t), E the activation energy, R the
Boltzmann ideal gas constant, kg a non-thermal factor, A the
coolant interface area, AH, C, and p the coefficients for heat
per mole of the reaction, heat capacity, and density. The value
of the parameters, and their units, are collected in Table I.
Further details about the plant model can be found in [39],
[40].

The control goal is to manipulate 7. so to regulate Cy
to a desired set-point C'4. The prediction horizon is set to
p = 20, and the set-point C'4 is previewed for 5 steps, namely
C’A7k+j, J 1,...,5 is known at step k. The nonlinear
dynamics are linearized around u(k — 1) and x(k) with a
sample time 75 = 0.5h, and discretized by first-order Euler
approximation. We assume that the measured disturbances are
constant, C4¢ = 10kmol/m? and Ty = 298.15K. States
and inputs under the regulation of a robustly condensed MPC
are shown in Figure 5. The reactant concentration correctly
follows the reference trajectory, and the coolant temperature
complies with constraints imposed on its value and increments,
which are respectively:

985.15 < Ty joyi < 312.15,
=2 < T poys — T ptio1 < 2

(67a)
(67b)
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Fig. 5. Closed-loop behaviour of CSTR system under robustly con-

densed LPV-MPC operation. Top plot shows the desired set-point
tracking for reactant concentration, mid plot the reactor temperature
evolution, and bottom plot the manipulated coolant temperature, subject
to constraints (67)

with ¢ =0,...,p—1 and T, 1 = T.(k — 1). Hereafter, we
test different solvers and formulations, but the differences in
term of control performance are not noticeable and therefore
the results in Figure 5 are assumed to be equivalent for all the
flavours of QR—-AMPC application that will follow.

First, we consider standard condensing. The CSTR model
can be open-loop unstable and Figure 6 shows, on the left, the
evolution of the eigenvalues of A(k) for the control scenario
of Figure 5. The unstable behaviour is clearly excited during
the simulation, and the right plot shows the corresponding
x(H,), that is the condition number of the reduced Hessian in
(62) obtained with both robust (QR) and standard condensing.
The latter blows up numerically in the presence of unstable
eigenvalues, making the robust approach mandatory. Even
when the linearized dynamics are stable, x(H,) is more than
two orders of magnitude larger, which may have negative
impacts on the convergence and accuracy of the QP algorithm
used.

Lastly, we want to analyze whether condensing is a valid
option for MPC in the first place. In fact, one could solve
directly (61), and the issue of numerical blow-up caused
by equalities elimination would be highly mitigated. More-
over, (61) is much sparser than (62), and many efficient sparse
QP solvers exist [17], [41]. Yet, at the same time, very efficient
dense solvers are available [16], [42] and the typical small
dimension of problems that arise in MPC usually makes it
more convenient to work in a reduced number of variables

13
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Fig. 6. Evolution of the eigenvalues of A(k) on the left, clearly crossing
into the unstable region for prolonged time. On the right the evolution
of x(H,), where H, is computed from (63) with Z obtained with
both robust and standard condensing. The latter blows numerically in
correspondence of unstable eigenvalues.

rather than exploiting the problem sparsity. That is especially
true in embedded MPC, where dimensions are smaller and
libraries or hardware accelerations that are necessary for an
efficient sparse approach are not available. We show this by
considering two well known and open-source QP solvers,
osgp [41] and gpOASES [42], and the commercial solver
ODYS QP [16]. The former has been specifically developed
for sparse formulations, while the latter two are designed for
dense problems. All solvers run on the simulation scenario of
Figure 5, with default settings, once solving QPs in the sparse
form (61) and once in the dense form (62), which is condensed
by means of QR-AMPC with e, = 1075, Figure 7 shows the
KKT residual on the original problem and the execution time
of the six configurations, with the dense versions obviously
including both the time to condense and to actually solve the
QP problem. The KKT residual is small enough to make the
closed-loop results indistinguishable from each other, confirm-
ing that, as far as numerical robustness is of concern, robust
condensing or sparse formulation are both valid approaches.
The throughput comparison is far more interesting. Consider
gpOASES first. As expected, the impact of working on a
reduced dimensional QP is huge as the solver is not able
to exploit the sparse structure of (61). Condensing, robustly,
make the whole QP solution routine faster by ~ 25.9 times
on average, and ~ 49.5 times in the worst-case. Also ODYS
QP is positively affected by condensing, with an average and
worst-case speed up of ~ 6.2 and ~ 12.2 times, respectively.
Less expected are results regarding osgp. Contrary to the
prevailing narrative that sees the non-condensed formulation
compulsory if the QP solver handles well sparse problems,
here we show that an efficient condensing can overturn the
outcome. Even if obviously less impacted, also osgp benefits
from the approach presented in this paper. The execution time
is faster by ~ 1.8 times on average, and ~ 6.6 times in
the worst-case, despite the solver being specifically designed
for sparse QPs. We finally note that ODYS QP stands out
for its execution speed and accuracy when addressing both
sparse and dense formulations, with an average and worst-
case throughput gain of ~ 14 and ~ 50 times if compared to
the best competitor.
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Fig. 7. Optimality error and execution time of osqp, gpOASES and ODYS
QP solver running on the simulation scenario of Figure 5, and solving
both sparse and dense equivalent QP formulations. The dense setup
is condensed with Qr-AMPC with €. = 10~8 and the execution time
includes both the time to condense the QP and to actually solve it. The
solvers are running with default settings.

VI. CONCLUSIONS

This paper has addressed the topic of condensing optimiza-
tion problems that are subject to equality constraints in a nu-
merically robust, yet efficient, manner. We specifically targeted
the structure of problems that arise from LPV-MPC, where
the linearized matrices change at each time-step, but remain
constant in prediction. The importance of numerical robustness
is not to be overlooked. The most common alternative, that
is standard condensing through states elimination, may easily
blow up numerically even if the linearized system is slightly
unstable and the prediction horizon is long enough. For such
LPV-MPC formulations, we have derived a novel algorithm
based on blocked QR decomposition which is shown to outper-
form the execution time of state-of-the-art robust condensing
methods. The topic is of great interest for embedded MPC,
where the throughput decrease that commonly accompanies
a robust approach can easily become a key limitation. The
proposed method is not only intrinsically efficient, but also
exhibits numerical convergence properties that we have fully
investigated and exploited. For sufficiently long horizons, the
algorithm can be early stopped and the parametrization explic-
itly constructed. The result is a condensing routine that is not
only robust, but even more efficient than the widely adopted

state elimination. Finally, we have shown that QP solvers
specifically developed for either sparse or dense formulations
benefit from the proposed algorithm, increasing their average
and worst-case throughput.
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New

APPENDIX

A. Proof of Lemma 3.1

If we consider the QR decomposition (14), Y can be
expressed as follows:

D
_ D — Imd On Omd
il A | B
x Om(i
o 7
Y

Since X is full-column rank, so is Y € R(matma)xn - anq
$ € R(metma)x(matma) js orthogonal by construction. The
QR factorization of Y can be derived by combining (11) and
(15):

F'ip Tip 00, | Ra
Fon Top 0, | [0, | =Y (69)
O Omy Imy] [0,
Q
By replacing (69) into (68) we get:
R = ~| R
Qy|:/y]:¢’Q[/d:|:Y (70)
Ode 02md

where @, is orthogonal, since (i)@)’((i)@) = QPQ =
Q'Q = I holds. The factorization (16) easily follows, which
proves the Lemma.

B. Proof of Lemma 3.2
Let us define A(h9) € R@—i+Dmaxnq the result of the
block-column update of Step 7 at the i-th iteration of Algo-
rithm 1, with ¢=1,...,¢—1, and j=14+1,...,q such that:
AGd) — Q(i)/AL,j (71)

with Z; = {i,. .., q}. If we replace the definition of QO and
the i-th block column of A, respectively equations (10) and
(12), into (71) we get:

(OFFY;
(1) s {02”} Q171 0irytnq
11| g 01+ (j1—i—2)m,
Ai+1) S, 7 Aldn) — Sy
S. Sy
Olm, (g—i—1) ’ 5
! Oy (g—i1)

(72)

with j; = i+2,...,¢. Clearly, A7) = QW' Az ; = Az,

which proves that A; triangularization only updates A;i;
block-column.

C. Proof of Lemma 3.3

Consider the matrix ¥; = [w ¥’ ]/ obtained by prepend-
ing w’, w € R, to ¥. We know that

O'i(\Ifl) = 1/)\1*(‘1//1\111) = \/)\i(‘lﬂ\lf +ww’)

with ¢ = 1,...,n. Given two Hermitian matrices X,Y €
R™*" denote p = ny(Y) and ¢ = n_(Y"). Then, from Weyl’s
theorem [43], we have

>\i+q(X) < )\z(X —|—Y) < )\i,p(X), 1=1,...

(73)

(74)

,n
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with A;(X) = oo for i < 1 and \;(X) = —oo for i > n. In
case of a rank-1 perturbation, since Y = yy’ with y € R™ is
positive-semidefinite, it is easy to show that (74) reduces to:

MN(X) S NX +yy) S Xici(X), i=1,...,n (79

that is the eigenvalues of (X + yy’) interlace those of X.
Inequality (75) applies to (73) because ®'® is symmetric.
The matrix B £ [W/ ¥’ ]/ being factorized in (29) can be
obtained by iteratively prepending m rows to W, thus the left
side of inequality (75) holds iteratively, from which we get
A (U') < \;(B’B). Moreover, given ¥ invertible, we know
that 0,,(¥) > 0, and o(R) = o(B), and hence we can derive
that o;(¥) < 0;(R), from which

o?(V) <oi(R),i=1,...,n (76)
easily follows. Combining (35) with (76) leads to
a?(¥) —

=1

n

1
Z 2(R) IR~ (77)

i=1 ?

e~ F =

which proves the theorem. Note that ||U 1|, = 1/0¢(¥) >
1/01(R) = ||R7!||2 holds analogously.

D. Proof of Lemma 3.4
From the definition of the Frobenius norm || X|p =
Zi,j |z; j|2, with 2; ; the i-th row and j-th column element
of X, it is easy to derive that

n

2
> Xl

i=1

[T 0

||F =

with X; being column blocks of matrix X. The same rela-
tion (78) holds true also in case of a partitioning of X in row
blocks. Hence, for matrix (40) we can write

[1G::)

Q2.1
2 2

[[Q21 Qa2 |y =V Qa1 llp + 1 Qa.2ll-

Additionally, the Frobenius norm satisfies the relation || X || =

tr(AA’), and if we define Q. € R™*" and @, € R"*™
as any given subset of n. columns and n, rows of an
orthonormal matrix @ € R"*™, respectively, we then have

(79a)

2 2
=\ 1Q11llg + 1Q211l¢
F

(79b)

HQC”F = \/tr(Q/ch) = \/tr(Inc) = \/777 (80a)
1Qrlr = Vr(Q,QL) = Vtr(Ln,) = V/n. (80b)

From (80) we deduce that the Frobenius norm of block-
columns and block-rows of an orthonormal matrix depends
exclusively from the dimension of the block. Combining (79)
and (80) leads to

2 2 2
Q21 g+ 1Q22llp = \/ Q11

from which we can derive that ||Q1 ;

2
|F+||Q2,1HF (81)

|F = ”QZQ
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