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Abstract— Dynamical models identified from data are
frequently employed in control system design. However,
decoupling system identification from controller synthesis
can result in situations where no suitable controller exists
after a model has been identified. In this work, we introduce
a novel control-oriented regularization in the identification
procedure to ensure the existence of a controller that can
enforce constraints on system variables robustly. The com-
bined identification algorithm includes: (i) the concurrent
learning of an uncertain model and a nominal model using
an observer; (ii) a regularization term on the model param-
eters defined as the size of the largest robust control invari-
ant set for the uncertain model. To make the learning prob-
lem tractable, we consider nonlinear models in quasi Linear
Parameter-Varying (qLPV) form, utilizing a novel scheduling
function parameterization that facilitates the derivation of
an associated uncertain linear model. The robust control
invariant set is represented as a polytope, and we adopt
novel results from polytope geometry to derive the regu-
larization function as the value of an optimization problem.
Additionally, we present new model-reduction approaches
that exploit the chosen model structure. Numerical exam-
ples on classical identification benchmarks demonstrate
the efficacy of our approach. A simple control scheme is
also derived to provide an example of data-driven control
of a constrained nonlinear system.

|. INTRODUCTION

As cyber-physical systems become increasingly prevalent,
there is a growing need for algorithms that can safely and
effectively control them. Model-based control design, which
relies on dynamical models learned from data through system
identification (SysID) techniques, has proven successful in
addressing this need. These models predict future system
behavior, and controllers synthesized based on them optimize
the predictions to achieve desired control objectives when used
in closed-loop with the system. A typical control objective
is to perform reference tracking while satisfying input and
output constraints. Typically, SysID and controller synthesis
are performed sequentially: first, get a model from data,
then design a controller for it. This approach, however, can
result in controller parameterizations that are suboptimal or
even infeasible for a given model parameterization [1]. For
instance, a nominal controller — designed without accounting
for modeling errors — may lead to constraint violations when
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applied to the plant generating the data. Alternatively, a robust
controller to explicitly consider model mismatch might be
impossible to synthesize, i.e., there might not exist a controller
of a given parameterization for the identified uncertain model.
Consequently, there is a need for methodologies that integrate
SysID and controller synthesis into a unified framework.

Existing unifying approaches can broadly be divided into
two categories:

1) Identification of a model and its associated uncertainty,
followed by robust controller synthesis based on the identified
uncertain model. Some related contributions are [2]-[6], etc.,
which focus on set-membership and/or robust identification;

1) Concurrent uncertain system identification and robust
controller synthesis, e.g., [7]-[9], etc., in which the model,
uncertainty, and controller parameterizations are fixed, and
parameters are optimized to minimize a control objective
while enforcing model unfalsifiability. Recent reinforcement
learning-based approaches, notably, [10], can also be inter-
preted in this framework, in which the parameters of a linear
uncertain model and a robust Model Predictive Controller
(MPC) are optimized. These approaches guarantee the ex-
istence of a controller (by directly identifying it) for the
uncertain model, which under reasonable assumptions is a
constraint-satisfying controller for the underlying plant. How-
ever, models identified using such methods might perform
poorly when used for the synthesis of control schemes other
than the one they are identified for. While incorporating predic-
tion loss into the control objective can mitigate this issue, the
methods are typically designed for input-state datasets rather
than input-output datasets, requiring further modifications.

Assuming there exists a method to characterize the uncer-
tainty associated with a given model, the key step towards
ensuring that one can design a model-based controller satisfy-
ing constraints involves guaranteeing the existence of a robust
control invariant (RCI) set [11] for that model. RCI sets are
regions of the state space in which the uncertain model can be
regulated indefinitely within output constraints using feasible
control inputs, and computational methods to construct them
mostly rely on linear, possibly uncertain, models. Therefore,
when dealing with nonlinear systems, it is reasonable to
consider a linear uncertain model whose trajectories include
those of the nonlinear model of the system; for this reason,
Linear Parameter-Varying (LPV) model classes have been
considered, and in particular quasi LPV (qLPV) models, in
which the scheduling parameter is a nonlinear function of the
state and input vectors. Data-driven methods for LPV system
identification in the prediction error minimization paradigm

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2026.3705297

have been developed under assumptions of availability of
the scheduling function [12]. Avoiding this assumption, a
large number of works have been dedicated to (implicitly)
estimating the state sequence from input-output data. In [13],
an autoencoder was used for defining the hidden states of a
nonlinear model, such as a qLPV model (see [13, Sect. 4.2]).
In [14], a joint identification procedure of the scheduling func-
tion and system matrices was presented, in which intermittent
states were estimated by an encoder network [15].

A. Contributions

We present a SysID framework to identify an uncertain
model of the plant, in which we introduce a control-oriented
regularization that guarantees the existence of a constraint-
satisfying RCI set for the model being identified. We pa-
rameterize a nonlinear model in qLPV form and the asso-
ciated RCI set as a polytope. We then formulate the control-
oriented regularization as the value function of an optimization
problem, the goal of which is to compute an RCI set with
minimal conservativeness. Using every model such that the
objective of the regularized SysID problem is finite, we can
design a constraint-satisfying controller for the underlying
plant. Our interpretation of control-oriented regularization is
fundamentally different from that in [16], in which it refers to a
function that minimizes deviation of closed-loop performance
from a reference model.

An important novel contribution of this paper is the way
we parameterize the scheduling function of the qLPV model:
we use a neural network with softmax output layer, so that
the outputs of the network belong to the unit simplex by
construction. This implies that the model matrices of the
system being identified serve directly as vertices of a linear
system with multiplicative uncertainty that bounds the non-
linear system. Then, an RCI set synthesized for the uncertain
linear system is also RCI for the qLPV model, at the price
of some possible conservativeness. To make the identification
problem computationally tractable, we parameterize the RCI
set as a polytope with fixed normal directions, and enforce
configuration-constraints on the offsets [17]. This enables us
to express invariance conditions as being jointly linear in the
parameters of the model and of the set, that we exploit to
formulate an optimization problem whose value serves as our
control-oriented regularization.

The paper is organized as follows. In Section II, we first
state the learning problem we want to tackle. Then, we intro-
duce the notions of uncertainty derived from model mismatch
and set invariance, using which we formulate the conceptual
SysID problem with control-oriented regularization. In Sec-
tion III, we introduce the qLPV and RCI parameterizations,
using which we formulate a computer-implementable version
of the problem synthesized in Section II. In Section IV,
we present the concurrent-identification problem, along with
schemes to identify the system orders and RCI set template,
as well as an initial point for the problem. We also discuss the
limitations of our approach in this section. In Section V, we
first present numerical examples to illustrate the effectiveness
of the proposed qLPV parameterization with some benchmark

examples. Furthermore, we test the model reduction schemes
numerically. Finally, we solve the problem developed in Sec-
tion III using data collected form a nonlinear mass-spring-
damper system, and use this model and the associated optimal
RCI set to synthesize an output tracking control scheme.

B. Notation
The symbols R and N denote the set of real and natural
numbers, respectively. The set 12 := {a,---,b} is the set

of indices between a and b with a < b. Given two sets
A,B C R", their Minkowski sum is defined as A ® B :=
{a+b:a € Abe B}. If A= {a} is singleton, with a
slight abuse of notation we denote {a} ® B by a & B. The
Cartesian product A x --- X A taken ¢-times is denoted by
At. Given a function f : R® — R™, we denote the set-
valued map f(A) := {f(a) € R™ : a € A}. Given a vector
a € R”, |a] € R™ denotes the element-wise absolute value
vector. Given matrices M, -- , My € R™ ™, we define their
convex hull as the set of matrices CH{M;,i € IV} := {M €
R ™ M =N M, SN N =1, A >0}

[I. PROBLEM DEFINITION

Assume that we have input and output data measurements
available by exciting the nonlinear plant

zt = f(z,u), y =g(z), ey

where u € R™ is the input, y € R™v the output, z € R"= the
state vector, and z* denotes the successor state after a sample
step. We assume that the functions f and g, as well as the
state dimension n,, are unknown. Our goal is to identify a
control-oriented model of (1). Precisely, we want to solve the
following problem:

Problem 1: Given a dataset D := {(us,y:),t € I~}
of input-output measurements collected from (1), identify a
model capable of accurately predicting the plant’s behavior.
Moreover, the identified model should be suitable for the
synthesis of a feedback controller that regulates the plant
output y within a prescribed set Y under input constraints
ue U

Problem (1) describes the entire learning-based control
design pipeline, i.e., system identification and constrained
controller synthesis. This problem is usually tackled in a
cascaded way: first identify a model that best fits the available
training/test data, then synthesize a controller. However, it
may happen that, after identifying the model, synthesizing a
controller that robustly satisfy output constraints under limited
actuation is an impossible task, due to having separated the
identification and robust control concerns. The remaining part
of this section is devoted to formulate a conceptual problem
of system identification with controller synthesis guarantees.

Before proceeding further, some clarifications regarding
the structural assumptions on the underlying plant are due.
Firstly, as we rely strictly on input-output data in D, the
identified model will inherently reside within the observable
subspace of (1). Secondly, as we will see later, our approach
to providing controller synthesis guarantees relies on the
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feasibility of a control invariant set satisfying the constraints.
Consequently, the issue of controllability is handled implicitly:
If the observable subspace is fully controllable, our procedure
seeks to find a model that admits a feasible control invariant
set, hence solving Problem 1. Conversely, if the observable
subspace contains uncontrollable modes, our procedure yields
a feasible solution only if these modes are stabilizable within
the constraints. Otherwise, it returns infeasibility, implying that
Problem 1 does not have a feasible solution.
Let us first consider the following model

T = f(z,u), g =g(z) 2

of (1), where x € R™~ is the state of the model. The learning
problem is usually addressed by solving the optimization
problem

f.9,20

1 N—-1
min % [lye — g(z)|3 3)
t=0

S.t. Ti+1 = f(xt, Ut), te ]I(I)Vil,

where (ug,y:) € D, possibly under ¢o-regularization on the
coefficients parameterizing f and g. While the solution to
Problem (3) might render the subsequent model-based con-
troller synthesis feasible, this is not guaranteed. To ameliorate
this, we introduce a control-oriented regularization into Prob-
lem (3). This regularization is based on the observation that the
output of (2) may not exactly match the output of (1), such
that a controller synthesized using (2) may lack robustness
against the model mismatch, potentially leading to constraint
violation. We address this using the state observer model

2t = f(z,u) + ((z,u,w), §=g(2), )

where ( is the observer function, and w € R™ is the output
discrepancy defined as w := y — g(2).

We will now characterize an uncertain model using (4) that
captures the modeling error in (2) based on the following
assumption.

Assumption 1: The behaviour of system (1) can equiva-
lently be described by the model

it = f(@,u), y=g(&) +v, (5)

where v € V C R™ is an unknown measurement noise.

We emphasize that the set V is not an intrinsic property
of the system (1) known a priori. Rather, it characterizes the
quality of the identified model (f, g) with respect to the true
system. A more accurate model results in a “smaller” set V. In
practice, V is estimated a posteriori in a data-driven manner:
once (f,g) are fixed by solving (3), V is constructed as the
set containing the output residuals y; — g(Z;) observed during
simulation. Furthermore, while we refer to v as measurement
noise according to standard nomenclature, we emphasize that
it must be accounted for when enforcing y € Y. We use the
observer in (4) to estimate the state of (5). By defining the
observer error as e := & — z, the error dynamics are given by

et = f(@,u) = f(z,u) = {(z,u,9(2) +v —g(2)).  (©)

Assumption 2: The observer function ¢ renders the error
dynamics in (6) robustly stable, i.e., by denoting the input

and measurement noise sequences as Uy := (U, - ,Ur—1)
and v; := (vo,- -+ ,v;—1), respectively, there exists a robust
positive invariant set £ C R™= such that

e €EE = e €€, vVt € N, 7

for all input and noise sequences u; € U? and v, € V',

Assumption 2 states that the error remains bounded in a set
& for all time irrespective of the input and noise sequences.
Note that under this assumption, the input sequence is not
parameterized by a controller; instead, invariance is required to
hold for all admissible input sequences. While this assumption
might seem strong, it is routinely employed in observer-based
control design, see, e.g., [18]. For example, suppose that
System (5) is described by the linear time-invariant (LTT)
dynamics 27 = A% + Bu and y = CZ + v for some
measurement noise v € V, and the observer model in (4)
is described by 2T = Az + Bu + K(y — Cz) with observer
gain K. Then, the minimal robust positive invariant set

£ = é(A — KO)'(—KV),
t=0

satisfies (7), and is bounded if p(A — KC) < 1 [I9].
Similar results for Lipschitz continuous nonlinear systems
were presented in [20].

Towards deriving the uncertain model, we note that since
Assumptions 1 and 2 ensure the existence of sets V and £
respectively, there always exists some disturbance set W C
R™ that encapsulates the measurement noise and observer
error by satisfying the inclusion

{9@)+v—9g(z) : E—2€& veV}CW. (8

For the LTI example presented above, the set W = CE @'V
satisfies (8). In the sequel, we treat W as a design parameter
that must satisfy the following assumption.

Assumption 3: The disturbance set W C R"v satisfies the
inclusion in (8).

For a given input sequence u; € U! and disturbance
sequence w; € W, let us denote by (20, u;, w;) the output
of (4) at time ¢ from initial state z; € R™=. Then, the reachable
set of outputs of (4) at time ¢ for all disturbance sequences
and a fixed input sequence is given by

Yi(z0,w;) = {y € R™ : Iw, € W': y = §(z0,uy, wy)}

Proposition 1: Suppose Assumptions 1, 2 and 3 hold. From
a given initial state £o € R™=, denote the output of (5) for any
given input sequence u; € U’ and noise sequence v; € V? as
y(Zo,us, v¢). Then, the inclusion

y(Z0, ug, vi) € Yilz0,up), V¢t e N 9)

holds if initial states & and zq satisfy To — zg € €.

Proof: Under Assumptions 1 and 2, there exists some
set W C R™ satisfying Assumption 3. The proof concludes if
for any noise sequence v; € V', there exists some disturbance
sequence w; € W¢ such that y(Zo,us,v¢) = (20, s, wy)
holds if g — 2o € &£. Clearly, this is satisfied by the sequence

‘X/t = (y(j?(),ULVl) - g(Z(ZO,U1,V1)),

: ,y(i‘m utﬂvt) - g(Z(Zo, ut>vt)))'
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It remains to show that w, € W!. Observe that from (7), the

sequence w; ensures that &(Zo,u;) — 2(z0,us,v¢) € &, and

the condition on W in (8) that w, € W?. ]
Hence, we can define the uncertain dynamical system

2t e flz,u) ® ((z,u, W), yeglz)®W. (10)

This uncertain model serves as a set-valued surrogate of the
true system. Its utility is grounded in the guarantee provided
by Proposition 1: provided that (10) is initialized such that
its state is consistent with that of (5), i.e., Tg — 29 € &, we
can simulate (10) in a set-valued manner to encompass all
possible future behaviors of (5) since (9) holds. Consequently,
if a controller is designed to keep the reachable output set
Yt(zo, u;) of (10) within the safety constraints, the true
system (1) is guaranteed to satisfy them. The following result
can be used to guarantee the existence of a feasible control
law which ensures Y}(zo, w;) CY forall t € N.

Proposition 2: Suppose Assumptions 1, 2 and 3 hold. Sup-
pose further that there exists a set X C R™* and a control law
wu(-) : X — U that satisfy the inclusion

f(z1(2)) © C(z,1(2), W) C X,

Then, if the initial state of the observer (4) satisfies zg € X,
initial state of the plant in (5) satisfies £g — 29 € &£, and the
set X satisfies the output inclusion

Vz e X. (11a)

g(z) @W C Y, Vz € X, (11b)

the control input u; = p(z;), where z; is the state of (4) at time
t from initial state zy and any arbitrary disturbance sequence
w; € W ensures that the plant output satisfies y; € Y for all
t € N, thus guaranteeing constraint satisfaction.

Proof: Under Assumptions 1, 2 and 3, inclusion (9)
holds for any u; € U? and v; € V! if g — 29 € £ as per
Proposition 1. Then, given inclusion (11a), if (4) is initialized
with zp € X, then we have z; € X with ug = u(zo) for all
disturbances wy € W. From (11b) and (9), this implies that
the plant satisfies y; € Y for all v; € V. Assume z; € X, and
apply u; = p(z¢). Then we have 2,11 € X for any wy € W as
per condition (11a). Consequently, by (11b) and Proposition 1,
the output ;41 € Y. Thus, y; € Y for all t € N. [ |

The conditions in (11) enforce X to be a robust control
invariant (RCI) set for the uncertain system in (10), with
invariance induced by the feedback law u = p(z). Since
this set X satisfies the output constraints, it guarantees the
existence of a feasible controller for the plant, thus solving
Problem (1). While any set X satisfying (11) guarantees safety,
we aim to construct one that is minimally conservative to
maximize the controller’s operating range. To this end, we
introduce the function r(f, (, g) in the sequel which satisfies

r(f,¢,g9) < oo = 3X satisfying (11) (12a)

Small v(f,(,g) < co = X satisfying (11) (12b)
with minimal conservativeness.

The function r(f,(, g) is designed to ensure the existence of

an RCI set X, with small values indicating that the set X is
minimally conservative. While (12) characterizes qualitative

requirements on the regularization function, we quantify them
in the sequel. Using this function, we modify Problem (3) as

min

N—-1
1
o N > llye — g(@o)l3 + 7r(£,¢,9)
»6,9,%0 =0

sto w1 = fwe,u), t €TV (13)

where 7 > 0 is the regularization parameter. We label
r(f,¢, g) as control-oriented regularization. As per (12), any
triplet (f,(,g) that admits a finite value can be used to
design a controller for the underlying plant, with solutions
corresponding to a small value admitting controllers with
minimal conservativeness. In the sequel, we present a parame-
terization of the objects involved in the formulation of Problem
(13), using which we derive a tractable formulation of the
optimization problem.

Connections to existing literature: Our contribution aims to
identify open-loop plant models for set-based robust control.
Traditional approaches for jointly characterizing a model and
its associated uncertainty, such as [3], [6], [21], typically oper-
ate under conditions similar to Assumption 1 with a known set
V. While these methods yield a direct characterization of the
uncertain (potentially nonlinear) model, they do not guarantee
the existence of an RCI set, as the output constraint set Y is
not incorporated into the identification procedure. In learning-
based control frameworks like [5], the set V is estimated
along with an uncertain linear model for use in robust control
synthesis. However, because the constraints Y are decoupled
from the identification phase, the resulting control synthesis
problem may still be infeasible. Recent contributions, such as
[9], [22], address this by identifying a model and a set V
while explicitly enforcing that the model admits an RCI set
within Y, thus coupling system identification with RCI set
synthesis. In these works, a parameterization of the RCI set is
selected a priori, with [9] deriving rigorous bounds to satisfy
Assumption 1. Nevertheless, these approaches are currently
limited to identifying uncertain linear systems from datasets
containing full state measurements. Our approach extends
these ideas to the identification of uncertain nonlinear systems
using only input-output data, while guaranteeing the existence
of a feasible RCI set. A related line of research involves safe
Reinforcement Learning (RL) with robust MPC parameter-
izations [10]. These methods also tackle the estimation of
V online, and parameterize X as the feasible region of the
MPC controller. Finally, behavioral system [23] approaches,
such as [24], have gained attention for synthesizing robust
controllers directly from noisy input-output trajectories. While
originally designed for linear systems, recent extensions aim
to generalize these capabilities to nonlinear models [25], [26].
A detailed comparison of our approach with these data-driven
methods is a subject for future work.

I1l. MODEL AND SET PARAMETERIZATION

In this section, we present a model and RCI set parameter-
ization, using which we formulate Problem (13). We parame-
terize the model as a JLPV system. Such models describe state
evolution using a time-varying linear map, with the linear maps
scheduled using an explicitly characterized function [27]. They
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have frequently been observed to provide a very good balance
between prediction accuracy and ease of robust controller
design. In this work, we exploit a particular choice of schedul-
ing function parameterization that enables a straightforward
derivation of a linear system with multiplicative uncertainty
that bounds the qLPV system. Then, we parameterize the RCI
set as a polytope with fixed normal vectors, in which we
induce robustness for the uncertain linear system using linear
inequalities. Finally, we present a formulation of the control-
oriented regularization function r for our parameterization.

A. Dynamical system
We parameterize model (2) as the qLPV system

vt = Alp(z,u)z + B(p(, w)u,  §=Cx, (14
and the state observer in (4) with ((z,u,w) = K(p(z,u))w,
where the matrix-valued functions (A(p), B( ), K(p)) depend
linearly on the scheduling vector p € R"» as

(A(p), B(p), K(p)) (15)

Tp
= Zpi(Ai, B;, K;).
i=1
Further, we model each component of the scheduling function
p: R 5 R ag

Ni(wvu)

el
1+Z,118N (z,u) 1

pi(z,u) = (16)

, =Ny,
1+ Z}Z? NG

where each A; : R™=+"« — R is a feedforward neural network
(FNN) with nj hidden layers. The parameterization (16) forces
p to belong to the simplex P defined as

P:z{pizpFLOSpSl}- )

i=1
Note that (16) can be interpreted as the output of a classifier
for predicting a multi-category target of dimension n,,, where
p; is the probability of the target being in category i, i.e.,
p(x,u) is a feedforward neural network with softmax out-
put. Consequently, the parameterization in (16) makes (14)
a Mixture-of-Experts (MoE) model. MoE architectures are
known universal approximators for continuous functions on
compact sets [28]. While the structure of (14) assumes the
origin to be an equilibrium point, affine dynamics can be
readily accommodated by augmenting the state vector as & =
[T 1]7. Therefore, provided that the plant dynamics in (1) are
continuous, the proposed qLPV parameterization is sufficiently
expressive to satisfy Assumption 1.

Remark 1: 1t is important to distinguish the proposed iden-
tification approach from the “local approach” to LPV identifi-
cation, in which independent LTI models are estimated at fixed
operating points in arbitrary statespaces, requiring coherence
transformations to unify them before interpolation [29]. In
contrast, we employ a global identification approach, e.g.,
[14], using a self-scheduled parameter p(x,u) as in (16), and
identify the global coefficient matrices (A;, B;, K;) along with
the scheduling function directly. This construction ensures that

the state x is defined in a unified basis, rendering coher-
ence transformations unnecessary. Furthermore, identification
is performed directly using an input-output dataset without
requiring a scheduling variable dataset.

B. Robust control invariant set
We parameterize the RCI set X C R™= as the polytope

X +X(q) :={x e R"™ : Fx < ¢},

where F' € Rf¥"= is a matrix that we fix a priori, and ¢ € Rf
is the variable that characterizes the set. Over g, we enforce
configuration-constraints [17], which are conic constraints of
the form C := {q : Eq < 0}. These constraints dictate that

q€C = X(q) = CH{Vig,l € [T}, (18)

where {V; € R">f [ € Ty} are the vertex maps given a priori.
Then, we parameterize the disturbance set as

W Wy (ew, ew) = {w € R™ 1 |Jw — ¢y| < ke ), (19)

where cy, €, € R™v are the parameters, and x > 1 is a user-
specified parameter to account for finite data. We present a
characterization of the disturbance set parameters in the sequel.
Firstly, we enforce the set X(g) to be RCI for the uncertain
system in (10), written for the qLPV parameterization as

2t € A(p(z,u)z + B(p(z,u))u & K (p(z, 1)) W (cy, €w),
y € Cz®Wg(cw,ew) (20)

The following result is key to our developments.

Proposition 3: Let the convex hull of the matrices
(A;, B;, K;) be denoted by A := CH{(A;, B;, K;),i € I|"}.
An RCI set X(g) for the uncertain linear system

Z+ € Az + Bu ® KWN(CW7€W)7

y € Cx®Wy(cw,ew) 21

with multiplicative uncertainty (A, B, K) € A is RCI also for
the uncertain nonlinear system in (20).

Proof: Take any z € X(gq). Since X(g) is RCI for the
linear system in (21), there exists some input v € U such
that Az + Bu + Kw € X(q) for all w € W, (cy,€y) and
(A, B,K) € A. From the parameterizations in (15), (16) and
(17), we have that (A(p(z,u)), B(p(z,u)), K(p(z,u))) € A,
which implies the subsequent state of (20) also satisfies

A(p(z,u))z + B(p(2,u))u + K(p(2, u))w € X(q)

for all w € W,,(cy, €w). Hence, X(g) is RCI also for (20). W
Exploiting Proposition 3, we now characterize conditions

on ¢ such that X(g) is an RCI set for (21). In this result, we

assume that the constraint sets U and Y are defined as

U:={ueR™:H'% <h"}, Y:={yeR" : H'y < h¥}.

Proposition 4: A set X(q) is an RCI set for system (21)
with respect to constraints y € Y and v € U if there exist
control inputs u := (uy,--- ,u,) such that the inequalities

F(AVig+ By + Kicy) + k| FKjlew < q, (22a)
HY(CViq+ cy) + K| HY|e < hY, (22b)
Huul < hua Eq < Oa (220)
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are verified for all i € I{” and [ € .

Proof: The proof follows from definition of RCI sets
and [17, Corollary 4] which exploits (18), where u denotes
the vertex control inputs. ]

For fixed system matrices (4;, B;, K;,C) and disturbance
set parameters (Cy, €w, k), the conditions in (22) are linear
in (g, u). We exploit this property in the development of the
regularization function r in the sequel.

C. Disturbance set characterization

We recall from Proposition 2 that the RCI set X(g) of (20)
can be used to guarantee the existence of a controller for the
underlying plant if the disturbance set W (cy, €y ) satisfies
Assumption 3. We now present a procedure to estimate the
disturbance set parameters (Cy, €y, k) such that this assump-
tion is satisfied. Assuming access to an additional dataset
DY = {(y,uws),t € ]Iév ¥~} of input-output measurements
from the plant, we simulate the closed-loop observer

2" = A(p(z,u))z + B(p(z, uw))u + K(p(z,u))(y — C2), (23)

(equivalent to (4)) using inputs and outputs from D%, from
2o = 0. Then, building a sampled set of the output discrepancy
as W= {y; — Cz,t € ]IéVW’l}, we can define the prediction
error bounds taken elementwise as W := max,ew w and
w := min,eyw w. Given the disturbance set parameterization
in (19), the inclusion W C W, (¢, €y ) then holds with

cw = 0.5(W 4 w), ew = 0.5(w — w) 24)

for any x > 1. Since DV is a finite dataset however, the
disturbance set Wy (cw, €w) might not satisfy Assumption 3
with x = 1. In the following result, we present a lower-bound
on the inflation parameter x to ensure its satisfaction.
Proposition 5: Suppose Assumptions 1 and 2 are satis-
fied by the model structure in (14) and observer function
K (p(z,u))w respectively, such that there exists an invariant
set £ C R™= in which the observer error e = Z— z is bounded.
Suppose that 0 € &£, &y € £, and the dataset DY is such that

VoeCEQY, Held 1|6 — (g —Cz)|<a, (25

for some o > 0, where z; is the state of (23) simulated from
zp = 0 using D¥. Then, if

k> 14+ max a;/€y,, (26)

ny

i€l

the disturbance set W (cy, €y ) With (¢, €y ) estimated as in
(24) satisfies Assumption 3.

Proof: Assumptions 1 and 2, along with &y € £ and
zo = 0 guarantee that e, = @y — 2, € £ for all t € ]Iévw‘l.
For any plant and observer states Z,z € R™= satisfying the
inclusion C(& — z) € CE @V, we can then write

|C(2& — 2) — cwl
< |yt — C2) — ew| +|C(& — 2) — (yr — C2)|

<ew + a < Key,

where the first inequality follows from the triangle inequality,
the second from (24) and (25) for some ¢t € ]Iév‘vfl, and the

third from (26). Hence, CE &V C W, (cy, €w) holds, thus
satisfying Assumption 3. [ |

Assumption 4: The inflation parameter « > 1 is chosen to
be large enough that (26) is verified.

Under Assumption 4, the disturbance set W, (cy, €y) is
guaranteed to satisfy Assumption 3, such that ensuring the
existence of an RCI set X(q) ensures the existence of a con-
troller for the underlying plant as per Proposition 2. In practice,
a priori satisfaction of Assumption 4 is difficult to guarantee as
« is generally unknown. While x &~ 1 may suffice for a large
dataset DV generated by persistently exciting inputs, the exact
computation of x remains a fundamental challenge in data-
driven control [9], [10]. We remark that x acts as a robustness
parameter: larger values yield a larger disturbance set ensuring
the RCI set is robust against significant model uncertainty,
but potentially leading to infeasibility. While bootstrapping
techniques utilizing multiple datasets D% could offer a way to
estimate x more accurately, the development of such methods
remains a subject for future research.

D. Control-oriented regularization function

We now present a formulation of the regularization function
r satisfying the requirements in (12). We denote by © the
vector containing the parameters of the qLPV models in (14)
and (20), i.e., the matrices (A;, B;, K;), the output matrix C,
and the weights of the FNNs parameterizing the scheduling
function in (16). Given O, the disturbance set parameters
(Cw, €w, k) are uniquely defined as per (24). We recall that
© parameterizes the linear inequalities in (22). Accordingly,
we define the set of admissible RCI parameters as

Q(O) := {g € R : Ju e R : (¢, u) satisfy (22)}. (27)

As established in Propositions 3 and 4, any vector ¢ € Q(O)
defines an RCI set X(gq) for the uncertain nonlinear system
(20). Hence, by Proposition 2, if Q(0) is nonempty under the
aforementioned assumptions, the identified model can be used
to design a controller for the underlying plant.

In designing the regularization function, we emphasize that
the metric for the conservativeness of an RCI set must align
with the downstream control objectives. For instance, if the
goal is robust stabilization to the origin, the function

r(0©) := min gl (28)

q€Q(O)
inspired by [30] is appropriate, as it encourages a minimal
RCI set. In this paper, our objective is to synthesize output
tracking controllers. To this aim, we assume access to an
output reference trajectory {yi € R,k € I3'}, using which
we define the regularization function as

M

r(6) :=min > vk — Call3 (29)
" k=0

g€ 9(O), z0=0, v, €U, z € X(q),
s.t. 4 21 = A(p(zk, v&)) 2 + B(p(2k, vi)) vk,

ket
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Fig. 1: Evaluation of r(©) given © and DV.

and define r(©) = oo if Problem (29) is infeasible. In (29),
we compute an RCI set X(q) and a feasible input sequence
v = (vg, - ,vp—1) that makes the qLPV system track
the reference while staying inside the RCI set. In Figure
1, we present a schematic of the evaluation of r(©). This
formulation satisfies the requirements in (12): if Q(O) is
empty, the value is oo; if nonempty, a small value indicates
that the open-loop system is capable of tight tracking, implying
reduced conservativeness relevant to the control task. Problem
(29) can be adapted for multiple reference trajectories by
considering a different open-loop sequence for each reference.
Due to the gLPV dynamics, it is a nonlinear optimization
problem. A convex alternative can be derived by replacing
the qLPV dynamics with the uncertain LTI system in (21) and
employing robust tube-based MPC techniques (e.g., [31]) to
propagate the set-valued dynamics under additive disturbances.
The development of such relaxations is left for future research.

IV. REGULARIZED SYSTEM IDENTIFICATION ALGORITHM

Based on the aforementioned developments, we formulate
the regularized system identification problem in (13) as

N

—1
o1
min — Z lly: — Ca¢||2 + 7r(O)
t=0

30
@7£E0 N ( )

S.t. Ti4+1 = A(p(:ct7ut))xt + B(p(l‘t,ut))ut, t e I[évjl,

where O denotes the model parameters, r(©) is defined in
(29), and 7 > 0 is the regularization parameter. We recall that
any value of © resulting in Q(©) from (27) being nonempty
will lead to r(©) < oo, such that the corresponding model can
be used for constrained control synthesis for the plant. Since
(29) is itself a minimization problem, we denote its constraints
as ¢(0,¢,v) <0, and append (g, v) as optimization variables
to Problem (30) resulting in the formulation

1 N-1 M
min - — >l — Caul+7 yk — Canll} GD
0,20,q,v N = P
T = A(p(ze, we))ze + Bp(we, ur) Jue,
st 4§ zpy1 = A(p(zk, vi)) 2K + B(p(2k, vk))vk,

20 =10, ¢(0,q,v) <0, te]IéVil, keﬂéwfl.

While Problem (30) can be solved using any nonlinear pro-
gramming solver [32], the approach may become intractable
if the datasets D or DV are large. Recall that D¥ is used to
formulate the inequalities through (24) and (22) (See Figure
1). Hence, we propose to instead penalize the inequality

constraints using a soft penalty, resulting in

min
0,70,q,v

1 N-1 M
5 2 e —Cul3+7> vk —Cald (32
t=0 k=0
+ TC” Inax{c(@, q, V)a 0}2||1a

where 7. > 0 is the penalty parameter that must be chosen
high enough to ensure satisfaction of the constraints. Note
that the state trajectories (zq, - ,zxn) and (zo,- -+, 2zp) are
implicit functions of (xp,©) and (v,©) respectively, such
that the equality constraints can be eliminated by condensing
the dynamics. Since Problem (32) is unconstrained, it can
be tackled with solvers such as Adam [33], L-BFGS [34],
etc. While (32) always admits a finite solution, large values
indicate infeasibility of (31). Note that in general, Problem
(32) does not admit a unique solution, since it is a nonconvex
optimization problem. In the sequel, we present approaches
to identify the scheduling variable order n,, and matrix
F required to formulate Problem (32). For an approach to
identify the model order n,, we refer the reader to [35, Sec.
1I].

A. Scheduling variable order selection

We present an approach to decide the scheduling variable
order n,, by solving an identification problem. Towards formu-
lating this problem, we assume that the FNNs parameterizing
the scheduling function in (16) are given by

Ni(z,u) == WEN; (@, u) + bF, !

Vie " . (33)
where Wl € R1*"z and bF € RlA are weights and biases of
the final layer of the FNNs, and A; : R™%=+"« — R™L is the
part of the FNN till the final linear layer. We note that the
parameter vector © includes {(WZX bF),i € ]I;L”_l}. Then,

using the dataset D, we formulate the problem
1 e T

in — — Czy? wk

min ; lye = Cel3 + ; W L2

S.t. Ti+1 = A(p(xt,ut))xt + B(p(wt,ut))ut, te ]I(J)Vil,

ny—1

(34)

where x, > 0 is the regularization parameter. The regular-
ization in (34) acts as a group-Lasso penalty, encouraging
group sparsity in the vectors Wl If W is driven to zero, the
corresponding FNN reduces to a constant bias N;(z,u) = bF.
In the following result, we derive the reduced-order model
under the assumption that the solution to (34) yields sparse
weights. Without loss of generality, we assume the indices are
ordered such that the non-zero weights appear first.

Proposition 6: Let the solution of (34) be such that we have
WE #0forall i € ;""" and WE =0 forall i € 177",
Let B:=1+ Z:L:"gpl et and N (z,u) := N;(z,u) — log(J),
for all i € H?” ~! Then the system in (14) identified by (34)
can be equivalently expressed by the matrix functions

(Aple ), Blpte,w) = 3o (s B, 39)
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where (A;, B;) = (A;, B;) for i € ]I?’ﬁl and
1 np—1
(s, Br,) = 5 | 22 ¥ (A, Bi) + (An,. Bu,) |, (36)
and the scheduling function p : R™= 7%« — R™ with
Ng(w,u) = ]Inp—l
-1 N (z u)’
plewy={ T e 4 c (37)

= Ny.
9 D
e./\/'j(:c,u)

1+ Z}’i;
Proof: By definition, for all i € I[*"", we have
e/\/i(x,u)

5 e

eNi (w,u)

X e

pi(z,u) =

which corresponds to p;(x, u). Next, substituting W = 0 for
i€ I ~!into the matrix function A(p(x,w)), we obtain

Xits

B+ Z;‘Lil
o,

B+ 5z eNite’

where the term multiplying Aﬁp is s, (,u). The derivation
for B(p(x,u)) follows identically, concluding the proof. H

The regularization in (34) along with Proposition 6 present
an approach to identify an equivalent qLPV model with
scheduling variable order 7, < n,. In some cases however,
it might be desirable to reduce the order further. While this
problem has been extensively studied in the literature (c.f. [36],
[37] for a comprehensive review), the subsequent reduced-
order functions might lose their simplex structure. Hence, we
will now develop a procedure to reduce the order further by
solving simple convex quadratic programs (QPs).

A posteriori order reduction: Given a model with scheduling
variable order n,, the procedure in Proposition 6 relies on
the fact that W% = 0 forces the FNN output to a constant
value N;(z,u) = bF. This sparsity allows specific system
matrices to be lumped together without loss of accuracy. We
extend this intuition to an a posteriori reduction procedure.
By examining the scheduling trajectories p(x;,u;) generated
during simulation with the dataset D, we can identify com-
ponents that exhibit negligible variation. If p;(x;, u;) remains
nearly constant for all ¢ € ]Iév ~1, the corresponding scheduling
variable can be eliminated to derive an approximate reduced-
order qLPV model. To formalize this intuition, we assume that
the scheduling variables to be eliminated correspond to indices
(S Hgifl with 7, < n,, and denote the reduced-order qLPV
model that approximates (14) as

fip—1
= Z Aipi(‘rau) +
=1

np—1

= Aipi(z,u) +
=1

e A+ Ay,
e./\/j(z,u)

i = A(p(@,u)a + BB, w)u,  §=C3,  (38)
where the matrix-valued functions are parameterized as
(A(p), B(p Z pi( 4y, By), (39)

and each component of the reduced-order scheduling function
P : R +nw _ R ig parameterized as

eWENi(&,u) bf ~
i€l 71,

1+an 1 W N, (&, u) bL7
1 ‘
1+Z”p_1 W N (z, u) bL7 !

Di(Z,u) == (40)

= np.

The parameters of (38) are {fli,Bi,z’ e I*}, C, and biases
{bE,i € I}*"'} of the last layers of the FNNs, with the
weights of the previous layers retained the same as (14). The
reduction procedure computes these parameters to achieve

(A(p(xs,ue)), B(p(ae, ur))) = (A((Z¢, ur)), B(p(dr,ue))), (41)

where x; and Z; are the state trajectories of (14) and (38)
when simulated from the same initial state, e.g., obtained by
solving Problem (34), using inputs from the dataset D. To this
end, we make the following assumptlon

Assumption 5: The components e"Vi Ni(@eus) for j € I
exhibit negligible variation over the dataset D.

Denoting (A, B;) = (A(p(x¢,ue)), B(p(we,u:))) and us-
ing the change of variables Bi — b , we aim to achieve (41)
under Assumption 5 by solving

Z (A, B) =

with the biases recovered as biL = log(f)l-) from the optimizer.
Unfortunately, Problem (42) can be as difficult to solve as
a system identification problem because of the nonlinear
dynamics in (38). To ameliorate this difficulty, we assume that

WEN; (e, ) = WEN; (4, ue), 43)
fori € I[i”’*1 and t € HN ~!. Note that (43) might be achieved

either because Wl = () or the parameters © of (14) along
with structure of the FNNs. Either way, defining

WEN; (24 ,ue) B.L) B |

b e ,eh )1 e I

(qit, bi) == ( o 1
(la 1)77' = Nyp,

1

InlIl
A;,B; b >0

AB(Ee ) BE(E w5, (42)

(44)

for t € Hév 1 we approximate (42) as
- ip = P 2
in || 3252 4 (Ar, By) — 300 qubi(Ai, By)
Ay Bibi>0 j=5 Z;‘Zl qthj 9

(45)

in which we exploit (43) to replace the components
eWiLAfi(if’“t) in (40) with their data-based approximations
Wi Ni(ze.ue) While Problem (45) is still a nonlinear program-
ing problem, we first note that the denominator in the objective
is larger than 1 because of (44), specifically at j = n,,. Hence,
we can eliminate it from the objective to minimize an upper
bound. Secondly, using the change of variables

(As, B;) == bi(4i, By), iel”,  (46)
Problem (45) can be approximated by the QP
_ .2
s Z [525, aoebs (41 B) = 3272, 0 (A, B

(47)
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Hence, we propose to solve Problem (47), and recover the
system matrices (A;, B;) as in (46) and biases as b* = log(b;).
Then, using the same initial state, we simulate the dynamics
in (38), and estimate matrix C by solving the QP

N—1 } )
. _ (i
mé“; Hyt CCtH27

where Z; is the state of (38) with the newly estimated matrices
using inputs in the dataset D, and y; the corresponding plant
outputs in the same dataset. Thus, by solving the QPs in (47)
and (48), we identify a qLPV system with scheduling variable
order n, < n, to approximate (14).

Remark 2: While Problem (47) is derived for a single
dataset D, it can straightforwardly be extended to accommo-
date multiple datasets.

Remark 3: Scheduling variable order reduction can also be
achieved by observing the variance of matrices (4;, B;). If two
such pairs are the same, then they can be lumped together. The
development of such techniques is a subject of future study.

(48)

B. Parameterization of the RCI set

We present an approach to compute a matrix F' given
initial model parameters © such that the set Q(©) in (27) is
nonempty. We note that these parameters © are not expected
to capture the plant dynamics well. Rather, they are used
to compute a matrix F' that characterizes the RCI set X(q),
and will be refined later by solving Problem (32). This is a
standard approach in many data-driven robust control synthesis
procedures, e.g., [22], [38], etc. For given O, there exist many
techniques to compute an initial matrix F', e.g., [39]. The
approach we adopt, however, explicitly permits the user to
trade-off complexity for conservativeness.

Given O, we first compute the disturbance set parameters
(Cw, €w) as in (24). We remark that since © is expected to
induce a large prediction error, the set Wy (cy, €y ) might be
large. Then, we assume to be given a matrix F € RP*"= that
characterizes a polytope with v vertices as

{x e R™ : Fx <1} = CH{#;,l € T}}, (49)

Typically, F' is chosen such that {x € R" : Fz < 1} is
the oo-norm box in R™ with f = 2n, and v = 2"=. The
following result from [40] can be used to compute a matrix F’
characterizing the RCI set X(g) for the uncertain LTI system
in (21), and consequently the uncertain qLPV system in (20)
as per Proposition 3.

Proposition 7: Suppose there exists an invertible matrix
¥ € R™*"= and vertex control inputs u := (uy,---,uy)
satisfying the nonlinear inequalities

FY Y AXE 4 B + Kicy) 4+ 6| FE K e, <1, (50a)

HY(CEZ; + ¢w) + k|HY|ey, < hY, (50b)

H%yy < h™, (50c)

for all < € I}” and I € Iy. Then, the set X(1) defined with
F = ¥~ ! is RCI for the uncertain LTI system (21).

Following Proposition 7 and recalling that our goal is to
synthesize controllers that track output reference signals of

Algorithm 1 Procedure to solve Problem (30)

Require: Dataset D and DV, robustness parameter x

1: Solve Problem (34) to estimate n,,, label optimal model
parameters as O!.

2: (Optional) Solve Problem (47) to reduce n, further.

3: Solve Problem (52) with relaxed constraints, initialized at
©!. Label optimal model parameters a as ©2.

4: Solve Problem (51) with © = ©2 to compute F.

5: Solve Problem (32) initialized at ©2. Label optimal model
parameters as ©3.

6: If Q(©3?) is nonempty, return ©3. Else, re-solve Problem
(32) with larger ..

the form {y} € R™ k € I}'}, we propose to compute 3 by
solving the nonlinear programming problem
M

min Z lyx — Czills
Y k=0

)u7

61V}

{(50), 20=0, vy €U, FX 1z, <1,
S.t.

241 = A(p(zk, 'Uk))Zk + B(p(zk,vk))vk, ke ]I(J)\/Iil,

formulated in a similar way as (29). We remark that Problem
(51) simplifies significantly if the initial model is LTI, i.e.,
(A;, B;,K;) = (A, B,K) for all i. In such cases, the con-
straints in (50) need only be enforced for a single system, and
the dynamics constraint in (51) reduces to 2+ = Az + Bi.
Assuming that (51) is feasible, the matrix F' is computed
as F = FZ_l, following which the configuration-constraint
matrix F and vertex maps {V},! € I} } are computed following
[17, Theorem 2].

Given matrix F satisfying (49), we now present a heuristic
approach to compute system parameters O that encourage
feasibility of Problem (51). We attempt to compute model
parameters O such that ¥ = I, , ie, the identity matrix,
satisfies (50). To this end, we formulate the problem

= ,
Jnin ; lye — Cel3 (52)
Tip1 = A(p(xe, u))xe + B(p(ae, ur))ug,
. F(Aiijl + Biu + Kicw) + K| FK;lew < 1,
s.t.

HY(CZ2; + cw) + K|HY[ew < Y,
Hewy <h*ieli"lely,t eV 1

Note that Problem (52) is formulated be posing the conditions
in (50) formulated with ¥ = I,,  as constraints. To solve it, we
relax the inequality constraints with a large penalty parameter.
In practice, this approach was observed to compute models ©
that render Problem (51) feasible.

C. qLPV SysID with RCI regularization

In Algorithm 1, we outline the procedure to formulate
and solve Problem (30). Firstly, we follow the procedure in
Section IV-A to identify the scheduling variable order mn,,.
Then, we solve Problem (52) with relaxed constraints, using
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a solver initialized with the solution of the previous step.
We use the computed model parameters ©2 to solve the
nonlinear programming problem (51) to compute F', using
which we compute matrices £ and V required to formulate
the conditions in (22) and characterize the set Q(O). Note
that if Problem (51) is feasible with © = ©2, then Q(6?)
is nonempty. Finally, we solve Problem (32), with the solver
initialized at ©2. We choose the penalty parameter 7. to be
large enough that the constraints of Problem (30) are satisfied
at the solution, or equivalently, the set Q(©?) is nonempty
thus solving Problem 1.

D. Challenges and limitations

We identify the following challenges in the implementation
of Algorithm 1.

1) Trajectory Length: Using datasets D with long trajectories
(large N) can make the identification problem difficult to solve
due to the instability of the dynamics during optimization
[41]. For our qLPV parameterization in (14), a reasonable
heuristic to mitigate this involves first identifying a stable LTI
system 7 = Az + Bu that best fits the data, and initializing
(A;, B;) = (A, B) for all i € I]'* such that the qLPV system
behaves as a stable LTI system for all p € P.

2) Robustness Parameter: Selecting the disturbance set pa-
rameter k involves a trade-off. As discussed previously, while
larger values yield more robust models, they may render the
RCI set synthesis infeasible.

3) Initial RCI Set: While the model identified by solving
Problem (52) with relaxed constraints was generally observed
to result in feasibility of Problem (51) to compute the ma-
trix F, this is not guaranteed. Furthermore, Problem (52)
might fail simply due to unstable and uncontrollable modes
in the data, rendering the original Problem (1) inherently
infeasible. Distinguishing between numerical infeasibility and
this fundamental structural infeasibility remains a subject for
future study. From a numerical standpoint, feasibility can be
improved by choosing a more expressive template matrix F.
However, this may result in a polytope X(g) with a large
number of vertices, significantly increasing the complexity
of the set Q(©) and Problem (30). An alternative is to co-
synthesize a linear feedback controller for the uncertain LTI
system in (21) to obtain a low-complexity RCI set, though this
typically reduces control authority.

4) Scalability: Since our approach relies on polytopic RCI
sets, scalability with the state dimension n, remains a concern,
since the complexity of a polytope in terms of number of facets
and vertices can increase exponentially with the dimension. An
approach to tackle this complexity is to carefully compute the
template matrix F' using a structured approach, such as that
presented in [42].

V. NUMERICAL RESULTS
A. Effectiveness of the qLPV parameterization

We want to illustrate the effectiveness of the proposed
parameterizations for system identification and control syn-
thesis through numerical examples. First, we want to show

the effectiveness of the qLPV parameterization, in which we
solve Problem (30) with the constraints ignored, i.e.,

(33)

1 N-1
. - o p 2
min ; lye — Cell3

s.t. o1 = A(p(xe, we))ze + B(p(we, ue))ug, t € ]Iévfl.

We solve Problem (53) using the jax—sysid library [35]
with scaled data u < (v — py) /0y, and y < (y — py) /0y,
where i, p1y and o, oy, are the empirical mean and standard
deviation of the inputs and outputs in the Training dataset. The
quality of fit is measured using the best fit ratio (BFR)

a2
BER := max {0, 1— \/ Iy th\ffl 2} x 100,
llye — (1/N) > well5

where y; and ¢; are the measured and predicted outputs
respectively. When evaluating BFR, we use the entire dataset
to estimate the initial state of the qLPV model. For all
examples, we solve Problem (53) by first running 2000 Adam
iterations [33], followed by a maximum of 5000 iterations of
the L-BFGS-B solver [34]. We start the optimization with a
randomly initialized © !,

1) Trigonometric system: We consider the problem of iden-
tifying a qLPV model of the nonlinear plant

aq sin(z1) + by cos(0.522)u
as sin(z1 + 2z3) + bg arctan(zy + 29)
ase”*2 + b sin(—0.521 ))u

+:

z +q27

y = arctan(c; 2} ) + arctan(coz3 ) + arctan(c323) + g,

where the additive noise terms g, ~ 0.01N3, g, ~ 0.01N,
and ¢ = [0.5,0.6,0.4], b = [1.7,0.4,0.9], ¢ = [2.2,1.8, —1].
The training and test datasets, consisting of 5000 points each,
are built by exciting the system using inputs w uniformly
distributed in [—0.5, 0.5]. To identify a qLPV model, we solve
Problem (53) with n, = 3, scheduling variable dimension
n, € {1,2, 3,4}, and number of hidden layers n;, € {1, 2} for
each FNN MN; (z, u) defining the scheduling function as in (16).
We use 6 swish activation units in each layer. The obtained
BFR scores for n,, = 1, which corresponds to identifying an
LTI system with n, = 3 are 67.962 over the training set
and 68.449 over the test set, indicating a poor fit quality. For
qLPV identification, the BFR scores are shown in Table I.
We observe that using the proposed qLPV parameterization
improves the fit quality.

In order to study the effect of group Lasso regularization
in (34) for reducing the scheduling variable order, we solve
Problem (34) with n, = 2, n, = 10, n;, = 1, and the FNN
N;(x,u) parameterized with 3 swish activation units. In Figure
2, we plot the BFR scores and reduced scheduling variable
order as x, increases. We report that 72, = 10 for all k, €
[0,1076]. For x, > 2.75 x 107, we obtain 7, = 1, such that
the gLPV system reduces to an LTI system.

ICorresponding code found on https://github.com/samku/
gLPV_concurrent_identification
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np = 1 np = 2
np Training Test Training Test
2 93.426 94.060 94.259 93.262
3 95.154 96.022 95.995 95.223
4 95.978 96.331 96.120 96.143

TABLE |: BFR scores for the trigonometric system with ng = 3.

1001 =9  ®m=7 | =6 4
n, =7 n, =6 .
801 ——BFR Train \ =1
BFR Test Kp(x1070) — >l
.00 150  2.00 2.50 3.00

Fig. 2: Variation of BFR with group Lasso regularization parameter
kp in Problem (34) with np = 10, along with reduced scheduling
variable np order following Proposition 6. We obtain 1y, = 10 for
kp € [0,1079) and #p = 1 for kp > 2.75 x 107°.

2) Benchmark SysID examples: We solve Problem (53) us-
ing datasets generated by benchmark systems. The BFR scores
are shown in Table II. In all examples, we set n, = 4 and
n, = 3, and parameterize each FNN N;(z,u) with a single
hidden later containing 6 swish activation units. Further, we
append the regularization 1e~#||©||3 to improve generalization
quality of the identified model. The datasets are indicated as

o [2T] Two-tank system from [43], with 2300 training and
700 test data.

« [SB] Silverbox system from [44], with 7950 training and
1023 test data.

o [HW] Hammerstein-Wiener system from [45], with
75000 training and 108000 test data.

o [MR] Magneto-Rheological Fluid Damper
from [46], with 2000 training and 1499 test data.

In Table II, we also indicate the BFR scores when identifying
an LTI model, i.e., with n, = 1. Observe that the qLPV
parameterization achieves a good predictive performance.
For the two-tank system (2T, we now illustrate the a poste-
riori scheduling order reduction procedure proposed in Section

system

np =1 np =3
Training Test Training Test
2T 78.820 83.336 97.152 96.709
SB 78.904 50.201 98.690 98.419
HW 82.449 82.111 95.939 95.089
MR 56.231 49.771 92.717 91.464

TABLE ll: BFR scores for the considered benchmark examples.

201 —q@1 —Qa 1.05
o 5 . ﬂ 1 A
i ﬁﬁ“ﬁ’lﬁ—r
(1 ]

o

0 500 1000 1500 2000
Fig. 3: Trajectories of q;; defined in (44) for the Two-tank system
simulated with the training dataset. Observe negligible variation
in all except the trajectories of qi, thus verifying Assumption 5.
The smaller plot is zoomed in on the trajectories of the remaining
components.

l L [ Training [ Test H L [ Training [ Test ]
{2} 94.196 92.599 {2,3} 94.197 92.586
{2,3,5} 94.160 92.741 {2,3,5,4} 88.930 90.005

TABLE lll: BFR values for reduced order gLPV model.

IV-A. We consider the over-parameterized qLPV model with
ng = 4 and n, = 6, with each FNN parameterized with a
single hidden layer containing 6 swish activation units. With
this model, we obtain BFR scores of 94.194 and 92.625 over
the training and test sets respectively. Towards reducing the
scheduling variable order of this model, we plot the values
of ¢;; defined in (44) when simulated using the dataset D
in Figure 3. We observe that ¢; exhibits the largest variation
over the dataset, with the others being almost constant thus
verifying Assumption 5. Hence, we eliminate those that are
almost constant and estimate the parameters of the reduced-
order model in (38) by solving the QPs (47) and (48). In Table
11, we see the BFR scores of the reduced order models, with ¢
denoting the eliminated indices. As expected, upto 3 orders can
be eliminated without any degradation in the model quality.

B. SysID with controller synthesis guarantees

We consider data generated by the nonlinear spring-mass-
damper system with dynamics

m[l]X[l] = 10u — ks(X[l]) - kd(X[I]) - ks((SX) - kd(éx),
o) = —k"(x(2)) — K (xgz)) + K (8%) + K (8%),

where (x[1),x[9)) are the positions of the masses. The input
u is the force applied on the first mass, and the output
is the position of the second mass. We denote the relative
position of the masses as dx = x[;) — X9}, and the spring
and damper reaction forces are k°(xz) = ax + bax® and
k4(v) = dv+e-tanh(v/vy) respectively. The plant parameters
are (myy), mp,a,b,d,e,vo) = (0.25,0.1,1,1,0.5,0.5,0.01)
in appropriate units. The system in simulated from the origin
using the Runge-Kutta integrator (TsitS) implemented in the
Diffrax library [47], with a time-step of 0.02s using inputs
u € U = [—1,1]. We excite the system using a combination
of multisine and random inputs in this range, using which
we build the training dataset D, observer dataset DV and test
dataset, each with 5000 points. For all these sets, we initialize
the plant at the origin. Using the outputs reached by the plant
within these datasets, we define the output constraint set as
Y = [-1.645,2.071]. We note that the system is nonlinear,
indicated by the fact that the best identified LTI system with
ng; = 4 achieves BFR scores of 77.131, 70.812 and 70.206
on the training, observer and test datasets respectively. For
this system, we aim to design an output reference tracking
controller developed using a qLPV model with reduced state
dimension n, = 3. To this end, we perform the steps outlined
in Algorithm 1. We first identify that n, = 3 is a suitable
model order. Then, we parameterize each FNN N;(x,u) in
(16) with a single hidden layer and 4 swish activation units.
To identify an initial model ©!, we solve Problem (52)
with relaxed constraints and x = 1.1, in which we select
F =[I; —1Is]". In this problem, we set the observer gains
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10~ 1073
Fig. 4: Variation of BFR and RCI set size r(x) with 7. Observe a
tradeoff as T varies. We select T = 1074 for controller synthesis.

10-°

K; = 0, such that the disturbance set is identified purely on the
output. While larger values of x might be selected to increase
robustness, x = 1.1 was found sufficient for our simulations.
Then, we solve Problem (51) using the IPOPT solver [48]
interfaced through CasADi [49], in which we set M = 50,
and formulate it with two reference trajectories y;, = 2.071
and y§ = —1.645 for all k € I} — We compute an RCI
set in which our system can be driven from the origin to the
vertices of Y. The resulting matrix F' that parameterizes the
RCI set X(q) is given as F = FX ™!, where

0.3098  2.7690  3.0873
»l=10.1937 05118 —0.1277
—-0.9419 0.3280 0.6171

This results in X(g) having f = 6 facets and v = 8 vertices.
For X(1), we compute the matrices E and V following the
procedure in [17], using which we formulate Problem (32)
with penalty parameter 7. = 1000. This penalty was found
to be large enough for constraint satisfaction. In Figure 4, we
plot the variation in BFR scores, along with the value of the
regularization function r(©) at the solution of Problem (32)
for different values of 7, with smaller values of r(©) indicating
a less conservative RCI set, as stated in (12). In this plot, BFR
Observer refers to the BFR score for the closed-loop observer
model (23) over the dataset DY. We note that as 7 increases,
conservativeness of the RCI set reduces at the expense of
model quality. For 7 > 10~ , we notice that the BFR observer
score sustains at a high value. This is because the model tends
to compute large values of the observer gains { K, Ko, K3} to
minimize the value of €, defined in (24) in order to reduce the
disturbance set size. This, however comes at the price of open-
loop prediction inaccuracy as seen by the degradation of BFR
Train and BFR Test scores . For comparison, we report that the
sequential design procedure, which involves first identifying a
gLPV model by solving Problem (53), and then computing
an RCI set, results in BFR scores of 98.175, 88.686 and
94.002 over the training, test and Observer datasets, with a
high conservativeness value of r(©) = 349.977. This result
validates the usage of concurrent synthesis to solve Problem
1 with reduced conservativeness.

Using the model identified with 7 = 10~%, we then design

an output feedback controller for the underlying plant. Given
the current plant output y;, observer state z;, and output

reference y;, we formulate our controller as

(uf,q7) = argmin ||y} - Cz"3 (54)

2t = A(p)ze + B(p)u + K(p)(yr — Cz),
st.qp=p(z,u), uel,
q€Q(®), 2" €X(q),

where Q(©) is defined in (27). In Problem (54), we seek
to find a feasible control input v and an RCI set X(g) in
which the subsequent state belongs, while minimizing the
distance between subsequent output and the reference. Recall
that our model © is constructed such that Q(©) is nonempty.
Furthermore, under Assumption 4, we always have y; —C'z; €
W (cw, €w). Then, according to Proposition 2, if Problem
(54) is initialized with Zo — 29 € £ (Where o is the state
of the underlying plant (5)), then the closed-loop system of
the observer (23) and the plant is recursively feasible with
us = uy. Since the scheduling variable depends on u, Problem
(54) is a nonlinear optimization problem. By parameterizing
the FNNs A;(z, u) to be independent of u, we can obtain a QP
formulation instead. Note that since Q(q¢) is nonempty, one can
instead design tube-based MPC controllers, e.g., [31] that are
also based on solving a QP online. Such a scheme would be
endowed with stability guarantees. Alternatively, by replacing
the objective with ||u} — u||3 where u} is a reference input
signal, safety-filter type schemes [50] can be synthesized.

In Figure 5, we plot the closed-loop trajectories with u; =
uy, where the reference is composed of piecewise constant
signals, and both the observer and plant are initialized at the
origin — Since the structure of the plant is known, it can
reasonably be assumed that zo—z € £ is verified. We observe
that the plant output tracks the reference while being included
in the output constraint set Y. We observe further that y; and
Cz;, where z; is the observer state, are very close to each
other. This indicates that our choice of disturbance set satisfies
Assumptions 3, such that the controller is able to perform safe
tracking following Proposition 2. In Figure 6, we plot the set
X computed as the convex hull of the sets X(g;) computed
by Problem (54) over simulation length of 20s. We report that
z € X(q;) always holds resulting in z, € X, demonstrating
recursive feasibility.

VI. CONCLUSIONS

By properly defining a control-oriented regularization term
into the system identification problem, we presented an ap-
proach to guarantee that the identified model is suitable for
designing constrained controllers for the plant generating the
data. An uncertain model was derived using a state observer,
and the regularization function was characterized as the size of
the largest RCI set for the uncertain model. By parameterizing
the model as a qLPV model and representing the RCI set
as a configuration-constrained polytope, we transformed the
identification problem into a computable form. The initial-
ization strategy, which includes estimating suitable number
of scheduling signals, enables solving the problem to good-
quality solutions as numerically demonstrated.
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Fig. 5: (Top) Closed-loop trajectories of plant and observer in the
output space. Observe that the plant satisfies constraints, indicated by
the black regions. The blue line indicates boundaries of the tightened
output constraint set YOW . (cw, €w); (Bottom) Corresponding input
trajectories generated by (54).

Fig. 6: State trajectories of the closed-loop observer (23), along with
the set X to demonstrate recursive feasibility of Problem (54).

The results of the paper can be extended in several direc-
tions, such as: (a) reduce conservativeness in the RCI set by
limiting the multiplicative uncertainty encountered when the
system evolves within the set; (b) develop alternative formula-
tions of r(0); (c) design tailored optimization algorithms; and
(d) integrate the scheme with an active learning framework for
data-efficient control-oriented model identification.
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