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Abstraci—This paper studies feedback Nash equilibria
(FNE) in scalar discounted linear quadratic (LQ) games
with N players. By explicitly incorporating the discount
factor, we show that finite-cost equilibria may fail to stabi-
lize the original system, motivating a distinction between
FNE and stable FNE together with a sufficient stability
condition. Based on a parametric characterization of the
policies, we propose numerical methods for computing all
equilibria. Particular attention is devoted to the symmetric
game, where a closed-form expression of the symmetric
FNE and conditions for the existence of up to M < 2V — 2
equilibria are derived. Numerical experiments illustrate how
equilibrium multiplicity depends on the game configuration
and highlight the emergence of finite-cost non-stabilizing
equilibria.

Index Terms—Linear quadratic games, feedback Nash
equilibrium, equilibrium computation

[. INTRODUCTION

INEAR Quadratic (LQ) discrete-time dynamic games [1]

model strategic interactions among agents with linear
coupled dynamics and quadratic objective functions. Typically
constructed under the assumption of adopting a linear feedback
law for each player, the solution concept—the Feedback-Nash-
Equilibrium (FNE) [1]—characterizes the strategy profile as
the best outcome that one can achieve with respect to what
the other agents are doing. The infinite-horizon formulation,
widely studied in the literature, serves as a cornerstone for
extensions to constrained [2], finite-horizon [3], and MPC-
based settings [4]. Many numerical methods have been pro-
posed, including Riccati-based iterations [5], [6], gradient-
based algorithms [7], non linear least squares [8], and data-
driven approaches [6], [9]. Despite the amount of literature,
the majority of existing methods are primarily designed for
the purpose of identifying a single FNE. This stems not
only from the complexity of the coupled equations, but also
from the difficulty of characterizing the full set of equilibria.
Recent efforts have focused on the scalar setting, which,
although representing an elementary instance of LQ games,
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has attracted significant attention due to its rich mathemat-
ical structure. In [10], the coupled best-response equations
are reduced to polynomial systems through Grobner basis
techniques, yielding conditions for uniqueness and multiplicity
in the two-player case together with a numerical method for
computing all equilibria of relatively small games. In [11],
the authors develop a graphical characterization of scalar N-
player games through auxiliary functions, deriving conditions
for the existence and multiplicity of FNE.

Our work extends the results of [10], [11] by addressing the
discounted scalar LQ game, where the objective function is
weighted through a discount factor y € (0, 1]. While discount-
ing is standard in economic models [12] and reinforcement
learning, its role in the analysis of scalar LQ games has
received limited attention. As shown in Section III, introducing
the discount factor reveals the existence of finite-cost equilibria
that do not necessarily stabilize the original dynamics. This
motivates a distinction between FNE and stable FNE, together
with a sufficient condition ensuring that all equilibria are
stabilizing. Building on the aggregate-value parametrization
developed in [11] for the undiscounted game, and in [13] for
the continuous-time counterpart, we derive scalar equations
whose roots characterize all equilibria and propose a numer-
ical method for computing all of them. To the best of our
knowledge, this is the first complete algorithm for computing
all FNE of discounted scalar N-player LQ games. We then
focus on the symmetric setting, where all players share the
same cost parameter. In this case, we derive a closed-form
expression for the symmetric FNE together with conditions
guaranteeing the existence of up to M < 2V — 2 equilibria.
An additional numerical scheme for computing all equilibria
is also proposed. Finally, numerical experiments illustrate how
equilibrium multiplicity depends on the game parameters and
highlight the emergence of finite-cost non-stabilizing equilibria
when the sufficient stability condition is violated.

Notation. We denote respectively by R, R>q, R the set
of real numbers, of real positive numbers included zero,
and of real positive numbers excluded zero. We denote as
[N] = {1,..., N} the set of integers between 1 and N, and
as | N/2] the largest integer smaller than N/2. We denote the
policy of player ¢ as k; and of all players except player ¢ as
k_;. Moreover, we introduce, for every index i, the aggregate
notation of S_; = Z kj = 1"k,

i
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Il. PROBLEM STATEMENT

Let us consider a scalar non-cooperative discrete-time sys-
tem, described by an environment state z; € R whose
dynamics depend on the controls u; ; of N players as follows

N
Ti41 = ATt + Zui,t ) (D

=1

where a € R is a fixed parameter. Each player ¢ aims to
minimize an infinite-horizon quadratic cost of the form

Tilwe,uig) = YA i (osmy +udy) 2)
k=t

with weights o; € Ry, 7; € Rso and v € (0, 1] discount fac-
tor. The inclusion of the discount factor is a standard technique
in reinforcement learning approaches and economic models for
the discount of future losses, as explained in [12, Sec. 3.6].
While the framework (2) can be rewritten in a standard LQ
game [10], [11], [14] via the change of variables a = a,/7,
o; = ~yo; and k?i = ki/7, keeping the discount factor explicit
makes it possible to distinguish between stability of the
original closed-loop system and convergence of the discounted
cost, as discussed shortly. This class of problems (1)-(2),
called linear quadratic (LQ) games [1], represents the game-
theoretical equivalent of the linear quadratic regulator (LQR).

In this work, we restrict attention to the class of linear state-
feedback strategies u; » = k;x¢, k; € R, whose corresponding
solution is referred to as feedback Nash equilibrium (FNE).
While more general (e.g., nonlinear or open-loop) strategies
could be considered, the linear feedback assumption signifi-
cantly simplifies the analysis; it should therefore be understood
as a structural restriction of the present work.

For every fixed vector of policies k = (ki,...,kn), the
closed loop system evolves as x;11 = ac1(k)z, with aq (k) =

a+ Zfil kz) Given an initial state ¢ € R, by substituting
the closed-loop dynamics into the objective function (2), the
corresponding value function for player ¢ is

Vo ki ki) = a3ri (o + k2) Y (vadi(k)",  3)
=0

~

which converges if and only if |aq (k)| < %, enlarging
the subset of solutions yielding finite cost but possibly non-
stabilizing the system. This distinction motivates separating
the notions of FNE, and stable FNE, depending on whether
the induced closed-loop system (1) is stable.
Definition 2.1 (Stable feedback Nash equilibrium): Given

a discounted N-player LQ game, the feedback k* is a
FNE if, for all zg and all k;: V*(zo) = Vi(zo; k7, k%;) <
Vi(zo; ki, k* ;). Moreover, k* is a stable FNE if, in addition,

|ac (B*)| < 1. ()

From the definition of value function in (3), a polynomial

characterization of the stable FNE is obtained, as formalized
next.

Proposition 2.2 (Problem Statement): Let us consider a

discounted N-player LQ game, and a vector k = (k;, k_;)

such that |a. (k)| < . Then k is a stable FNE if it solves

L (5)
where
filki ki) = —vkZ (a + S—;) +vo; (a + S—;)
— k; (7 (a+5_)° —yoi — 1) =0,

is the first order condition that characterizes the best response
of player 1.

Proof: The value function V; of the i-th player is defined
by the geometric series (3), which, thanks to the assumption
laai (k)| < % converges to

(6)

zdr; (o; + k7)
1 —vag (k)

We can then formulate the optimality conditions for the stable
FNE from Definition (2.1) as follows:

oV 2vaa(k) (o; + kZ) + 2k; (1 — va2 (k)

— = 5 =0. ®
Oki (1 = ya3 (k)
By rewriting a) (k) = a+k;+S_; and by restricting ourselves
to stable systems (4), the denominator is by construction
never 0; by considering only the numerator, we obtain (6).
Moreover, under |aq (k)| < %, condition (8) is also sufficient
for optimality, and therefore uniquely characterizes the best
response of player 1. [ ]
In the next section, we provide an analysis of the best
response system described by (5) which will be used for the
development of a numerical method that seeks all stable FNE.

Vi(zo, ki k—i) = @)

[1l. THE GENERAL SETTING

In this section, we provide a geometrical analysis of the
system (6), from which we firstly discuss the distinction
between stable FNE and FNE, to then provide a parametric
characterization of all solutions. Throughout the whole work,
we will assume non-zero policies k; # 0 for every player and
non-zero game-parameter a 7 0.

Lemma 3.1: The  first order condition function
filkiyk—;) = 0 can be factorized as f;(ki,k_;) =
—ﬁ/k'i (S_z - h:(kz)) (S_l — hj_(kz)) = 0, where

o; — ki(2a + k;) n VA2 (0; + k2)2 + 4vk?

2]{?1‘ 2’7]{51‘ ’

©))
are the two roots of f;(k;,k_;) = O iteratively solved w.r.t.
every player policy except the i-th one.
The first order condition of player 4 is therefore linear in S_;
and nonlinear in k;, a crucial relation for the characterization
of the solutions. As proved in earlier works for the undis-
counted case [11, Lemma 1] [10, Thm. 5], only one of the
two roots yields stable FNE. This is not always true for the
discounted version. As already shown for the discounted two-
player game in [15, Prop. 4.2], we extend such result for the
N-player case in the following Proposition.
Proposition 3.2: Let k* = (k7,k*;) be a FNE.

by (k7) Vi,

B (k) =

k* is a stable FNE = S*, = (10
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S%; = hy (k)
o; > 7(1; P (
Proof: (=). Consider a stable FNE (k;, k_;). For each
player 4, by Lemma 3.1, either h; (k;) = S_; or b (k;) =
S_;. Consider the latter and substltute it inside the stability
condition |a + k; + S_i| = |a+ ki +hf (k)| = [2(ks)l.
One can verify that the function z}'(k;) is unbounded as
|ki] = oo and as k; — 0. Moreover, its extrema are attained
at k; = +./0;, where z}'(+\/0;) = £ (\/07—4— oi + 1/7),
which are always larger than 1 in absolute value. Hence,
|z(k;)| > 1 for every admissible k;, contradicting stability.
Therefore, the only branch that can yield a stable FNE is
h; (k;). («<). Consider FNE (k;, k_;) such that S_; = h; (k;)
for a given ¢ and let us prove that it is stable. To do that, let
us consider the stability condition |a + k; + S_;| < 1 and
substitute the hypothesis |a + k; + h; (k;)| = |2(k:)|. The
function z;(k;) converges to 0 as k; — 0 and as |k;| — oco. Its
stationary points are attained at k; = £./0;, with 25 (£,/0;) =
(Vo 1/7 - ﬁ) being strictly inside (—1,1) if and
only if o; > (1 ’Y) . Hence |a + k; + S_;| < 1, and the FNE
is stable. ]
It is important to note that (11) is sufficient and necessary
when v = 1, as discussed in [10], [11]. We will assume from
now on that condition (11) is valid, such that every FNE is also
stabilizing. Therefore, to simplify the exposition and remain
consistent with the standard terminology adopted in the LQ
games literature, we will simply refer to stable FNE as FNE.
Proposition 3.3 (Optimal problem statement): Let us con-
sider a discounted N-player LQ game (5) such that condi-
tion (11) is valid, and the vector k* = (k},k*,). Then k* is
a FNE if and only if it is a solution to the following system

k* is a stable FNE < 3 i :

S* =h; (k7)+ k7, Vie[N], (12a)
1
IS*+a|§‘,/a+7—\G, (12b)

where ¢ := max; o;.

Proof: Let us consider the optimal first order condition
S*, = h; (k) and let us add k to both sides of the equation
S*, + ki = h;(kf) + kf. By defining the RHS of the
equation as F;(k}) := h; (k}) + k7, one can observe that
F;(k;) is a bounded function in k; with horizontal asymptote
y = —a. Its extrema are attained for k; = =+,/0; such

thatF(-)—ae[ﬁ —\/Ti +\Joi+ 3| All
admissible intersections between Fz(kl) and y = S* lie in the
same half-space of R for all ¢, leading to all players having
the same sign at the FNE. For simplicity, we restrict the study
of the function in the negative half-space, which corresponds
to a > 0. In order for every F;(k;) to admit a real intersection
A/ 04 + % — \/C?z

with y = 5%, observe that the quantity ’
Hence, a feasible

is minimized when o; = ¢ := maxo;.

3
solution exists if |S* +a| < |,/ + % - \/c:r’, which defines
the feasibility condition. Finally, S* # —a, since substituting
S* = —a into (12a) yields k; = 0 as the unique solution. W
It is important to note that for v = 1, condition (12a) is
equivalent to the closed loop bound given in [11, Thm. 2] for

Algorithm 1 FNE-seeking method - LQ Game
Input: a,7, (0;);
Output: List of FNE
Compute 2% symbolic expressions of {Sc,}; (14)
for each combination ¢; € {—1,1}" do
Find root S* : S* — S:j =0
if S* is feasible then
Retrieve FNE (k:6 (i )(S*))
end if

end for

the undiscounted problem. Now, let us suppose there exists S*
such that condition (12a) holds, and let us study the expression
h; (k;) + k; = S* which yields a FNE k* = (k}, k*,).
Given the presence of square-root terms, a symbolic solving
procedure typically requires to square up both sides with the
aim to obtain a polynomial expression. After few steps one
obtains that the squared expression is a quadratic in S*, i.e.,

vk7 (S* + a)+Fk; (1 — (5" + a)2)+’70i (S* + a) =0, whose
solutions are
« ax V(8 +a)? AW (S*)
S*) = , 13
z,:l:( ) 27(3*4_&) 2’)/(5*4-&) ( )
with AD(5%) = (y(S* +a)? —1)° — 4420,(5* + a)2.

Because they satisfy k7 _(S*)k;, (S*) = o; for every i,
we will denote these solutions as hyperbolic. Thus, for a
fixed feasible S™*, there exists a vector of IV sign assignments
e; = (e;(i)); € {—1,1}" such that

N 2
R e N Chl D il
SE] —;kt,ej(t)(s )— 2 (S* +a)
N
S*+a ;6] HA(’) S*)

14
By substituting the symbolic expression of A()(S*) for
every i, we obtain a one-variable expression which can be
solved numerically. By counting every possible combination
of sign assignments, there exist at most |{—1,1}"V| = 2V
distinct S*. However, as proven in [11], there are at most
2N _ 1 FNE, so that at least one combination is always
infeasible. Based on this mathematical structure, we developed
a numerical method that finds all FNE whose pseudo-code is
given in Algorithm 1. The resulting scalar nonlinear equations
are solved numerically using the nsolve routine of the
SymPy library. In the undiscounted case v = 1, equations (13)
and (14)+a reduce, respectively, to the FNE and closed-
loop characterization equations derived in [11, Eq. (9) and
Eq. (12)]. Hence, the present formulation recovers the classical
undiscounted setting as a special case while extending it to
discounted LQ games with v < 1. In the next section, we focus
on the special case 0; = o Vi € [N], which we denote as
symmetric setting, as that will allow us to sharpen our results,
and that will help improve the understanding of how multiple
FNE arise.
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IV. THE SYMMETRIC SETTING

Let o, = o, for every i, € [N] and refer to such a setting
as symmetric. As already mentioned earlier, condition (11) is
assumed to hold, such that every FNE is stabilizing. Similarly
to what has been developed for the undiscounted continuous
counterpart in [16, Sec. 4], and as an extension for the
discrete-time discounted two-player game in [15, Sec. 4.1], the
proposed setting yields closed-form solutions together with a
hierarchical structure that shows how multiple FNE arise. The
optimal system (12) reduces to

S* = hi(k'l) + ki, Vi € [N], (15&)
1
|S* +al < 1/a+;—\ﬁ, (15b)

where we drop the subscript in A~ (k;) as the agents are
all equal. As already proved for the differential undiscounted
counterpart in [16, Thm. 4.3], the symmetric setting always
admits a symmetric FNE with a closed-form expression. Let
us formalize it in the next Theorem.

Theorem 4.1: The symmetric discounted LQ game always

admits a unique symmetric stable FNE k} = (ks,...,ks) €
RY, where
1 PN 1 V3.
ks i < ] =5 16
3(SNW+lhz%SNW> w 5~ 5t (6)
with
__3(nya+a2fyfl) (2Na + a)?
by = N2~y + Ny (N2+ N)2’
_ 2lao
qN = NN
9(2Na +a) (Nyo +a*y—1)  2(2Na + a)?
(N2 + N)(N2y+ Nv) (N2 +N)3~
and

—qgn + An 2Na + a
Ay =/ 4pd +q%, Sy =/ N 2N =0T
N Py T Ay > ON 5 N N2+]\‘

Proof: The proof is given in Appendix A.

Let us assume next that 3 ¢ € [N] : k; # k; for some j €
[N] such that conditions (15b)-(15a) hold. Let us consider the
equation S* = h~ (k;)+k; and, as we did in Section III, square
the expression and obtain a quadratic admitting the hyperbolic
roots k7 1 (S) of (13). Because each player admits the same
cost value o; = o, then the subscript is no longer needed:

74(8%) = kL(S™) for every i. As a result, there exists an
index p € [N —1] = {1,..., N — 1} such that S* from (14)
is the sum of p-times £7% (S*) and (NN —p)-times k* (S*), i.e.,

Sy =p-k.(Sy) + (N —p)-kZ(S}), (17)

where we use the subscript S to remark the dependence on p.
To further simplify notation, let us consider the set of indices
of the players that choose policy k% (S*) as It = {i €
[N] | k; = k3(S*)}, and a complementary set of players
choosing policy k* (S*) as T~ = {i € [N] | k; = k> (S™)}.
One can observe that equation (17) depends only on the
number p of players selecting k7 (S} ), and not on their specific
indices. Therefore, every possible assignment of p players to
the set Z* and the remaining N — p players to Z~ yields

the same aggregate value S;. Nevertheless, each assignment
corresponds to a distinct FNE, since the resulting feedback
vector k* differs by permutation of its components. As a
consequence, every solution S generates (N ) distinct FNE.

Thus, computing the FNE narrows down to finding S as a
root of Equation (17) for every p € [N — 1], which, however,
cannot be solved in closed-form. By underlining the fact that
the set of all solutions can be found by Algorithm 1, we
propose an alternative numerical method based on how mul-
tiple FNE hierarchically arise. While the previous numerical
method computes all admissible values of S*, the alternative
approach exploits the hyperbolic structure of the equilibria and
directly searches for the pairs k% (S;) associated with the same
aggregate value S;. To that end, let us take the i-th equation
of (15a), consider a global k; = k € R, substitute the relation
k% =k, k* = 7 inside (17), and obtain the following

(15a) Vpé:Ntl h= (k) +k— Sp(k) =2,(k) =0, (18)
with

—2N~o — 2avk + v (o + k?

q)p(k) = ( )
27k
p(2vo — 29k?) — \/72 (k2 + o) + 4vk?
+ v .
(19)

For every p € [N — 1], we numerically solve (19) for a
coordinate k, retrieve its hyperbolic counterpart o/k, and
generate (];] ) distinct FNE through permutation of the two
policies over the N players. As illustrated in Figure 1, numer-
ical evidence suggests that the equation ®,(k) = 0 typically
admits two distinct roots, each defining a different hyperbolic
pair (k, o/k) and therefore a different combinatorial family of
equilibria. An exception arises when N is even and p = N/2,
where the two hyperbolic branches collapse into the same
family of equilibria. As the observed behavior cannot currently
be established analytically, we state it as an assumption.

Assumption 4.2: For every p € [N — 1], the scalar equation
®,,(k) = 0 admits two admissible roots, each associated with
a hyperbolic pair (k, o/k). Moreover, when N is even and p =
N/2, the two hyperbolic branches generate the same family
of equilibria.
In the next Theorem, we formalize the resulting hierarchical
structure under the presented assumption together with a
sufficient and necessary condition, when N is even, and a
sufficient condition, when N is odd, for the existence of
the maximal number 2V — 2 of hyperbolic equilibria, which
together with the symmetric FNE yields 2V — 1 solutions.
This recovers the multiplicity result of [11, Thm. 2] for the
discrete-time undiscounted game and of [16, Thm. 4.3] for the
undiscounted differential game.

Theorem 4.3: Under Assumption 4.2, the symmetric dis-
counted LQ game admits up to

p
N N
M =2 § <Z) - 1{N even, p=N/2} (N/Z) (20)
z=1

max  p such that
{1,....IN/2]}

©;(kp)sign(—a) > 0 with ky: @) (k) = 0.

hyperbolic FNE, where p :=

2n
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O, (k) per different p € {1,...,N — 1}

k5 kY

30 25 20 15 L0 05 0.0

ok o/k;

Fig. 1. Visualization of ®, (k) (19) per different values of p € [N —
1]. The intersection with the k-axis yields a couple of stable policies

(k:{,p, k;’p) to permute with their corresponding hyperbolic value over

the N-vector.

Moreover, the game admits the maximal number 2%V — 2 of
hyperbolic FNE if
1
la| > Vo (N —1) + 0—|—;. (22)
If N is even, condition (22) is also necessary.
Proof: For every p € [N — 1], the function ®,(k) is
unbounded, since lim ®,(k) = Zoco and lim ®,(k) =
k—0 . k—r=£oo .
Foo. Moreover, straightforward algebraic manipulations yield,
for every p € [N — 2],

g g

pia(k) = @plk) = T —k, @, (E) =y, (k). (23)

The first identity shows that the family {®,, };V;ll is ordered
through a hyperbolic shift, while the second establishes a
symmetry between the indices p and N —p. As a consequence,
it is sufficient to study the first |N/2] functions. Under
Assumption 4.2, every admissible root of ®,(k) = 0 generates
a hyperbolic pair (k, o /k) and therefore a corresponding com-
binatorial family of equilibria. Hence, additional hyperbolic
FNE arise whenever ®,(k) crosses the horizontal axis. Since
®,(k) is continuous on each half-space and diverges at the
boundaries, the latter condition occurs whenever a stationary
point k,, satisfying @;(/_fp) = 0, satisfies ®,(k,) sign(—a) >
0. By defining p as the largest index satisfying the mentioned
condition, summation over all admissible combinatorial fami-
lies yields (20). Consider next the maximal multiplicity case.
Let a > 0, since the argument for a < 0 is symmetric. If N
is even, then | N/2] = N/2, and one can verify symbolically
that the solution of @’N/Q(EN/Q) = 0 is attained at ky/» =
—+/0, a common stationary point of the family of function
{®,} Zzgv:—11. As we are able to retrieve a closed-form expression
of ®x/2(—+/0), and by combining condition (21), we obtain
the claim, i.e.,

@N/Z(—ﬁ):—a+\/5(N—1)+1/a+%SO.

If N is odd, then @LN/QJ (I;LN/QJ) < (I)LN/QJ (—\/E), so the
same condition remains sufficient but is no longer necessary.
We remark that in order to obtain a necessary condition for
case of N being odd, one should solve inequality (21), which
cannot be done in closed-form. ]
A pseudo-code for computing all hyperbolic FNE is provided
in Algorithm 2. The search is based on the iterative verification
of Condition (21). If the latter is not valid, then the loop is

stopped as additional solutions cannot exist. Whenever the
algorithm is called, the symmetric stable FNE is retrieved
by simply substituting the game parameters inside the closed-
form solution (16).

Algorithm 2 FNE-seeking method - Symmetric LQ Game

Input: a,v,0

Output: List of FNE

while condition (21) holds and p < |[N/2| do
Substitute a,, o into the expression ®,(k) =0 (19)
Find a couple of roots ( 1p k'g’p)
Retrieve new batch of FNE

end while

V. NUMERICAL RESULTS

We test the algorithms to visualize the number of FNE
arising across different game configurations. For a fixed
game with N = 7 players, we consider cost vectors
of the form (6,5,5,0.5,6,6,5), where 6,6 € T =
{0.1,0.3,0.5,0.8,1,1.2,1.5,1.7,2} and for every & as the j-
th element of 7, we set & as the (|7] — 7)-th element so as to
highlight the effect of cost heterogeneity. Figure 2 shows that
equilibrium multiplicity is largest when players have similar
costs, while it decreases as the game becomes more hetero-
geneous and some players become more conservative (larger
o;). It is important to note that Algorithm 1 has exponential
complexity O(2"), making it practical only for moderate val-
ues of N, while still extending beyond the small-scale settings
discussed in [10]. By contrast, Algorithm 2 has lower complex-
ity O(| N/2]), but applies only to symmetric games. We then
investigate the role of the discount factor by fixing N = 7,
a = 5, and cost vector (0.1,0.1,0.1,0.15,0.2,0.2,0.2), for
which condition (11) is violated when v € [0.1, 0.5]. As shown
in Figure 3, low discount factors yield finite-cost but non-
stabilizing equilibria, while increasing v makes the number
of stable FNE and FNE coincide. These numerical results
highlight the importance of keeping the discount factor explicit
and motivate the distinction between stable FNE and FNE
when condition (11) is violated.

VI. CONCLUSIONS

For the class of scalar infinite-horizon discounted V-
player games, we distinguish FNE from stable FNE, showing

imetric Setting
Bl 127 127 127 127
7 127 127 127 127

119
127

91 119 7 127 127 127 127 127
984 125 127 127 127 127 127 127 127
127 127 127 127 127 127
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119 127 jbN 127 127 127 127 127 127 127
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1222 1361 150 389 528 667 806 944 10.83 1222 1361 15.0
a a
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Fig. 2. Number of stable FNE of different 7-players game configurations
computed by Algorithm 1 and Algorithm 2. As shown in each cell, the
number of equilibria ranges from 1 to a maximum of 2V — 1 = 127.
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Fig. 3. Number of stable FNE and FNE for the discounted LQ game.
For a fixed configuration of (N, a, o;), we vary « such that for v €
[0.1, 0.5] condition (11) is not satisfied, leading to equilibria with finite
cost that do not stabilize the system. It is worth noting that the violation
of (11) does not generally imply a discrepancy between the number of
stable FNE and FNE since the condition is only sufficient.

that discounting may generate finite-cost equilibria that do
not stabilize the system. We provide a sufficient condition
ensuring that all FNE are stabilizing, derive a parametric
characterization of all equilibria together with a numerical
method for their computation, and specialize the analysis to
the symmetric setting, where a closed-form symmetric FNE
and multiplicity conditions are obtained. Numerical results
illustrate how equilibrium multiplicity depends on the game
parameters and how violating the stability condition may lead
to finite-cost non-stabilizing equilibria.
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APPENDIX
A. Proof of Theorem 4.1

Let us consider the reduced optimal system (15a), and
exploit symmetry, i.e., k; = k € R, which entails S = Nk.
Let us substitute the latter in A~ (k) + k& = S and multiply it
by 2+k, which is non-zero by assumption. Let us isolate the
square root on one side of the equation

v [F* (1= 2N) - 2ak + 0] = \/v2 (k2 +0)* + 4yk2, (24)

with the aim to square both sides. Before doing so, we must
take into account the positive domain of the left side of the
expression, as squaring will include non-stable solutions. The
expression [k? (1 — 2N) — 2ak + o] is positive if

ke —a—A —a+ A
2N —1"2N -1’

with A = V2No +a? — 0. In order to prove existence
and uniqueness, one shall prove the thesis only for those x
satisfying (25). However, as one can easily verify from the
symmetric equation h~ (k)+k = Nk, the intersection between
the curves h™ (k) + k and Nk is always negative when a is
positive and vice-versa. Moreover, because a4 - () if and

(25)

2N—1
only if N > 1 we can further refine (25) as

—a—A . —a+ Al .

|:2]V—1’0> if a > 0, <O, 2]V—1:| if a < 0. (26)

For simplicity, we will assume a > 0 as the case a < 0 follows
analogously. Let us finally square the expression in (24)
by taking into account the correct domain (26) and obtain
Nvk3 (N = 1) + vak? (2N — 1) + k (~Nyo + a*>y — 1) —

ayo = 0, i.e., a cubic that we denote as C(k) = 0. Let us
compute the cubic at the right extremum of the domain (26), to

obtain € (52=2) = 4 [(2N 1)+~ (NA —a(N — 1))2},
where A = a + A > 0. The expression is obtained after few
algebraic substitutions, in particular the relation ¢ = %jv’_“f,
but they are omitted for lack of space. Since the expression

—a—A
S8) >0

On the other domain extremum, we obtain C(0) = —ayo,
which is negative, as we assumed a > 0. Consequently, by
the Intermediate Value Theorem, there exists a solution inside
the domain of interest. To prove uniqueness, one shall observe
that C(k) is a cubic with positive leading term N~v(N—1) > 0
which implies kEI:ItlooC (k) = £oo. Moreover, we have shown

is a sum of squares, one can conclude that C

that C(k) > 0, with k = g]‘\l,__% < 0, such that, by continuity,

the cubic must admit another real root in the negative half
space. By the same reasoning, because C(0) < 0, another
root exists in the positive half space. Consequently, three
real distinct roots always exist, which proves uniqueness in
the domain defined in (26). The expressions in (16) are
obtained through Cardano’s procedures for the solution of
cubic expressions.
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