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Abstract— Generalized Nash Equilibrium Problems
(GNEPs) arise in many applications, including non-
cooperative multi-agent control problems. Although many
methods exist for finding generalized Nash equilibria,
most of them rely on assuming knowledge of the objective
functions or being able to query the best responses of
the agents. We present a method for learning solutions of
GNEPs only based on querying agents for their preference
between two alternative decisions. We use the collected
preference data to learn a GNEP whose equilibrium
approximates a GNE of the underlying (unknown) problem.
Preference queries are selected using an active-learning
strategy that balances exploration of the decision space
and exploitation of the learned GNEP. We present numerical
results on game-theoretic linear quadratic regulation
problems, as well as on other literature GNEP examples,
showing the effectiveness of the proposed method.

Index Terms— Game theory, Generalized Nash equilib-
rium, Preference-based learning, Active learning.

I. INTRODUCTION

GENERALIZED Nash Equilibrium Problems (GNEPs)
arise in settings where multiple agents have conflicting,

and possibly coupled, interests and constraints [1]. Some
examples include economics [2], energy management [3],
or control of multi-agent systems [4]. A Generalized Nash
Equilibrium (GNE) is a solution of a GNEP in which no
individual agent has an incentive to change its decision,
given the decisions from other agents [1]. Finding a GNE
is a challenging problem that has received a lot of attention
from the research community, leading to the development of
many methods with different convergence properties under
assumptions of the objective functions and constraints of the
GNEP. When the objective functions of the agents are known,
a GNE can be found using optimization-based methods such
as operator splitting methods [5] or interior-point methods [6].
Distributed methods have also been proposed [5], [7], [8],
where each agent knows its own objective function, but full
centralized knowledge is not required.

An alternative approach when full knowledge of the ob-
jective functions is not available is to learn a GNE using
data obtained by querying either the objective functions or
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best responses of the agents. Although literature on learning
GNE from data is less extensive, several articles consider
this setting. In [9], the authors present a simulated annealing
routine to learn an approximate Nash equilibrium using best
response evaluations. In [10] and [11] the authors propose
Active Learning (AL) [12] strategies for learning GNEs by
querying best responses. In [13], equilibrium points of GNEPs
with discrete search space are learned using a Bayesian
optimization [14] method that queries the objective functions
using two proposed exploration-exploitation approaches. An
alternative Bayesian optimization approach to learn Nash
equilibria, also based on querying objective function values, is
presented in [15]. In [16], the authors propose an iterative data-
driven approach to learn a GNE of the discrete-time game-
theoretic Linear Quadratic Regulator (LQR) problem using
random exploration of control actions.

A requirement of these data-based approaches is direct
access to evaluations of the objective functions or best re-
sponse solutions. In contrast, preference-based learning [17]
is a machine learning strategy that leverages information in
the form of preferences, providing an alternative approach to
learn a GNE when direct evaluations of the objective functions
or best responses are unavailable. Although preference-based
learning has been mostly applied to train large language
models [18], [19], it has also been applied to control-related
problems, such as tuning proportional-integral controllers [20]
or model predictive controllers [21]–[23].

In this paper, we propose a preference-based learning ap-
proach to find a GNE that only relies on iteratively querying
each agent for their preference between two different deci-
sions, given the other agents’ decisions. We use the collected
preference data to learn the objective functions of a GNEP
whose equilibrium approximates a GNE of the underlying (un-
known) GNEP. To achieve this, we select preference queries
using an AL strategy that balances exploration of the decision
space and exploitation of the learned GNEP problem. At
each iteration of the proposed AL method, we query each
agent for their preference, and then update the objective
functions of the learned GNEP. In contrast with previous
works, the proposed approach does not require knowledge of
the agents’ objective functions, nor queries of the objective
functions or best response of the agents. Additionally, the
method does not attempt to learn surrogate functions of the
objective functions, which can be useful in settings where
privacy is desired. We present numerical results highlighting
the effectiveness of the proposed method, both on GNEP prob-
lems taken from the literature, as well as on game-theoretic
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LQR problems. An open source Python implementation of the
proposed method is available at https://github.com/
pablokrupa/prefGNEP.

The remainder of this paper is organized as follows. Sec-
tion II introduces the problem setting and shows how we
apply preference-based learning to GNEPs. The proposed AL
preference-based method for finding a GNE is presented in
Section III. We show numerical results in Section IV and
conclude the paper in Section V.
Notation: Given x, y ∈ Rn, x ≤ (≥) y denotes compo-
nentwise inequalities. The exponential function is denoted by
exp(·). The set of natural numbers (including 0) is denoted by
N. For i, j ∈ N with i ≤ j, Nj

i
.
= {i, i+ 1, . . . , j}.

II. LEARNING A GNE FROM PREFERENCES

Consider a GNEP with n decision variables in which N
agents take decisions individually, each one responding with
a decision vector

x∗
i (x−i) ∈ arg min

xi∈Xi

Ji(xi, x−i) (1a)

s.t. g(x) ≤ 0, (1b)
h(x) = 0, (1c)

where xi∈Rni is the decision vector of agent i,
∑N

i=1 ni=n,
x−i ∈ Rn−ni is the vector collecting all other agents’
decisions xj , j ∈ NN

1 , j ̸= i, x = (x1, . . . , xN ) ∈ Rn is
the stacked vector of all agents’ decision variables1, functions
Ji : Rni × Rn−ni → R are the objective functions of each
agent, g : Rn → Rng , h : Rn → Rnh define global constraints,
and the compact sets Xi ⊂ Rni are local constraints.

A point x∗ = (x∗
1, x

∗
2, . . . x

∗
N ) is a GNE of (1) if, for each

i ∈ NN
1 , Ji(x∗

i , x
∗
−i) ≤ Ji(xi, x

∗
−i), ∀xi ∈ Fi(x

∗
−i), where

Fi(x−i)
.
={xi ∈ Xi : g((xi, x−i)) ≤ 0, h((xi, x−i)) = 0}.

We assume that the objective functions Ji(xi, x−i) are
unknown, and the constraint sets Xi and functions g and h
are known. We take as a standing assumption that problem (1)
has at least one GNE. Additionally, we consider that the best
responses x∗

i (x−i) cannot be measured directly. However, we
have access to measurements of preferences of the form

πi(x
1
i , x

2
i ;x−i) =

{
1 if Ji(x1

i , x−i) ≤ Ji(x
2
i , x−i)

0 otherwise,

which indicates the preference between two decision vectors
x1
i and x2

i given the other agents’ decisions x−i.
Next, consider functions Ĵi : Rni ×Rn−ni → R parameter-

ized by θi ∈ Rnθi , and the resulting GNEP problem

x̂∗
i (x̂−i) ∈ arg min

xi∈Xi

Ĵi(xi, x̂−i; θi) (2a)

s.t. g(x) ≤ 0, (2b)
h(x) = 0. (2c)

Our objective is to learn parameters θi of functions Ĵi so
that the GNE x̂∗ of (2) approximates a GNE of (1). Note
that this objective is achieved if all Ĵi = Ji, as (1) and (2)
would be the same. That is, if we considered functions Ĵi

1We may also write x=(xi, x−i) to highlight dependence on xi and x−i.

as surrogate functions that we train to match Ji using data.
This approximation can be achieved using global optimization
techniques, such as Bayesian optimization [14], if evaluations
of the objective functions are available, see [13], [15]. In this
paper, however, we take an alternative approach that does
not require direct queries of the objective functions nor best
responses of the agents. Instead, our approach is based on
training functions Ĵi to obtain classifiers of the preferences
between pairwise strategies as follows.2

Consider datasets Di = {xj,1
i , xj,2

i , xj
−i, π

j
i }Mj=0 for each

agent i ∈ NN
1 , where M is the size of the dataset, xj,1

i and
xj,2
i are the two options given to agent i for the context xj

−i,
and πj

i
.
= πi(x

j,1
i , xj,2

i ;xj
−i) is the corresponding preference

query. We train θi so as to maximize the satisfaction of

πi(x
j,1
i , xj,2

i ;xj
−i) = 1 ⇐⇒ Ĵ1

i ≤ Ĵ2
i , ∀j ∈ NM

1 , (3)

where Ĵ1
i

.
= Ĵi(x

j,1
i , xj

−i; θi) and Ĵ2
i

.
= Ĵi(x

j,2
i , xj

−i; θi). We
do this by posing a logistic regression classification problem.
Consider the sigmoid function

Pi(x
1
i , x

2
i , x−i) =

1

1 + exp

(
Ĵ1
i − Ĵ2

i

di(x1
i , x

2
i )

) , (4)

where di : Rni ×Rni → R is a dissimilarity function that we
add to improve classification accuracy when x1

i ≃ x2
i (see

Remark II.2). We take

di(x
1
i , x

2
i ) = log(∥x1

i − x2
i ∥∞ + 1 + ϵd), (5)

where ϵd > 0 is some small number that is added to avoid
division by 0 in (4). Using (4), we pose the learning problem

min
θi∈Θi

ri(θi) +
1

M

M∑
j=1

L(πj
i , Pi(x

j,1
i , xj,2

i , xj
−i)), (6)

where ri : Rnθi → R is a regularization term for θi (typically
an ℓ2 or ℓ1 penalization, e.g., ri(θi) = ρi∥θi∥22 for ρi > 0),
L : R× R→ R is the cross-entropy loss

L(p, p̂) = −p log(p̂)− (1− p) log(1− p̂)

measuring the likelihood of the prediction p̂ ∈ R matching the
target p ∈ {0, 1}, and Θi

.
= {θi : θi ≤ θi ≤ θi} are non-empty

(and possibly non-compact) box constraints on the parameters
θi. Problem (6) can be solved using standard machine learning
tools and solvers, e.g. L-BFGS-B [24], Adam [25], or a
combination of both [26].

We found that we can learn a GNE of (1) by making Ĵi be a
good local preference classifier around a GNE of (1). Indeed,
note that the learning problem (6) is a logistic classification
problem in which Ĵi are trained to classify the preferences
between the pairwise strategies in the datasets Di. If datasets
Di contain pairs that are close to a GNE of (1), then we can
expect the Ĵi obtained from (6) to be good local classifiers of
the GNE. The following section presents an AL loop whose
objective is first to make Ĵi be a general approximation of
Ji by exploring the whole decision space, so that solutions

2In the sequel we call functions Ĵi surrogate functions for convenience,
even though, again, the objective is not to train them to match functions Ji.
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Algorithm 1: AL for GNE preference-based learning
Hyper-params: δ > 0, σ, δ, σ ≥ 0, kmax, pδ, pσ ≥ 1.
Input: Initial datasets D0

i , functions Ĵi, di, zi and ri.
1 Learn initial θ0i by solving GNEP (6) using D0

i .
2 for k = 1, 2, . . . , kmax do
3 Select δk and σk using (10), (13) and Remark III.2.
4 Obtain (xk,1

i , xk
−i), by solving the GNEP (9).

5 Obtain x̂k,2
i by solving problems (11).

6 Obtain xk,2
i using (12).

7 Query preferences πk
i = πi(x

k,1
i , xk,2

i ;xk
−i).

8 Dk
i ← D

k−1
i ∪ {(xk,1

i , xk,2
i , xk

−i, π
k
i )}.

9 Update θki by solving (6) using Dk
i .

Approximate GNE of (1): GNE of (2) using θkmax
i .

of (2) resemble solutions of (1), and then to make Ĵi be a
good local classifier of a GNE of (1), while simultaneously
making solutions of (2) converge towards solutions of (1).

Remark II.1 (On the existence of a GNE for problem (2)).
A requirement of the proposed method is for problem (2)
to possess a GNE solution. We note that g, h and Xi are
assumed to be known. Therefore, under certain constraint
qualification conditions, functions Ĵi and the constraint sets
Θi of parameters θi may be selected to ensure this. We refer
the reader to [1] for conditions on the existence of a GNE.

Remark II.2 (On the inclusion of the dissimilarity functions).
One of the contributions of this paper is the inclusion of
the dissimilarity functions di in (4). The reason for their
inclusion is to improve the classification accuracy of the
learned functions Ĵi between points (x1

i , x−i) and (x2
i , x−i)

in which ∥x1
i − x2

i ∥ is small, without affecting its accuracy
when ∥x1

i − x2
i ∥ is larger. Note that, if ∥x1

i − x2
i ∥ = 0, then

Pi(x
1
i , x

2
i , x−i) = 0.5 for any function Ĵi, as you always

have Ĵ1
i = Ĵ2

i . Similarly, if ∥x1
i − x2

i ∥ is very small, the
minimization of the cross-entropy loss leads to a function
Ĵi with a very large Lipschitz constant around x1

i , so that
small differences in the function argument push Pi towards
either 1 or 0 (note that πi is either 1 or 0). We include
the dissimilarity functions di to alleviate this issue. When
∥x1

i −x2
i ∥ is small, we have that di(x1

i , x
2
i ) is small, and thus

we allow small differences in Ĵi to indicate strong preference
between x1

i or x2
i , according to the preference model (4).

On the other hand, as ∥x1
i − x2

i ∥ increases, we require a
larger difference between the values of Ĵi. Finally, we note
that in this paper we take di as (5), as we find that it provides
the best results, although other choices of the dissimilarity
function are possible, such as di(x

1
i , x

2
i ) = ∥x1

i − x2
i ∥2 + ϵd,

or di(x
1
i , x

2
i ) =

√
∥x1

i − x2
i ∥2 + ϵd.

III. ACTIVE LEARNING METHOD FOR FINDING A GNE
Let D0

i = {xj,1
i , xj,2

i , xj
−i, π

j
i }

M0
j=0 be the initial datasets,

with xj,1
i , xj,2

i ∈ Xi, and where xj,ℓ = (xj,ℓ
i , xj

−i), ℓ ∈ N2
1,

satisfy global constraints, i.e., g(xj,ℓ) ≤ 0 and h(xj,ℓ) = 0.
These initial datasets can be obtained by randomly sampling
points satisfying the local and global constraints.

The proposed AL method is an iterative loop, where at
each iteration k we add a new sample to each dataset using
the exploration-exploitation approach presented in the sequel.
This leads to datasets Dk

i = {xj,1
i , xj,2

i , xj
−i, π

j
i }

Mk
j=0, where

Mk = Mk−1 + 1. At each iteration k, we solve the learning
problem (6) using datasets Dk

i . The AL loop presented in
this section is summarized in Algorithm 1, where kmax ≥ 1
is the user-selected number of AL iterations. The output of
Algorithm 1 is the proposed approximate GNE of (1). We
note that this learned approximate GNE always satisfies the
local and global constraints, as it is a solution of (2).

We consider pure exploration functions zki : Rni → R
for each agent i that we want to maximize for promoting
exploration of the decision space. Examples of exploration
functions are the IDW function [27] based on the already
collected data {xj,1

i , xj,2
i }

Mk
j=1, or the space-filling function

zki (xi) = min
ℓ∈{1,2},j∈NMk

1

∥xi − xj,ℓ
i ∥. (7)

A simpler alternative is to consider the concave quadratic
function

zki (xi) = −
1

2
∥xi − x̄k

i ∥22 (8)

where points x̄k
i are either randomly sampled from Xi or x̄k

i =
argmaxxi∈Xi z̄

k
i (xi) and z̄ki is any of the aforementioned

exploration functions. At each iteration k, we generate a new
query point xk = (xk

1 , . . . , x
k
N ) by solving the GNEP

xk
i (x

k
−i) ∈ arg min

xi∈Xi

Ĵi(xi, x
k
−i; θ

k−1
i )− δkzki (xi) (9a)

s.t. g(x) ≤ 0, (9b)
h(x) = 0, (9c)

where δk > 0 is a weighting factor trading off between ex-
ploration and exploitation. A typical approach in AL methods
is to start with a large exploration term that is reduced as k
increases, see, e.g., [21]. The idea is to promote exploration
at the beginning of the AL loop, when the surrogate functions
Ĵi are (presumably) poor candidates, and then rely more on
exploitation of functions Ĵi as the iteration counter k increases.
In [21], the authors propose a linear decay function for δk.
However, we find that better results are typically obtained in
our problem setting if we use an exponential decay function
of the form

δk = δ

(
1− k

kmax

)pδ

, (10)

where δ > 0 and pδ ≥ 1 are user-selected hyperparameters.
If pδ = 1, we recover the linear decay rate used in [21].
The datasets Dk

i are obtained by augmenting Dk−1
i with the

new samples (xk,1
i , xk,2

i , xk
−i, π

k
i ), where xk,1

i = xk
i are the

solutions obtained from solving (9), πk
i = πi(x

k,1
i , xk,2

i ;xk
−i),

and we take each xk,2
i by first computing the best response

for the xk
−i obtained from solving (9), according to the current

surrogate function Ĵi, i.e., by solving problems

x̂k,2
i ∈ arg min

xi∈Xi

Ĵi(xi, x
k
−i; θ

k−1
i ) (11a)

s.t. g((xi, x
k
−i)) ≤ 0, (11b)

h((xi, x
k
−i)) = 0, (11c)
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and then taking

xk,2
i = x̂k,2

i + σkwk∥x̂k,2
i ∥∞, (12)

where each element of wk ∈ Rni is sampled from a uniform
distribution in the interval [−0.5, 0.5], and

σk = σ

(
1− k

kmax

)pσ

(13)

for some user-selected hyperparameters σ ≥ 0 and pσ ≥ 1.
The proposed AL approach compares xk,1

i , which is the solu-
tion of a GNEP (9) that combines the current surrogate Ĵi with
an exploration term zki , with xk,2

i , which is a noise-altered best
response (without exploration term) for the solution obtained
from (9). If δ = σ = 0, then xk,1

i = xk,2
i .

Remark III.1 (On adding noise to xk,2
i ). We note that a more

straightforward approach would be to take xk,2
i = x̂k,2

i , i.e.,
as the best response for the solution xk

i of the GNEP (9).
Instead, we add some random noise to xk,2

i in (12), normalized
by the magnitude of xk,2

i . The reason is that by adding
this noise we obtain a vector (xk,2

i , xk
−i) that might violate

constraints. Although this might seem counter-intuitive, note
that we approach the problem of learning a GNE of (1) as a
classification problem. That is, we seek to learn functions Ĵi
that locally classify preferences on Ji around solutions of the
GNEP (2). We therefore want functions Ĵi to classify correctly
at the boundary of the constraints when (1) has a GNE with
active constraints. Adding a (relatively small) random noise
to xk,2

i allows us to learn a GNE with active constraints, as
it provides information about Ji on points that are unfeasible
but close to the boundary of the constraints. The noise term
σ can be set to 0 in problems where querying agents for non-
admissible decisions is unreasonable.

Remark III.2 (Minimum values of δk and σk). As discussed
in Remark II.2, we include a dissimilarity term di in (4) to
improve classification performance when |Ĵ1

i − Ĵ2
i | is small.

However, we can still run into numerical issues when Ĵ1
i and

Ĵ2
i are too similar. Note that, since δk → 0 and σk → 0 as

k →∞, we can expect ∥xk,1
i − xk,2

i ∥ → 0, and therefore that
|Ĵ1

i − Ĵ2
i | → 0. To avoid this, we set a user-defined minimum

value δ ≥ 0 for δk, i.e., δk ← max(δk, δ). We do the same
for σk with a user-defined σ ≥ 0, taking σk ← max(σk, σ).

IV. NUMERICAL RESULTS

We present numerical results using the implementation
of Algorithm 1 publicly available at https://github.
com/pablokrupa/prefGNEP, which uses the NashOpt
Python package [28] (version 1.1.0) to solve the GNEP and
best response problems in Steps 4 and 5 of Algorithm 1. The
numerical results in this section can be reproduced by running
the example scripts in the repository. For the learning prob-
lem (6), we take the regulation terms as r(θi) = 0.001∥θi∥22,
and use 500 iterations of Adam (with learning rate of 0.001
and decay rates β1 = 0.9 and β2 = 0.999) followed by a
maximum of 1000 iterations of the L-BFGS-B solver from
the jaxopt package (using a history size of 10), initialized
from the solution returned by Adam. We use the dissimilarity

functions (5) and take the exploration functions zki as (8), with
x̄k
i randomly sampled from the local constraints Xi. We take

the surrogate functions as

Ĵi(xi, x−i; θi) =
1

2
x⊤
i Pixi + q⊤i xi + x⊤

−iAixi, (14)

where θi contains qi ∈ Rni , Ai ∈ R(n−ni)×ni and the non-
zero elements of the Cholesky decomposition of the positive
definite matrix Pi ∈ Rni×ni . Lower bounds θi can be imposed
on θi in (6) to ensure that Pi is positive definite, see, e.g., [23].
All the numerical results use σ = 0.3, δ = 10−4, σ = 10−3,
pδ = 5 and pσ = 3 as hyperparameters of Algorithm 1, and
use initial datasets of size M0 = 50.

A. Game-theoretic linear quadratic regulator

Consider a discrete linear time-invariant system

ξ(t+ 1) = Aξ(t) +Bu(t), (15)

where ξ(t) ∈ Rnξ and u(t) ∈ Rm are the state and control
input at sample time t, A ∈ Rnξ×nξ and B ∈ Rnξ×m. Addi-
tionally, we have N agents, each one controlling a portion of
the control inputs, such that u(t) = (u1(t), u2(t), . . . uN (t)),
with ui(t) ∈ Rmi being the control action of agent i ∈
NN

1 , and
∑N

i=1 mi = m. The objective of each agent is to
control (15) so as to minimize the Linear Quadratic Regulator
(LQR) cost for matrices Qi ∈ Rnξ×nξ and Ri ∈ Rmi×mi ,
with Qi ⪰ 0 and Ri ≻ 0, see, e.g. [16, §II] or [28, §5.1] for
a more in-depth explanation of this problem setting.

It is well known that this game-theoretic LQR problem
admits a solution of the form ui(t) = −Kiξ(t), where Ki ∈
Rnξ×mi is the state-feedback gain for agent i, see, e.g., [16].
We compute approximate gains Ki by solving the GNEP [28]

K∗
i (K−i) ∈ argmin

Ki

T∑
j=0

ξ⊤j Qiξj + u⊤
i,jRiui,j (16)

s.t. ξj+1 = (A−BK−i)ξj +Biui,j

ui,j = −Kiξj ,

where a more accurate solution of the infinite horizon LQR
game is obtained as T > 0 is increased. Problem (16) can be
posed as (1) by taking Ji as the squared Frobenius norm of
the deviation between Ki and the best response K∗

i (K−i) for
agent i, i.e., as the best response deviation

Ji(Ki,K−i) = ∥K∗
i (K−i)−Ki∥2F . (17)

We consider three examples, each with the number of agents
N and system dimensions nξ = m shown in each row of
Table I. We take mi = m/N , Ri = Imi

and Qi as a matrix
of zeros with ones in the diagonal elements corresponding
to states (i − 1)mi + 1 to imi. Matrices A and B of (15)
are randomly generated so that A is an unstable matrix with
spectral radius equal to 1.1. Taking T = 50, we obtain a
solution of problem (16) using the NashLQR solver from the
NashOpt Python package [28], which considers (17).

For each example, we learn a GNE of the game-theoretic
LQR problem using Algorithm 1 with δ = 5, where xi and
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kmax = 100 kmax = 200

Parameters RMSE maxi Ji RMSE maxi Ji

nξ = m = 6, N = 3 0.00343 0.0970 0.00109 0.0202
nξ = m = 8, N = 3 0.00675 0.0596 0.00288 0.0144
nξ = m = 12, N = 4 0.01109 0.3009 0.01229 0.2152

TABLE I: Results for game-theoretic LQRs

x−i are the vectorized form of Ki and K−i, We denote by
K̂k

i the gain matrices learned by Algorithm 1 at iteration k.
We note that we consider the objective functions (17)

to provide a numerical example in which the preference
queries πi use the same objective function that is used in
the NashOpt package, which we use as our back-end GNEP
solver. In a practical setting, the preference queries πi would
be taken by asking each agent for their preference between
two alternative controllers, e.g., by performing a closed-loop
experiment with each controller. Algorithm 1 only requires
the preference information, i.e., the values of the underlying
functions Ji driving the preference decision are not required.

Table I shows the results obtained for the three systems
when taking kmax = 100 and kmax = 200. To compare a
learned K̂kmax

i with the Nash solution K∗
i , we take 100 ran-

dom initial states. For each initial state, we perform a closed-
loop simulation of length T using K̂kmax

i and K∗
i , and store

the costs obtained with each, as measured using the LQR cost
in (16). We can then compare K̂kmax

i and K∗
i by computing

the normalized Root Mean Square Error (RMSE) between the
costs obtained in the 100 tests, where the RMSE is normalized
by dividing by the difference between the maximum and
minimum costs obtained with K∗

i (so that RMSE values are
comparable between the three different system). Table I also
shows the maximum value of costs Ji(K̂

kmax
i , K̂kmax

−i ) (17)
between the N agents, which measures the deviation of the
learned K̂kmax

i to a GNE.
Fig. 1 shows the results obtained with the gain matrices K̂k

i

from each iteration k of Algorithm 1, for the case kmax = 200
and the system with nξ = 12, m = 12, N = 4 (see Table I).
Fig. 1a shows the best response deviations Ji of each agent,
Fig. 1b the normalized RMSE (using the same 100 initial states
used for the results in Table I), and Fig. 1c shows a closed-
loop simulation starting from a random initial state using the
GNE gains K∗

i obtained from NashOpt and the learned gains
K̂kmax

i . We plot the output y(t) of the system, which we take
as the summation of the states. The results shown in Figs. 1a
and 1b show that the iterates of Algorithm 1 converge non-
monotonically towards a GNE of the underlying GNEP. We
note that the results obtained for the other examples listed in
Table I are comparable to the ones shown in Fig. 1.

B. Solving GNEPs taken from the literature
We present numerical results using Algorithm 1 to solve two

GNEPs taken from [29, Expl. A.3] and [5, Expl. 1]. For the
GNEP from [5, Expl. 1], we take the configuration presented
in [10, §VI.B], which considers N = 10 agents.

Figs. 2a and 2c show the evolution of the solutions xk

of problem (2) for the θki obtained at each iteration of

Algorithm 1, taking δ = 0.3. The results highlight how
the algorithm transitions from an initial phase where the
exploration term δk is dominant, towards one where exploita-
tion and local exploration drive xk towards a GNE of the
underlying GNEP (1).

To evaluate the sensitivity of Algorithm 1 to the choice
of δ, we test δ ∈ {0.1, 0.2, 0.3, 0.4}, performing 10 random
tests for each value of δ, i.e., with different realization of the
initial datasets D0

i , exploration points x̄k
i in (8), and noise

terms wk in (12). As seen in Figs. 2a and 2c, the final iterates
of Algorithm 1 are influenced by the noise induced by the
random variables x̄k

i and wk. Therefore, to reduce the effect
of the noise, we take the approximate GNE of (1) provided
by Algorithm 1 as the average of the solutions of (2) for the
last 5 iterates θki of the algorithm. Let x̂∗ denote the output
of Algorithm 1 obtained this way and x̃∗

i its corresponding
best response for agent i for the underlying GNEP (1). For
each test, we evaluate the maximum normalized best-response
deviation among the N agents:

ϕ(x̂∗)
.
= max

i∈NN
1

∥(x̃∗
i , x̃

∗
−i)− (x̂∗

i , x̂
∗
−i)∥2

∥(x̃∗
i , x̃

∗
−i)∥2

. (18)

A value of ϕ(x̂∗) = 0 indicates that x̂∗ is a GNE of (1),
with small values of ϕ(x̂∗) indicating that x̂∗ is a good
approximation of a GNE of (1). Figs. 2b and 2d present
the results of the sensitivity analysis of δ, showing that the
proposed method reliably finds good GNE approximations for
different values of δ.

V. CONCLUSIONS

We presented an AL method to learn a GNE from preference
data only, i.e., with no access to the objective function values
or the best responses of the agents. Preferences are used to
train the objective functions of a surrogate GNEP, whose
equilibrium approximates a GNE of the underlying GNEP as
the exploitation term of the AL method becomes dominant.
By selecting query points that are close to the current GNE
estimate, we train the surrogate functions to form a better
local preference classifier. Numerical results show that, even
though the proposed approach is not guaranteed to converge
towards a GNE of (1), it is effective at finding good GNE
approximations in practice. An open source implementation of
the proposed method can be found at https://github.
com/pablokrupa/prefGNEP.
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