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Abstract— Configuration-Constrained Tube Model Predictive
Control (CCTMPC) offers flexibility through polytopic param-
eterization of invariant sets and optimization of an associated
vertex control law. However, this flexibility introduces a trade-
off between set accuracy and computational complexity. This
paper addresses it with two contributions. First, a structured
framework is proposed that restricts optimization degrees of
freedom in a systematic way, significantly reducing online
computation while retaining stability guarantees. This frame-
work aligns with Homothetic Tube MPC (HTMPC) under
maximal constraints. Second, a template refinement algorithm
is introduced, which iteratively solves quadratic programs to
balance polytope complexity and conservatism. Simulations
on an illustrative benchmark and a high-dimensional ten-
state system demonstrate the contributions’ efficiency, achieving
robust performance with minimal computational overhead. The
results validate a practical pathway to exploit CCTMPC’s
adaptability without compromising real-time viability.

I. INTRODUCTION

Tube Model Predictive Control (TMPC) has established
itself as a key tool in robust control, thanks to its ability to
enclose all state realizations of an uncertain system within
a sequence of bounded sets [1]-[3]. Among the various pa-
rameterizations, polytopic ones are particularly appealing, as
they enable the online solution of a Quadratic Programming
(QP) problem [4]. Prominent examples include Rigid [5], [6],
Homothetic [7], and Elastic [8], [9] Tube MPC schemes.
These typically enforce set invariance via linear feedback
laws, though formulations with freely parameterized control
laws have also been explored [10].

Configuration-Constrained Tube MPC (CCTMPC) [11]
introduces a different paradigm based on polytopic sets with
fixed facet orientations, referred to as the template. In this
framework, all polytopes share the same combinatorial struc-
ture, meaning each vertex is defined by the intersection of a
fixed set of hyperplanes. This structural consistency allows
facet displacements to be optimized online within bounds
that preserve the configuration, while maintaining a linear
relationship between facet displacements and vertex posi-
tions. Consequently, both the set geometry and the associated
vertex control law [12] can be optimized online, inherently
supporting systems with multiplicative uncertainty.
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Despite its advantages, CCTMPC poses two main chal-
lenges: First, joint optimization of geometry and control
leads to high-dimensional problems, especially for large-
scale systems. Second, performance and computational ef-
ficiency depend not only on the number but also on the
orientation of template hyperplanes, making the trade-off
between expressiveness and tractability critical.

Contribution: This paper addresses these challenges
through two complementary innovations: First, a family of
Tube MPC controllers that reduce the number of optimization
variables in a systematic way, spanning from full CCTMPC
flexibility to a highly efficient formulation reminiscent of
Homothetic Tube MPC (HTMPC). Second, an iterative
template refinement algorithm that incrementally enriches
polytope structure via QPs, allowing users to tune the trade-
off between conservatism and complexity.

Outline: The paper is structured as follows: Section II
formalizes the problem and introduces the necessary math-
ematical framework. Section III presents the proposed con-
troller family, discussing its theoretical properties. Section IV
details the template refinement procedure. Section V reports
numerical results, including a 10-state quadcopter model.
Section VI summarizes the contributions and outlines direc-
tions for future research.

Notation: 1,, denotes the n x n identity matrix. A block-
diagonal matrix composed of @1,...,Q, is written as
blkd(Q1,...,@n). The operator convh denotes the convex
hull, and ||z||22 = 2" Qz. For compact sets A C B C R”,
dp(A) denotes the Hausdorff distance between 4 and B in
the 2-norm.

II. TUBE MODEL PREDICTIVE CONTROL
This section reviews the main concepts of Tube MPC and
introduces the notation used throughout the paper.
A. Uncertain Linear Systems

We consider uncertain discrete-time systems
Tp1 = Agzg + Brug + wg, 1)

where zp € X C R™ and u, € Y C R™ denote the state
and input at time k£ € N. The sets X and U/ are closed and
convex, and wi € W is an additive disturbance with W
compact and convex.

The matrices A and By are uncertain and time-varying,
but belong to a known polytopic set

A= convh({(A(l), BW), .. (Am), B(m))})~
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B. Robust Control Tubes

Let F(X) denote the set of sets that can be reached from
a given set X C R™~; that is,

Vee X, Juel:
V(A,B) e A, weW,
Ar+Bu+we X™T

C X is called a feasible

F(X):={ Xt CR"™

A sequence of sets Xg, Xq,...
Robust Control Tube (RCT) if

Vke{0,...,N—1}, X1 € F(Xp). )

Moreover, a set X C X is called a feasible Robust Control
Invariant (RCI) set if (X, X) is an RCT.

C. Optimization of RCTs

Conceptually, Tube MPC optimizes an RCT online so
that the first set of the sequence contains the current state
measurement. A typical optimal control formulation is

N-1
Lo(Xo) + D L(Xy) + Ln(Xw)
k=0

vk € {0,..,N — 1}, 3)
s.t. Xit1 € F(Xyp),
z € Xy, XpC X

Here, = denote the current state, and Ly, L, L the initial,
stage and terminal costs. Suitable choices for these functions
that ensure closed-loop stability are detailed in [13]. Alter-
native formulations may also introduce penalties on control
policies, which are hidden in the definition of /7 for an in-
depth discussion, see [4].

III. PoLyToPIC TUBE MPC SCHEMES

Directly solving the set-based optimization problem in (3)
is generally intractable due to its infinite-dimensional and
non-convex nature. To address this, we adopt a convex
reformulation based on polytopic set parameterization.

A. Configuration-Constrained Polytopes
Throughout this paper, we denote a polytope as

P(y) ={z e R"™ | Fz <y}, 4)
where F' € Rf¥"= is a fixed matrix and y € R is a parameter
vector. We assume that Fx < 0 implies x = 0, which

guarantees that P(y) is bounded (and possibly empty) for
any y. To preserve the polytope’s combinatorial structure,
we restrict y to a configuration cone

E:={yeRf | Ey <0},

ensuring that the face structure of P(y) remains invariant for
all y € £. Under this condition, there exists a set of matrices
V:={V;|j=1,..,v} such that

P(y) =convh({Vy | j=1,...,v}), Yye& (5

Constructing such configuration triples (F, E, V) is non-
trivial; one possible approach is described in [14, Sec. IL.A].
The implications of fixing a configuration and methods
for refining configuration triples will be discussed in the
following sections.

B. Configuration-Constrained RCTs

The main advantage of configuration-constrained poly-
topes is their ability to parameterize a RCT using a single
set of optimization variables for both facets and vertices. For
a given configuration triple (F, E, V'), we define the convex
set

g\ | V05) €{1l,omp x {1 v},
S=S | u | |FAYV;y+BDu))+d<y*, i, (6
y* FEy<0, Vyye X, u; €U

where d, = max{Fw : w € W} for all k € {1,...,f}
and u; € U denotes the control input at vertex j. Then, the
following statement holds.

Proposition 1: Let yo,y1,... € £ be a given sequence of
parameters. Then P(yo), P(y1), ... is a feasible RCT if and
only if there exists a sequence of inputs ug, uq,... € RV
such that (yg, uk,yr+1) € S for all k € N.

Proof: The statement follows by combining the results
from [11, Cor. 4] and [14, Prop. 1]. |

Corollary 1: A polytope P(y) with y € £ is an RCI set if
and only if there exists a u € RY™ such that (y,u,y) € S.

Proof: The result follows from Proposition 1 and the
definition of RCI sets. u

C. Optimal Configuration-Constrained RCls

Corollary 1 can be used to compute an optimal
configuration-constrained RCI polytope P (y., ). Given a con-
vex stage cost £(-,-), the parameter y,, € £ is a minimizer
of the optimization problem

(Ym, Um) € arg min £(y, u)
v (N
s.t. (y,u,y) €S.

If an explicit expression for the stage cost L in (3) such
that ¢(y,u) = L(P(y)) exists, then ¢ does not depend on w.
In practice, however, it is common to define the objective
by introducing suitable control penalties; for this reason, ¢
is often modeled as a strongly convex quadratic function,
cf. [15, Sec. 2.D], so that the set of optimizers is a singleton.

D. Fully-parameterized CCTMPC for Tracking

One way to implement Tube MPC within the
configuration-constrained framework is to compute a
sequence of parameters ((yo,uo), (y1,u1),---) that
converges to the optimal RCI set parameters (Y, Upm). A
simple approach is to minimize the quadratic deviation from
these optimal parameters. Specifically, we solve the strictly
convex quadratic program

N-—1 2 2
min 3 {yk - ym} ‘ {yzv - ym}
y,u =0 Uk — Um Q UN — Um P
Vk € {0,...,N — 1}, (8)
s.t. (ykaukvyk-‘rl) € Sa
Fx <y,

(yn,un, vyn + (1 = 7)ym) €S,
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where y = (yo,...,yn) and u = (ug,...,un) stack the
sequence of tube parameters and vertex control inputs, re-
spectively. Here, @), P >~ 0 are are weighting matrices in
R(FHv-nu)x(fFtvnu) Jand 4 € (0,1) is a user-defined parame-
ter that helps ensure recursive feasibility and stability [15].

Problem (8) is parametric in the current state z. We denote
its unique minimizers by (y*(z),u*(z)), and define the
control law as

- : T
te(x) == argmin v u
[ vie {Lm) ©)
T F(ADz + BDy) + d < yi(a).

By Proposition 1, feasibility of (9) is guaranteed when-
ever (8) is feasible, ensuring the existence of (y*(x), u*(z)).
The closed-loop system then evolves as

Vk €N, Tpy1 = Apwy + Brpe(ay) +wi. (10)

From [15, Cor. 1], we recall the theoretical properties of
the controller.

Proposition 2: Let v € (0,1), and let @ > 0 and P > 0
satisfy @ + 72P = P. Then, for all uncertainty realizations
(Ag, Br) € A and disturbances wy € W, the following
statements hold for all £ € N:

1) If Problem (8) is feasible with = x(, then it remains
feasible for all subsequent states xj of (10).

2) Define
N-1 2 2
L u) = Yk — Ym + YN — Ym )
wow =3[+,

Then, the Lyapunov inequality

Ly* (1), 0 (241)) < LY (28), 0" (7))
holds, with £(y,u) = 0 only at zx € P(y.), and

lHm (y*(xr), 0 (k) = (Ums s Ym)s Wimyeery U ) )-

k—o0

3) The distance between the state in (10) and the optimal
RCT set converges to 0; that is, klim zk € P(ym)-

Proof: The proof follows by appl?fi(ﬁg [15, Cor. 1] to
the case of fixed optimal RCI set parameters. [ ]
While Proposition 2 establishes strong theoretical proper-
ties for (8), its online solution can be computationally de-
manding. For instance, if X and U are polyhedra defined by
myx and my, half-spaces, respectively, and mg is the number
of rows in F, then Problem (8) involves (N +1) x (f+v-n,,)
decision variables and (N +1) X (fmv+mg +v(mx +my))
constraints.

E. Homothetic CCTMPC for Tracking

One way to reduce the number of optimization variables
in the above Tube MPC formulation is to work with a
homothetic transformation of a given polytope, denoted
by P(ym). To formalize this, we introduce the following
standard assumption (see also [7]).

Assumption 1: The optimal RCI set satisfies the condition
(0,0) € P(ym) x convh({um; €U | j € {1,...,v}}).

Following [7], we introduce a scaling factor o € R and offset
vectors (z,v) € R% ¥« such that

Y

From [11], the construction of the matrix £ and the associ-
ated configuration cone £ implies

y=oaym+Fz, u;j=au,;+v, je{l,.. v}

Yym €E = aym +Fz€ &, VYa>0, zeR"™. (12)

Thus, P(ay., + Fz) is a configuration-constrained polytope
for all > 0.

We assume that the constraint sets are polytopes X :=
{r e R™ | H®z < h*} and U := {u € R"™ | H"u < h"}.
Then, we define for all j € {1,...,v}

L — x (2 (7
hy = mJaXH Vivym, hy, = max H" Uy, 4,

J
with the maximum taken row-wise. Then, the inclusions
Vi(oym + Fz) € X and au,,; +v € U hold for all the
vertices if and only if

o ] o] [ o< ]

Finally, we define the set S C R?7=+nu+2 ag

13)

(z,q) a>0, (13), Vie{l,..,m},
S = v F(ADz + BYy) + (1—a)d
(% a™) + QY < @ Y + F2,

Corollary 2: Let (zy, a)ren be such that for all £ € N
there exist inputs vy, satisfying ((z, ax), vk, (2k+1, Wr+1)) €
S. Then, the sequence (P(axym + Fz1))ren is an RCT.

Proof: The state, input, and configuration constraints
for the RCT follow from (13) and (12). Substituting the
parameterization in (11) into the set S and applying Propo-
sition 1, along with the observation that (y,,u.,,) satisfy
F(ADV,y,, + BDu,, ;) +d <y, for all (i,j) €
{1,...,m} x {1,...,v}, completes the proof. [ |

By exploiting Corollary 2, we formulate our Homothetic
TMPC scheme based on the parametric QP

N-1 Zk 2 ZN 2
min Z U + UN
T k=0 o — 1 o) anN — 1 P
Vk e {0,...,N —1}, (14)
s.t ((Zk7 O‘k)v Uk, (Zk+1vak+1)) € S
) Fa < agym + Fro,
((ZN7O[N)7'UN, (WZN7704N + 1- 7)) € S
Here, z = (z9,...,2n), @ = (ag,...,an), and v =

(vo,...,un) stack the sequence of homothetic tube pa-
rameters, and the weighting matrices @, P > 0 are in
R (e +nut)x(netnu+1) We denote the optimizers of (14)
as (z*(x),a*(x),v*(x)), and define the control law as
T
= 15
pn(z) = argmin - u (15)
Vi e {1,..,m},
st.{ F(ADz + BDy) +d
< o5 (@)ym + Fzi (2).
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Finally, the closed-loop system evolves as

Tht1 = Az + Bkﬂh(zk) —+ wg. (16)

Corollary 3: Let v € (0,1), and let @ > 0 and P >
0 satisfy Q + v2P =< P. Then, the closed-loop system
under (15) satisfies the same properties as in Proposition 2.

Proof: Define the matrix [ =1, ® I,, and

A7)

B F 0 ym e RV )X (natnu+1).
0 T wup

can then be written as Problem (8) with optimization vari-
ables (z,a,v), additional linear equalities yr = apym +
Fz, and up = apu, + ﬁvk and cost matrices given by
Q = HFTH% and P = ||Ff|%, where F' is well-defined
since F is full column rank. Recursive feasibility follows
from the convexity of S and these equalities. Lyapunov
stability follows because () and P are positive definite on
the nullspace of the equality constraints, and the inequality
Q + % P < P implies Q + v?P =< P. [ ]

We remark that Problem (14) is computationally less
demanding to solve online than Problem (8), since it has
(N 4+ 1) x (ng + n, + 1) optimization variables and (N +
1) x (fm 4+ 1 + mx + my) constraints.

F. A family of CCTMPC schemes

The formulations (8) and (14) represent two extremes in
the use of configuration-constrained polytopes for TMPC
synthesis. Specifically, (14) relies on a restricted parame-
terization of (y, ) in terms of (Y, unm,) via (11), whereas
more flexible formulations of CCTMPC can be derived by
relaxing this structure. These intermediate schemes aim to
balance computational efficiency and control conservatism
in practical applications.

To illustrate this flexibility, we propose two interme-
diate schemes. For both formulations, admissible control
sets—constructed following the structure of S—can be sys-
tematically derived by substituting the proposed (y,u)-
parameterizations into the synthesis framework. In addition,
the inherent inclusion (Y, Um,ym) € S is explicitly lever-
aged to ensure recursive feasibility.

1) Partially-parameterized CCTMPC: 1In this scheme, a
subset of the vertices of P(y) is parameterized as ho-
mothetic transformations of the corresponding vertices of
P(ym), while the remaining ones are freely optimized. Let
Jp € {1,...,v} denote the indices of the vertices to be
parameterized as

Viy = aVijym +2, Vj € Jp. (18)

For each j, let i(j) C {1,...,f} denote the set of indices of
the halfspaces intersecting at the vertex Vjy. To achieve (18),
define the index set I, := Ujc s, i(j) and the matrix

_ T
Sp = E eie; .
i€l

where e; is the i-th column of the identity matrix I¢. Finally,
let Iy := {1,...,f} \ I,. Then, the polytope P(aSpym +

Fz + Sty) satisfies (18) if aSpym + Fz + Sty € £. For
consistency, the vertex inputs for j € J;, are parameterized
as u; = QU ; + v, while the inputs corresponding to the
remaining vertices are freely optimized.

Denoting the cardinality of J, and Iy as V and f re-
spectively, the resulting Partially-parameterized CCTMPC
scheme involves (N + 1) x (f +ng 4+ ny + 14 (v — ¥)ny,)
decision variables, with v > 0. Note that if v = v, then f=0
by construction and the scheme reduces to the Homothetic
CCTMPC one. Conversely, for v = 0, it coincides with
the Fully-parameterized formulation. The number of linear
inequality constraints equals that of the fully parameterized
scheme for any v € {0,...,v—1}, and reduces to that of
Homothetic CCTMPC when v = v.

The selection of J, should ensure that the stabilizable
region encompasses the desired set of initial states. Devel-
oping systematic methods for choosing J,, based on this
requirement remains an open direction for future research.

2) Homothetic CCTMPC with optimized controls: In-
spired by [10], this variant parameterizes y = ay.,, + F'z,
while all vertex control inputs are freely optimized. This
results in (N 4+ 1) x (ngy + 1 + v - n,) decision variables
and (N + 1) x (fmv + 1 + mx + vmy) linear inequality
constraints. Its stabilizable region lies between that of Ho-
mothetic CCTMPC and the fully parameterized scheme.

IV. COMPUTING TEMPLATE POLYTOPES

This section introduces a computational procedure for
constructing configuration triples for TMPC synthesis. The
approach iteratively refines the triple (F, E,V) so that, at
each iteration, the feasibility set S (or S) remains nonempty,
the number of polytope vertices increases by a fixed amount,
and the size of the resulting RCI set increases.

A. Iterative Refinement of the Configuration Triple

Suppose a configuration triple (F, E/, V') is given such that
S is nonempty. Let X = convh({1,...,&}), and consider the
optimization problem
; 2
o = min i — %
i, Dl sl
st. (ym,u,yn) €S, Fzy <yun, i € {1,...,s8}.

19)

Although dependencies are omitted for brevity, this problem
is parametric in the configuration triple. Let (y},, u*, 2*) be
an optimizer of (19). Then, the RCI polytope {z € X | Fz <
Y4} contains points 27, ..., z; that minimize the aggregated
distance to the vertices of X.

Algorithm 1 iteratively refines the configuration triple by
adding facets to F' while ensuring that o is nonincreasing.
The core operations occur in the inner (parallelizable) loop,
Steps 6-9. For each vertex c;, a supporting hyperplane
{z | c;rx < (} is computed (Step 6), and then scaled by
x so that only ¢; is excluded from the polytope {z | Fa <
e, c;r:z: < KkC} (Step 7). A new configuration triple for
this polytope is then computed (Step 8), and the candidate
yielding the largest RCI set is selected (Steps 9-11). In
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Algorithm 1: Configuration Triple Refinement
Data: Initial triple (F, E, V), imax > 1

1 Set i< 1;

2 Solve (19) with (F, E,V), set o' < o, y' < yi;

3 while 7 < i, do

4 Set ¢j + V;y' for j € {1,...,v};

5

6

7

parfor j < 1 to v do
¢ + max, c;rz s.t. Fz <y
Set k € (0,1) such that
chCk < K’C7 Vk S {17-"’\/} \ {j}’

8 Construct new triple (F7, £, V7) for the
polytope {z| Fa <y, c;ra: < K}
9 Solve (19) with (F7, E7,V7), set 7/ « o

| and ¥ < yips

10 Select j* such that 57" <@ Vj € {1,...,v};
11 | Update (F,E,V) « (Fi",E7" V"),

2 | Seti+i+1, 0«3  andy 7 ;

return (F,E,V).

-
“w

practice, Step 4 should remove redundant vertices before
enumeration to ensure that the loop operates only on unique
vertices.

Proposition 3: The sequence (o!,...,
Algorithm 1 is nonincreasing.

Proof: Let i be an arbitrary iteration and (yas,u, 2) a
minimizer of (19) with optimal value o°. For any vertex in-
dex, Step 9 ensures that z remains feasible with ((y;\;, ¢ )T),
and u is chosen so that new vertex inputs coincide with ;.
Since the added halfspace is redundant (Step 6), 37 < o°.
By Steps 10 and 12, o'+ <&/ forall j € {1,...,v}, proving
monotonicity. [ ]

Remark 1: Algorithm 1 applies to both simple and non-
simple polytopes. When truncating a non-simple vertex, the
operation introduces new simple vertices equal in number to
the degree of the cut vertex. Repeated truncations eventually
yield a simple polytope, consistent with the density of simple
polytopes in the parameter space [14, Prop. 1].

Remark 2: For simple polytopes, the number of rows
in E is bounded by the number of edges [4, Sec. 2.14].
Moreover, truncations of faces up to dimension n, — 2
preserve simplicity [16], enabling partial reuse of matrices
and V from previous iterations. These properties significantly
reduce the computational cost of Step 8 and provide insights
for more efficient truncation strategies.

o'max) generated by

B. Computing Initial Matrix F

To initialize Algorithm 1, we compute a feasible configu-
ration triple (F, E, V') using a nonlinear programming (NLP)
approach inspired by [17], [18]. Given a polytope

{z e R" | Fo <1} = convh({V41,..., V,1}),

the procedure computes an invertible matrix 7" € R"= %"=
such that {x € R" | FT~'x < 1} is an RCI polytope with
vertices {TV11,...,TV,1}.

This NLP is formulated as
T

min ¢ e
T u,e

V(i g, k) € (1,0, myx {1, vy x{1,..., w},

. FTHAYDTV;1 + BDuj +wy,) < 1, (20)
s.t.

TV;1e X, u; €U,

XC{z|FT 'z <1+¢}.
where {w1,...,wy} are the vertices of W.

The inclusion X C {x | FT 'z <1+ ¢} in (20) can be
expressed via duality as

AR® <1+¢e, AH* =FT7 ' A >0,

with A € R™X" being an additional optimization variable.

Since T defines an invertible linear transformation, the
face configuration—and thus the configuration cone £—is
preserved (see [19, Sec. 2.6], [20, Sec. 1.1]).

V. NUMERICAL EXAMPLES

We validate our procedural construction through two nu-
merical examples'. In both cases, the base polytope for (20)
is chosen as an n,-simplex with F' = [~I,,, 1]", ensuring
the origin lies in its interior for any positive offset vector.
The terminal set parameter ~ is set to 0.95. We denote
the stabilizable region of the fully-parameterized CCTMPC
scheme with horizon N as O.(N), and that of the Homoth-
etic CCTMPC (HTMPC) scheme as Oy (N). Computational
times for Problems (8) and (14) were recorded on an Intel
Core 15-8350U CPU running Ubuntu 24.04.

A. Ilustrative Example

We consider a discretized triple integrator subject to both
additive and multiplicative uncertainties. The system matri-
ces belong to the polytopic uncertainty set

A = convh ({(a; 4, ;B) | o € {0.9,1.1}}) ,

where the nominal matrices are

1 h Rr*)2 K3 [
A=10 1 h |, B= |r)],
0 0 1 h

with h = 1/4. The additive disturbance set is

h Rl K[
W=<|1 h #®hlw|wez[-1,173,
0 1 h
and the state and input constraints are X = [-5, 5] and
U = [-3, 3], respectively. The initial template obtained from

Problem (20) is

1.1856 2.1991 0.2544
FT-1 — 0 1.4770 1.7581 .

—2.6514 —5.3810 —2.6623

1.4658 1.7048 0.6498

IMATLAB code available at https://github.com/fil-bad/
EfficientCCTMPC
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Fig. 1.  Steps of Algorithm 1: Top-left: First iteration—selected
vertex ¢* (green) marked for cutting; shaded facet indicates the cut at x¢.
Top-right : CC-RCI set (blue) after one iteration. Bottom—left: CC-
RCI set before (red) and after imax iterations (green). Bottom-right :
Evolution of o versus iteration index 1.

Algorithm 1 is executed for i, = 20 iterations, exploring
polytopes with f = n,+141i facets and v = n,+1+i(n,—1)
vertices, for ¢ € [1,imax]. Figure 1 illustrates the iterative
refinement process.
To implement the control schemes, we select the template
from iteration ¢ = 10. The optimal RCI cost in (7) is
Uy, u) =

ol i | R |1

U~ Uj)u
with V = Z;Zl V;, U = Z\JI‘=1 Uj, Qy, =107y, and Q. =
I4. The tracking cost matrices are (Q = I3g and P = (1 —
7?)~1Q for CCTMPC, and adapted as in (17) for HTMPC.
The prediction horizon is N = 3.

Figure 2 compares O.(3) and Oy(3), and shows sam-
pled trajectories converging to the optimal RCI set. De-
noting X'~ as the 6-step backward reachable set’ from
X, the Hausdorff distances are dxy-(O.(3)) = 3.3925
and dy-(On(3)) = 5.8220 indicating that CCTMPC
is less conservative than HTMPC. Computation times of
(min, avg, max) = (2.59,15.06,76.96) [ms] for CCTMPC
and (1.04,1.30,3.67) [ms] for HTMPC using DAQP [21]

v 2

)

Qe

2The backward iteration procedure to compute the maximal RCI set ran
out of memory after 6 steps.

Fig. 2. Comparison of feasible regions for CCTMPC (green) and HTMPC
(yellow) parameterizations. Sampled trajectories (blue) for CCTMPC con-
verge to the optimal RCI set (red).

highlights the trade-off between increased flexibility and
computational cost—a discrepancy that grows with template
complexity.

B. Quadrotor System

We consider a 10-state quadrotor model as in [22], dis-
cretized with a timestep of 0.1s and linearized at z.q, = 0
and ue, = [0,0,k;'g]", where kr = 0.91 and g is the
gravitational constant. State constraints are given by X =
{r € +[4,4,2,10,10,5,7/3,7/3, 7, 7|}, while the inputs
constraints are U = {(u1,u2) € +[7/4]%,uz € [0,2g] —
(k7'g)}. The additive disturbance set is W = {B,w | w €
+[0.05,0.05,0.1]}, with B,, = [I3 03x7] .

To illustrate the benefits of homothetic parameterization
for high-dimensional systems, we first compute a template
matrix F' by solving (20), then enrich it by introducing a
cutting plane at each vertex. This yields a polytope with f =
22 facets and v = 110 vertices. Although Algorithm 1 could
systematically refine the template, we observed that o' = o'
for all + > 1, indicating convergence to a local minimum.
Strategies to escape such minima (e.g., introducing arbitrary
cuts instead of following Step 10) are under investigation.

Optimal RCI cost is computed using £(y,u) = |y||5 +
||u||§, while the tracking cost matrices are Q = Iy, P =
(1 —~2)71Q for HTMPC and Q = I35, P = (1 —~%)71Q
for CCTMPC. Figure 3 compares the Hausdorff distance for
HTMPC, dx(On(NN)) across different prediction horizons
N, against CCTMPC with N = 3. For any N > 5, we
obtain dx(On(&N)) < da(Oc(3)). In the same figure, the
average computational time for CCTMPC(3) (334 [ms]) is
compared against HTMPC(N) using Gurobi [23]: the run-
time advantage of HTMPC is evident, not being influenced
by the chosen template complexity.

Motivated by these results, we design an HTMPC con-
troller using a template matrix F'T~! obtained by solving
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Fig. 3.  Performance comparison of HTMPC for different prediction

horizons N versus a CCTMPC(3): Hausdorff distance to state constraints
(blue) and average computational time (red).
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Fig. 4. Closed-loop evolution of HTMPC projected onto spatial coordi-
nates. The red dot marks the initial state.

Problem (20) with F' = [[;5 — 1] T, resulting in v = 1024.
Figure 4 shows closed-loop trajectories under Problem (14)
with N = 20, where the tube P(aoym + Fzo) converges
to the optimal RCI set. Using this template, we report
that dx(On(20)) = 10.355, and Problem (14) requires an
average of 22.9 [ms] per iteration.

VI. CONCLUSIONS

This paper advances the CCTMPC framework by: (%)
introducing a family of RCT parameterizations and control
schemes that enable systematic trade-offs between com-
putational complexity and conservatism; (i7) proposing an
algorithm for generating configuration-constrained triples of
user-specified complexity. The effectiveness of these con-
tributions was demonstrated through numerical examples,
including a 10-state quadrotor benchmark, highlighting the

potential of CCTMPC for robust control of high-dimensional
systems. Future work will focus on refining Algorithm 1

and developing efficient software tools for template synthesis
exploiting configuration constraints.
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