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Black-box optimization (BBO) is a valuable alternative to gradient-based methods when differentiating
the objective function is not feasible. However, BBO often struggles with high-dimensional decision
spaces and limited evaluation budgets. In this work, we propose a meta-learning approach that pre-
computes a reduced-dimensional manifold capturing the optimal solutions of a class of optimization

problems. For new problem instances drawn from the same class, BBO is then performed in the latent
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space, substantially reducing the computational effort required to reach near-optimal solutions. We
further establish probabilistic upper bounds on the performance gap between solving the original prob-
lem and its reduced-dimensional counterpart. The effectiveness of the method is demonstrated both
on benchmark optimization problems and on the automatic tuning of model predictive controllers.
© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CCBY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction
1.1. Black-box optimization

Black-box optimization (BBO) aims to find the solution of
an optimization problem where the objective function lacks an
explicit mathematical formulation. Instead, the function can only
be evaluated through queries, such as physical experiments or
simulations through complex computational models. However,
in many real-world scenarios, these evaluations are expensive,
noisy, or time-consuming. Therefore, a key goal of black-box
optimization is to find near-optimal solutions while limiting the
number of costly function evaluations. Due to these challenges,
BBO relies on sample-efficient strategies that select query points
to balance exploration (searching unexplored regions of the solu-
tion space) and exploitation (searching where an optimal solution
is estimated to be). Various BBO techniques have been proposed
in the literature, including Kriging-based methods (Jeong et al.,
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2005), Bayesian Optimization (BO) (Garnett, 2023), Mesh adap-
tive direct search (Audet & Dennis, 2006), Set-Membership (SM)
approaches (Sabug et al., 2022), and global optimization using
inverse distance weighting and surrogate radial basis functions
(GLIS) (Bemporad, 2020).

The main limitation of the BBO algorithms mentioned above
is their scalability with respect to the number of decision vari-
ables, restricting their applicability to small- to medium-size
problems. Black-box optimization in high-dimensional spaces still
remains an open challenge, as the number of function evaluations
required to properly sample the domain of decision variables
increases exponentially with the number of dimensions. Existing
approaches to high-dimensional BBO either rely on a function
structure fixed a priori or adapt to a single problem instance
online.

By leveraging the meta-learning paradigm (Vanschoren, 2019),
the goal of this paper is to learn a reduced search space where
BBO is performed for an entire given class of related optimization
problems. We use the word meta-learning in its broad sense:
knowledge is acquired offline from a class of related tasks and
then reused to improve the solution of new tasks from the same
class. In our case, this knowledge is not a model of a single
problem, but a representation of the solution structure shared
across the class, used to learn a low-dimensional manifold where
new optima are expected to lie. To obtain this manifold, we train
an autoencoder (AE) to reconstruct optimal solutions from the
problem class and use its latent space as the reduced decision
space for BBO.

0005-1098/© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Table 1
Comparison of representative high-dimensional BBO methods.
REMBO Add. decomp. SAASBO TuRBO Latent-space Antonova Morita Meta-BO Learn-to- This
(Wang et al, (Kandasamy et al., (Eriksson & (Eriksson et al., BO etal etal (Maraval et al,, warm  start work
2016) 2015; Rolland Jankowiak, 2019) (Eismann et al., (Antonova et al, (Morita et al., 2023) (Banerjee et al,
et al., 2018; 2021) 2018; 2020) 2023) 2025; Sambharya
Ziomek & Goémez-Bombarelli et al, 2023)
Bou Ammar, 2023) et al, 2018;
Grosnit et al.,
2021; Maus et al,
2022; Tripp et al,
2020)
Embedding Fixed Fixed None None Learned Learned Learned None None Learned
Problem class Single Single Single Single Single Single Single Parametric Parametric Parametric
Theor. bound Worst-case Regret - - - - - - Solver-tied Distr.-free

1.2. Related work

High-dimensional black-box optimization has been addressed
in the literature by exploiting different structural assumptions
on the objective function or the decision space. In Table 1, we
summarize the main differences in terms of the type of em-
bedding, single-problem versus parametric problem-class setting,
and analysis of theoretical bounds on the performance loss.

Linear embeddings and additive decompositions. REMBO
(Wang et al.,, 2016) projects the decision space onto a ran-
dom low-dimensional linear subspace, under a low-effective-
dimensionality assumption, although such projections may dis-
tort the problem geometry (Letham et al., 2020). Additive BO
methods instead assume that the objective decomposes into low-
dimensional components (Kandasamy et al., 2015; Rolland et al.,
2018; Ziomek & Bou Ammar, 2023), an idea also used in controller
tuning by iteratively optimizing subsets of parameters (Roveda
et al,, 2020). These methods rely on a structure fixed a priori,
rather than on solution data from a problem class.

Surrogate-based high-dimensional BO. SAASBO (Eriksson &
Jankowiak, 2021) identifies relevant input dimensions online
through sparsity-inducing GP priors, while TuRBO (Eriksson et al.,
2019) restricts the search to adaptive local trust regions. Both
operate on a single problem instance. Our approach instead
learns a low-dimensional search manifold offline, so that online
optimization is always performed in the compressed space.

Latent-space BBO with generative models. Several works
perform BBO in the latent space of a trained AE or VAE, for
instance, for structured objects such as molecules (Gomez-
Bombarelli et al., 2018; Maus et al., 2022), simulated robot tra-
jectories (Antonova et al., 2020), or accelerator tuning (Morita
et al,, 2023). Other methods use the objective values collected
during optimization to update the generative model, so that new
latent samples are more likely to decode into high-performing
candidate solutions (Eismann et al., 2018; Grosnit et al., 2021;
Tripp et al., 2020). These methods learn or refine a representa-
tion for the optimization domain of a given task, whereas our
latent representation is trained offline on near-optimal solutions
sampled across a parametric class of problems.

Amortized optimization and meta-BO. Amortized optimiza-
tion and learning-to-optimize methods exploit parametric prob-
lem families to predict a solution or warm-start for a new in-
stance (Amos, 2023; Banerjee et al., 2025; Sambharya et al., 2023).
Meta-BO methods similarly use past optimization runs to inform
new tasks (Maraval et al., 2023). These approaches exploit the
knowledge from related problems, but typically operate in the
original decision space or learn a parameter-conditioned solution.
In contrast, our method learns a reduced search space shared
across an entire class, while online BBO is still performed in the
reduced space.

1.3. Positioning of the contribution

Our approach combines four elements which are not jointly
present in any of the methods reviewed above. First, the re-
duced space is learned offline from near-optimal solutions of
a parametric class of problems, rather than fixed a priori or
inferred online for a single instance. Second, unlike latent-space
BO methods that use autoencoders to turn discrete or structured
objects, such as molecules or trajectories, into continuous op-
timization variables, our variables are already continuous and
the autoencoder is used to learn the low-dimensional region
where near-optimal solutions of a parametric problem class con-
centrate. Third, the learned embedding is not conditioned on
the problem parameters and does not predict the solution of a
new instance. Instead, the autoencoder defines a low-dimensional
search space shared across the problem class, and online op-
timization is still performed in this reduced domain. Fourth,
we provide a distribution-free, algorithm-agnostic probabilistic
bound on the sub-optimality gap incurred by optimizing in the
latent space (Theorem 1). These distinctions are summarized in
Table 1.

Our approach results in the following workflow. Near-optimal
solutions are first computed offline, e.g., from simulators of re-
lated problem instances, and used to train an autoencoder. Then,
for a given new instance, BBO is performed in the learned,
reduced-dimensional latent space and candidate points are de-
coded before evaluating the original objective. In this paper, we
adopt the BBO solver GLIS, although the embedding and the
bounds on the suboptimality gap we provide are independent of
the specific BBO algorithm used. The approach is motivated by
multiparametric programming (Gal, 2010), where the optimizer
can, under suitable assumptions, be expressed as a function of the
problem parameters and therefore traces a solution manifold.

The rest of the paper is organized as follows. Section 2 intro-
duces the considered class of black-box optimization problems
and their reduced-dimensional counterparts. Section 3 presents
the proposed latent-space learning procedure and the resulting
Meta-GLIS algorithm. Section 4 provides theoretical bounds on
the sub-optimality gap between optimization in the original and
latent domains. Section 5 reports numerical results on a noncon-
vex benchmark and on automated MPC hyperparameter tuning.
Section 6 concludes the paper.

2. Problem description

We consider the following class of optimization problems pa-
rameterized by 6

fX(0) = minf(x; 0) st. xex (1)
X

where, for a given parameter § € R", f(x;0) : R™* — Risa

function of the optimization variable x € X € R™. The parameter

6 represents a set of conditions that affect the optimization

problem. These conditions may correspond to simulation settings,

X
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system configurations, or operational scenarios in real-world ap-
plications, which in turn influence the structure of the function
f(x; 0).

We assume that an analytical expression of f(x; 6) is not avail-
able, but the function can be evaluated at any feasible query input
x € X and for any parameter 6. This may be the case, for instance,
when 6 describes different configurations of the environment
and x is a design variable to be computed in order to optimize
a metric f, which in turn can be evaluated only through the
execution of a real experiment or high-fidelity simulation. The set
X represents known constraints on x. For the theoretical analysis
of our approach, we will denote by p(@) the distribution from
which the values of the parameter 8 are sampled. For the practical
implementation, as clarified in Section 3, we only assume access
to a finite set of samples drawn from p(6).

Problem Statement. Given the class of optimization problems (1)
in ny, variables and a desired reduced dimension n, < ny, learn a
map D : R™ — R™ such that the optimization of f can be carried
out effectively with respect to the lower-dimensional embedding z €
R":

fW)emgggﬂD&ﬁOL (2)
with
f(D(z*(9)); 0) ~ f7(6), VO eR"™,

where the feasible set Z = {z € R™ : D(z) € &}. In (2), € is used
to account for the possible non-uniqueness of the minimizer over the
latent feasible set Z.

In other words, our goal is to find a map D such that we
can retrieve an approximation D(z*(8)) of an optimizer x*(8) of
the original problem (1) from the solution z*(6) of the simpler
problem (2).

3. Methodology
3.1. Meta-dataset creation

We generate a set of N parameters {#"}} | by sampling from
the parameter distribution p(0), i.e., 6©) ~ p(0). For each 61, we
solve (1) by using any sample-based optimization algorithm (such
evolutionary learning, MCMC with smwlated annealmg Bayesian
Optimization, GLIS) and we gather a set {xk fk K, of K near—
optimal vectors X" and the corresponding function values fk
f(x,:), 0®M), with x IE') XD Wl £ m, I,m = 1,...,K. For a given
6% we refer to as near -optimal vectors as the best K candidate
points explored during the iterations of the numerical algorithms
used to solve (1). We denote the meta-dataset as

i . . N
D= {60, SO0 3)

Remark 1. The meta-dataset D is generated offline, e.g., from
simulators or inexpensive proxies. This cost is a one-time invest-
ment, amortized over future instances of the same problem class,
and is distinct from the online evaluation budget used to compute
the optimal solution of a new problem instance.

3.2, Learning a latent representation via autoencoders

An autoencoder (AE) (Hinton & Salakhutdinov, 2006) is trained
to map an input vector x € R™ to itself, while passing through a
bottleneck layer of size n, < ny. Let us consider an autoencoder
A&y 1 R™ — R™ with learning parameters ¢, which is composed
of an encoder E4, : R™ — R™ mapping x to a lower dimensional
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latent space vector z and a decoder Dy, : R™” — R™ mapping
the latent vector z to reconstruct the original vector x. Given
the meta-dataset D in (3), we train the autoencoder A&y by
minimizing the following weighted reconstruction error over the
parameters ¢ = {¢e, Pq}:

L(p) = mm — Z Z w[x

i=1 k=1

— Ag4(X113, (4)

where the weights wk) are chosen to glve relatively more im-

portance to the best candidate points x, In particular, given a
hyperparameter X € [0, 1), we define the weights as follows:
G0, ... i) == argsort ({fk(')}fle) ,

w =M, k=1, K,
where the function argsort(-) sorts the argument values in as-
cending order.

After training the autoencoder, black-box optimization is per-
formed over z in a lower-dimensional space. The decoder Dy,
then maps the latent variable z back to the original high-dimen-
sional space, where the function f(x; 6) is evaluated. The latent di-
mension n, is a hyperparameter selected from the reconstruction
error on a held-out validation set. Since the meta-dataset is gen-
erated offline, validation can be performed without consuming
the online evaluation budget. The choice of n, reflects the usual
trade-off of latent-space methods: decreasing n, degrades re-
construction, whereas increasing n, weakens the dimensionality-
reduction benefit. Notice that, when standard activation functions
and finite weights are used, the decoder is continuous and locally
Lipschitz, although the regularity of the induced latent objective
f(Dg,(2); 6) still depends on the black-box function f.

Remark 2. Penalty terms can be added to the loss (4) to penalize
violations of the constraints defining X, although this only en-
courages feasible decoder outputs and does not strictly enforce
feasibility. For box constraints X := [, q]™, scaled and shifted
sigmoid activations may be used in the decoder output layer
to restrict the reconstruction between | and g. This, however,
excludes boundary points, so applications where optima are ex-
pected to lie on the boundary of the feasible set may require
alternative parameterizations or projection-based constraint han-
dling. Similarly, bounds on the latent variables can be imposed
by using a sigmoid activation function in the last layer of the
encoder, which rescales z to the box Z = [0, 1]", restricting
the search space over the latent domain, as discussed in the next
section.

In the following paragraph, we provide more details on the
application of the proposed approach for the implementation of
GLIS in a low-dimensional space. Nevertheless, the same ideas
can also be applied to other BBO algorithms, such as Bayesian
Optimization.

3.3. Meta-GLIS: GLIS over a low-dimensional space

In this section, we describe how to apply the proposed meth-
odology to implement Meta-GLIS, a lightweight version of GLIS
(Bemporad, 2020) based on meta learning that operates in a low-
dimensional latent space. First, we recall that the encoder E,,
and decoder Dy, are pretrained (e.g., in a simulation environ-
ment) using the meta-dataset D defined in (3). Given a query
parameter 6 (which represents, for instance, the conditions of a
real-world problem, rather than a simulated one), the goal is to
solve the original optimization problem (1) for & = 6. Outside
the simulation environment, evaluating the objective function
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f(x,0) is assumed to be costly. Therefore, Meta-GLIS is expected
to provide a near-optimal solution within a limited number of
function evaluations.

The Meta-GLIS algorithm, summarized in Algorithm 1, follows
a standard surrogate-based black-box optimization strategy. First,
an initial set of M, samples is drawn from the latent space
domain 2 = [0, 1]™ using, e.g., Latin Hypercube Sampling
(LHS) (Step 2). The function f(D¢d(z);é) is then evaluated at
these initial points, forming the initial dataset Dy (Step 3). In the
iterative optimization loop (Step 4), a surrogate model f : Zz —
R is constructed to approximate the objective function based
on the dataset Dy = {z, f(Dy,(2); O)}}1, (Step 4.1). As in the
original formulation of GLIS, a linear combination of Radial Basis
Functions (RBFs) (Gutmann, 2001) is used to create the surrogate
function. Specifically,

M
f@) =" Bgplpd(z, z0)), (5)

k=1

where ¢ : R — Risan RBF, d : Z x Z — R is the squared
Euclidean distance d(z,z,) = |z — zk||§, u > 0 is a scalar
hyper-parameter defining the shape of the RBF. The unknown
coefﬁcient§ B = [B1 ... Bul" are computed by fitting the
surrogate f(z) to the dataset Dy through the minimization of the
regularized squared error:

M M
3 0en iz 80— 3 Btz 20| +y 181 ©)
=1 k=1

@)
where the quadratic regularization term (weighted by the hy-
perparameter y > 0) is added to guarantee strict convexity

of (6). Some RBFs commonly used are ¢(ud) = m (inverse

quadratic) and ¢(ud) = e~ #9* (squared exponential kernel). Both
the hyperparameter x and y are tuned through cross-validation.
The acquisition function a(z) is then constructed (Step 4.2) as:

a(z) = f(z) — 8h(z), (7)
where h(z) is an exploration-promoting function, and § > 0
is a tuning hyperparameter that balances exploitation and ex-
ploration. According to GLIS (Bemporad, 2020, Section 4), the
exploration term is defined by the Inverse Distance Weighting
(IDW) function:

0 if z € Dy,
h =
() 2 tan™! (M L

=12

(8)

) otherwise.

The acquisition function (7) is then minimized to determine
the next sampling point zy,; and the corresponding decoded
value Xy41 = Dg,(zm4+1), at which the objective function is
evaluated (Steps 4.3 and 4.4). The process continues until the
maximum number of iterations is reached. The best solution is
then returned.

4. Sub-optimality quantification

The goal of this section is to establish probabilistic theoretical
bounds that quantify the gap between solving the original prob-
lem (1) and the reduced-dimensional problem (2) over the latent
set Z.
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Algorithm 1 Meta-GLIS
Input: number Mjy;; of initial samples; maximum number Mp,.x >
My of function evaluations; pre-trained encoder E4, and decoder
Dgy,; query parameter 6.
1: Set M < Mip;t;
2: Generate M random initial samples Z = [z, ..
3: Create dataset Dy < {(z;, f(Dg,(z; 9)))}}1]:
4: while M < M.« do:

.,zZu] from z;

4.1 Compute surrogatef(z) of f(Dy,(2); 0)from Dy;
4.2 Compute acquisition function a(z) (see Eq. (7));
4.3 Compute next input zy . = arg mizn a(z);

ze

4.4 Evaluate f(Dy,(zp+1); 6);
4.5 Augment the dataset:

Dir1 < D U {(2u41. f(Dyy(2m41): 6))}
46 M <~ M + 1;

5: end while;
6: Compute best solution:

z* = arg min f(Dy,(2): 0),

X'« Dy, (2%). f* < f(x*; 6).
Output: Best function value f* and corresponding input x*.

4.1. Definitions

For a given parameter 6 taking values in a measurable set
® C R™ and a random variable § € & C R™%,let A4, : ©® X & —
X be a deterministic map from (6, §) to a value x = A(9, &),
x € X. In our work, A, represents a numerical optimization
algorithm (e.g., gradient descent, particle swarm optimization,
Bayesian optimization), £ the random realizations characterizing
the algorithm (e.g., initial conditions, mini-batches in stochastic
gradient descent, etc.), and A4(@, &) the solution returned by A,
when applied to problem (1) with parameters 6 and for random
algorithm’s parameters &. Alternatively, A, can be the mapping
that returns a global minimizer of problem (1). In this case,
Xx*(0) = A4(6, &) depends only on the parameters 6 characterizing
the objective function f.

Analogously, let A4, : ® x £ — Z be a deterministic map-
ping such that A4,(6, ») represents the solution of the reduced-
dimensional problem (2) returned by algorithm A4,, with o €
£2 capturing the random settings involved in the reduced-space
optimization procedure. Note that A, and .4, do not need to be
the same numerical algorithms.

We measure the relative gap in performance when optimizing
in the reduced space via the relative performance gap defined as:

_ f(D(A(0, )); ) — f(A(0, §); 6)
[fF(A(8, €); 0)] + €

where ¢ > 0 is a small constant introduced to avoid possible
divisions by zero. In the special case

Ax(es g) = X*(G)s Az(ea w) = Z*(G), (]O)

the performance gap ¥(0, &, ) measures the theoretical loss
between the optimal solution of problem (1) and that of the
reduced-dimensional problem (2). However, this value can be
computed only if problems (1) and (2) can be solved exactly at

V(0,8 w): , (9)

1 In case of multiple global optima, x*() may also depend on some random
variables & if x*(6) is selected at random from the set of global optimizers.



R. Busetto, M. Mejari, M. Forgione et al.

the global optimum. More generally, when A, and A, denote
numerical optimization algorithms, the performance gap may
also take negative values as the global optimum of problem (1)
might not be reached by the algorithm A,.

Let p(¢) and p(w) be distributions over the random variables
€ and o, and {(67, £®, @)} be a validation set of i.i.d. draws
from product measure p(6) ® p(&§) ® p(w). The validation set thus
corresponds to m realizations of the performance gap ¥, namely,
withi=1,...,m,

fO = Flx0®, £0%; 00,

Finally, let (6™", £™V »"") be an independent draw from
p(0) ® p(¢§) ® p(w), not used during training or validation, with
corresponding objective value f™" and performance gap ¥"".

We denote by P the underlying probability measure induced
by the product distribution p(0) ® p(§) ® p(w). Accordingly, for
any measurable set A C R, we write

Py(A) :=P(¥ € A) =P (¥~ '(A)) (12)

) .— lp(@(l’)’ S(i), a)(i)). (11)

to denote the probability distribution of the random variable ¥.
Similarly, let S = {¢ ¥} | denote the validation set. We write Ps
for the probability distribution of S, induced by the i.i.d. draws

{09, D, @), ~ p(6) ® p(§) ® p(w).
4.2. Generalization bounds on the performance gap

Theorem 1 (Generalization Bounds). For any «,8 € (0, 1), let

kK = {m(l —a + gm)-l and &, = ,/%. Assume that the

number of validation samples m is large enough so that o > e, (or
equivalently, k* < m). Then, with probability at least 1—§ over the
validation set S = {lI/(”}L, we have

]Pq/(lp < ll/(k*)) > 1-— o, (13)

where W, denotes the kth order statistic of the validation values,
ie, if
Yy <Yz < -+ < Yy, (14)

then ¥y, is the kth smallest value in the ordered sequence. Equiva-
lently,

Ps((Po (¥ < W)

S)Zl—a)ZI—S. n (15)

The proof of the theorem is reported in Appendix.

Theorem 1 has the following interpretation. To construct the
validation set, we generate m i.i.d. realizations {(8, £, 0@)}" |
from the distribution product p(8) ® p(¢§) ® p(w). For each triple
09, €0 @), we run the two optimization algorithms .4, in the
original space (e.g., GLIS) and A, in the reduced latent space
(e.g., Meta-GLIS), and we compute the corresponding perfor-
mance gap

= ygEe® 0 o0 i=1,..., m (16)

The theorem guarantees that, with probability at least 1 — § over
the draw of the validation set S, the order statistic ¥+ provides
an upper bound on the (1 —«)-quantile of the true distribution of
¥ . Equivalently, for a new independent draw (6™", £V, @"W) ~
p(0) ® p(&) ® p(w) and corresponding performance gap ¥V =
l]/(@“ew, Enew’ wnEW)' we have

Py (‘I’HEW < Y

s) > 1—a, (17)

and this condition holds with probability at least 1 — § with
respect to the randomness of the validation set S.
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Remark 3. The performance gap ¥ in (9) is an offline validation
metric, not an operational quantity to be computed at deploy-
ment. It can be evaluated once on a held-out validation set to
certify the latent-space optimizer against a reference method.
After validation, only the reduced-space optimizer is run on a new
problem instance.

5. Numerical examples

We evaluate the performance of Meta-GLIS on two numerical
examples. The first involves the Rosenbrock function (Rosen-
brock, 1960), a well-established benchmark problem in nonlinear
optimization. The second focuses on the automated calibration
of a set of MPC tuning knobs. Computations are carried out on
a server equipped with an NVIDIA RTX 3090 GPU. To guarantee
reproducibility of the results, all Python scripts are made available
in the GitHub repository https://github.com/buswayne/meta-glis.

5.1. Rosenbrock function benchmark

The Rosenbrock function to be minimized is defined as:

nx—1
2
fo=3" [91 (X1 = X7)" 4 02(03, _Xi)z] ; (18)
i=1
where 6; € R,6, € R,03 e R™ ! are random realiza-

tions sampled, respectively, from the following uniform distri-
butions U[10,1000]> U0.1,10]» (U[o.],]o], ... U.1,10) ). For the nominal
case, 6 = [100,1,1], where 1 € R™ is a vector with all
entries equal to 1, the function is non-convex and has a narrow,
curved valley containing the global minimum at (xj, ..., x; ) =
(1,...,1).

The meta-dataset is obtained from N = 500 instances of
the parameter 6, sampled from the uniform distributions de-
scribed above, with n, = 20. We solved each problem by em-
ploying a differential evolution algorithm (Storn & Price, 1997)
with 1000 generations over the feasible input domain X =
[—2.5, 2.5]%°. Differential evolution is used here only to gener-
ate high-quality offline samples for the Rosenbrock benchmark,
whose analytical expression makes such offline optimization in-
expensive. This is distinct from the online budget used to com-
pare GLIS and Meta-GLIS. We then created a meta-dataset D =

oo 500
[9('), O, £ ,120]0] . Similarly, we generated a separate test
i=1

R 100
dataset ptest 210N {ng), k(')},‘{iof ~ to evaluate the recon-
struction capabilities of an autoencolc_lér with latent dimension
n, = 3, when trained as discussed in Section 3.2. The encoder
and decoder are fully connected neural networks, each with two
hidden layers. The encoder has ny inputs, a first hidden layer with
128 units, a second hidden layer with 64 units, and n, outputs.
The decoder has a symmetric structure. The time required to train
the autoencoder is approximately 20 min.

In Fig. 1 we can see the candidate solutions generated by
the differential evolution algorithm (blue points), along with the
optimal solution for each problem instance (green points) and the
autoencoder output for each candidate solution (orange points).
We can see that the reconstructed inputs lie in a manifold with
reduced dispersion, which accurately describes the region where
optimal solutions lie.

The Meta-GLIS algorithm is applied in the learned n, = 3-
dimensional latent space, with Mj,;; = 2n, = 6 initial random
points generated using LHS within the box Z = [0, 1]°. For
comparison, optimization is also performed using GLIS over the
original 20-dimensional input domain. In this case, 2n, = 40 ini-
tial points are randomly generated within the box [—2.5, 2.5]%°
using LHS. A Monte Carlo analysis is conducted on 100 newly
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Fig. 1. Learned manifold of the trained autoencoder over test functions: candi-
date solutions generated by the differential evolution algorithm (blue points);
optimal solution for each problem instance (green points); output of the
autoencoder for each candidate solution (orange points). (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

0 20 40 60 80
Iteration index M

Fig. 2. Comparison of the average performance obtained with GLIS (blue)
and Meta-GLIS (red) over N = 100 runs. Global optimum (green). Shaded
areas correspond =+ one standard deviation over 100 Monte Carlo runs. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 3. Sampled points by GLIS (blue circles) and Meta-GLIS (orange circles),
along with corresponding best solutions (stars). The global optimal solution
(green cross) overlaps with the orange star. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)

generated problem instances that were not used for training the
autoencoder.

The obtained numerical results are reported in Fig. 2, which
shows the best value of the Rosenbrock objective function achie-
ved at each iteration of the GLIS and Meta-GLIS algorithm. The
figure presents both the average and standard deviation over 100
Monte Carlo runs. The results highlight the advantages of Meta-
GLIS, which achieves near-optimal solutions after approximately
20 iterations, whereas GLIS remains far from the global opti-
mum even after 100 iterations. This underscores the well-known
advantages of running GLIS, and more in general BBO.

This advantage can be formally quantified by applying the
theoretical guarantees of Theorem 1. We generated M = 1000
validation instances of the optimization problem and solved them
using GLIS, and Meta-GLIS, which allows us to compute the cor-
responding probabilistic bounds on the performance gap ¥. For
8 = 0.05 and @ = 0.1, the computed bound on the performance
gap between Meta-GLIS and standard GLIS (operating on the
full space x) demonstrates a clear advantage: 90% of the test
instances achieve at least a 68.87% relative improvement when
optimization is performed in the latent space (blue dashed line
in Fig. 4). This result can qualitatively be appreciated also in Fig.
3, which illustrates a single instance of the Monte Carlo runs. The
figure shows the points sampled by GLIS and Meta-GLIS over the
algorithm’s iterations, projected onto three planes as in Fig. 1. It is
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Fig. 4. Empirical CDFs of the performance gap using Meta-GLIS compared with
GLIS over 100 test instances. Theoretical bound from Theorem 1 (blue line);
empirical 90%-quantile on the test set (orange line). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

evident that in GLIS, which directly optimizes over x, the sampled
points (blue circles) after 100 iterations almost uniformly cover
the search space x. In contrast, in Meta-GLIS, where optimization
is performed over a lower-dimensional space, the sampled points
(orange circles) remain within the learned manifold by construc-
tion, and the solution (orange stars) converges much closer to the
optimal value.

5.2. Automated calibration of MPC hyperparameters

As another case study, we consider the same problem in
Forgione et al. (2020), which uses GLIS for automatically tuning
some hyperparameters of a model predictive controller. The sys-
tem to be controlled is a cart-pole described by the differential
equations:

(M + m)p + mLyy — mLyr? siny + bp = F, (19)
Llﬁ—i-iicosd/—gsinx//—i-fwfpzo, (20)

with p, ¢ and F being, respectively, the cart position (m), the
pendulum angle (rad), and the input force on the cart (N). The
force F is regulated by the MPC to track a position reference p™f
(dashed red line in Fig. 7), while maintaining the pole in a vertical
position (i.e., ¥ ~ 0) for a pre-defined duration of the experiment
T®P. In addition, whenever: (i) the pendulum falls (|y| > %), (ii)
the cart position exceeds the track length (|p| > 1.1 m), or (iii)
numerical errors occur in solving the MPC problem, the controller
is stopped at a time TSP < TP,

For the implementation of the MPC, the continuous-time non-
linear dynamics (19) is discretized with a sampling time TMPC,
which must be greater than the time required for solving the MPC
control law TMPC. At each time step t, the MPC provides, with
a receding-horizon strategy, the input minimizing the objective
function:

Np—1
Jmpc = Z ((yt+k\t - J’{fk)TQy(J/Hku - y{ifk)

k=0

+ (Uegke — u;ifk)TQu(uH—k\t - ”;ifk)

AU QA ) + Qs (21)

subject to input and output constraints (see Forgione et al. (2020)
for details). In (21), y = [p, ¥1; u=F; N, is the prediction hori-
zon,; u{ef and y{ef are the input and output reference; respectively,
at a generic time step t; n is a slack variable used to soften the
input and output constraints; and Au, is the input variation.
The goal of this case study is to tune the following n, = 14
hyperparameters within the intervals visualized in Fig. 5: the
positive semidefinite weight matrices of the MPC cost Q, =

0 . L. .
(Qyn qyzz), Quy € R; prediction N, and control horizon Ny;
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Fig. 5. Empirical distributions of the optimal solutions over 100 test system realizations (solid lines) and corresponding 3000 queries sampled during the optimization
(shaded areas) for each MPC hyperparameter: GLIS (blue); Meta-GLIS with nonlinear (orange) and linear decoder (purple). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

MPC sampling time TMPC; log of the absolute and relative tol-
erances of the QP solver log QP , log QP used to minimize
(21); process and measurement noises of diagonal covariance
matrices W,, € R** and W, € R?*? and used by a Luenberger
observer to reconstruct the system state. The hyperparameter-
calibration problem is formalized as the minimization of the
following closed-loop performance index over the entire duration
Texp Of the experiment:

Texp
J9=1In ( / 10p™(t) — p(£)] + 30]¥(¢)| dt)

=0
+ € (T = T"C) + €' (Texp — Tstop),

calc

(22)

where the first term penalizes the tracking error and oscillations
of the pendulum, while ¢ and ¢’ are barrier functions penalizing,
respectively, unfeasible real-time implementation of the control
law (ie, TMC > TMPC) and early stopping of the experiment
(i.e., Tstop < Texp)-

To generate the meta-dataset D, we sample the parame-
ters & = [M,m,b, f,,,,L]T of the cart-pole dynamics equa-
tions from the uniform distribution over o525 X Upz2,1.0 X
U0.1,0.5] X Ujo.1,0.5] X Ujo.3,1.5], generating a total of N = 200 system
configurations. In the generation of D, the cost function (22)
is minimized witI%OOGL[S over 500 iterations, leading to D =
{00, 047, 53324 ] ” with 200 x 500 = 100,000 points. These
explored points are used for training an autoencoder with the
same architecture as the previous example (n, = 3), with A =
0.5.

Meta-GLIS is then applied on Nt = 100 test cases, where
the cart-pole dynamics are sampled from the same distributions
as those used for training. As discussed in Remark 1, both the
meta-dataset and the test evaluations are simulated in this proof-
of-concept study. However, the reported iteration counts only
refer to the online budget used to tune a new system instance.

For a fair comparison, Meta-GLIS is evaluated against standard
GLIS that also leverages information from the meta-dataset D. In
particular, we initialize GLIS with the optimal hyperparameter
vector associated to the central parameter 6, = [1.5,0.6,0.3,
0.3, 0.9]. From Fig. 6, we can see that Meta-GLIS (orange line)
starts with a higher cost with respect to GLIS, but it quickly
converges to cost values J9 < 0 at around iteration 20, where
the cart position p has oscillations that are very small around the
reference p™'. This can be visualized in the simulations in Fig.
7, where the shaded areas associated to GLIS (blue) and Meta-
GLIS (orange) represent the standard deviation of the trajectories
over the 100 tests. Indeed, the orange shaded area is very narrow
and almost coincides with the reference signal. Thus, in this case
study the main advantage of Meta-GLIS is not a substantially dif-
ferent final trajectory, but faster and more consistent calibration
under a limited online evaluation budget.

10”4
1 — GLISgz Meta-GLIS D(z) —— Meta-GLIS D' (z)
10' 1
& 10° T~—
0 m
-10° 4
5 10 15 20 25 30

Iteration index M

Fig. 6. Closed-loop performance index vs number of algorithm’s iterations. GLIS
(blue); Meta-GLIS (orange); Meta-GLIS with linear decoder (purple). Average
(solid lines) and standard deviation (shaded areas) over 100 system realizations.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 7. MPC simulation over 100 test systems: achieved performance with
hyperparameters calibrated through GLIS (blue); Meta-GLIS (orange) and Meta-
GLIS with linear Decoder (purple). Average (solid lines); standard deviations
(shaded areas); position reference (dashed red line). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

5.3. Interpretation via a linear decoder

The learned latent space can also provide qualitative infor-
mation on which original variables are most relevant for the
optimization. To illustrate this, we replace the nonlinear decoder
with a linear one, Dg‘;(z) = Az +Db, while keeping the encoder and
n, = 3 unchanged. This ablation is not part of the main method,
but makes the effect of the latent variables directly readable from
the column-normalized matrix A.

As shown in Figs. 6 and 7, the linear decoder still outperforms
GLIS, with only moderate degradation relative to the nonlinear
decoder. The largest entries of the column-normalized matrix
A correspond to N, and the QP-solver log-tolerances QP and
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Fig. 8. Magnitude of the weights of the normalized matrix AT characterizing
the linear decoder.

QP , (Fig. 8), indicating that the learned manifold mainly allo-
cates search variability to these hyperparameters. This is consis-
tent with Fig. 5, where broader exploration is retained mainly for
the most influential variables.

6. Conclusions

We presented a method for reducing the dimension of the
decision variable space in black-box optimization. The key idea
is to learn, via an autoencoder, a low-dimensional embedding
of precomputed near-optimal solutions sampled from a class of
problems, and then perform online optimization in this embed-
ded space using experiment-driven techniques such as Bayesian
Optimization or GLIS. As shown on the Rosenbrock benchmark
and on automated MPC hyperparameter calibration, this sub-
stantially reduces the number of online experiments required
compared to optimizing in the original space.

Future research will extend the methodology in several di-
rections. On the methodological side, we aim to integrate the
approach with preference-based optimization, where objective
functions are evaluated through qualitative comparisons rather
than measured directly. On the theoretical side, the generaliza-
tion bounds could be sharpened and extended to broader meta-
learning scenarios such as amortized optimization and reduced-
space system identification.

Appendix

In this appendix we provide the proof of Theorem 1. First, a
set of useful result is provided.

Property 1 (i.i.d. Structure of the Performance Gap). Let (%), €W,
o®),i=1,...,m, beiid. draws from the product p(6) ® p(§) ®
p(w). Define the performance gaps

vl = w0 0),  i=1,...,m, (23)

as in (9). Then {¥ (")}}" 1 are ii.d. real-valued random variables.

Proof of Property 1. By hypothesis, (9@, €@ »®) are i.i.d. samples
drawn from the product distribution p(8) ® p(§) ® p(w). For
each triple (0, &, w), the performance gap ¥ (6, &, w) is obtained
by applying the same deterministic transformation, consisting
of the optimization algorithms .4, and A;, the decoder D, and
the objective function f. Since applying a fixed deterministic
transformation to i.i.d. inputs preserves both independence and
identical distribution, the resulting values

O = yge® 0 o0 i=1,...,m, (24)

are themselves i.i.d. real-valued random variables. ®

The following lemma by Dvoretzky-Kiefer-Wolfowitz (DKW),
and refined by Massart in Massart (1990) establishes that the
empirical cumulative distribution function F,, of m i.i.d. samples
uniformly approximates the true cumulative distribution function
F of the underlying random variable ¥. Specifically, with proba-
bility at least 1 — §, the maximum deviation sup; |F(t) — F(¢t)] is
bounded by &, = +/log(2/8)/(2m). This result provides a non-
asymptotic, distribution-free guarantee on the accuracy of the
empirical CDF.
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Lemma 1 (DKW-Massart Inequality (Massart, 1990)). Let ¥ be
a real-valued random variable with cumulative density function
(CDF) F and let F,, be the empirical CDF of i.i.d. samples ¥V, ...,
v defined as:

N 1 < .
Fu(t) = — 21[11/(’) <t], teR, (25)
i=1

with 1 denoting the indicator function.
Then, for any § € (0, 1), with

e = | 1082/8) (26)
2m

it holds that

IP’s<sup |Em(t) — F(t)| < 8m> > 1-34, (27)

teR
where S := {¢ )" s the set of i.i.d. samples of W.
In the following section, we provide the proof of Theorem 1.

Proof of Theorem 1. We proceed in two steps.

Step 1. The goal of this step is to show that the true quantile
Qi = inf{t : F(t) > 1 — «} (for any @« € (0, 1)) can be
upper bounded, with high probability (i.e., with probability at
least 1 — §, for arbitrary § € (0, 1)), by a suitable order statistic
of the validation samples S = {¢) .= w01, 0, o)} with

09, 0, 0y ~ p(6) ® p(§) ® p(w). (28)

Let t* := Y+ be the k*-th order statistic of the validation set.
By construction, at least k* samples satisfy () < t*, hence by
definition of the empirical CDF in Eq. (25), we have:

Fu(t*) > — (29)

where the inequality (and not equality) holds because multiple
samples ¥ may coincide with t*.
Define the event

£:= {sup|ﬁm(t) —F(t)| < sm}. (30)

teR

On &, we have

*

A k
F(t*) > Fa(t)—em > — —éem > 1—a, (31)
m

where the last inequality follows from the definition of k*.
By definition of the true quantile, inequality (31) implies
Qo = 7 = Wy (32)

Let us set &, = /82 since {w®)™  are iid. random
variables (Property 1), the DKW-Massart inequality (Lemma 1)
can be applied. This implies that for any § € (0, 1), the event &
holds with probability at least 1—§ over the draw of the validation
set S. Thus,

Ps(Q-oa < %un) = 1-36. (33)

Step 2. We now leverage the quantile bound from Step 1 to
control the performance on a new draw (O"W, £V @"W) ~
p(8) ® p(¢) ® p(w). By definition of the (1 — «)-quantile,

Pw(anew < Ql—a) =1—-a. (34)
If £ holds, then Q;_, < ¥), and hence

(U < Py} D {P"Y < Qi) (35)
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Therefore,

Pl]/ (wnew S lp(k*)

5) = Po(¢"" < Qi)

Taking the outer probability over the validation samples S, we
obtain

PS(PW (‘P"ew < Y

S)zl—a) > 1-3, (37)
which completes the proof. ®
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