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This paper proposes a novel combination of extended Kalman filtering (EKF) with the alternating
direction method of multipliers (ADMM) for learning parametric nonlinear models online under non-
smooth regularization terms, including ¢; and ¢, penalties and bound constraints on model parameters.
For the case of linear time-varying models and non-smooth convex regularization terms, we provide a
sublinear regret bound that ensures the proper behavior of the online learning strategy. The approach
is computationally efficient for a wide range of regularization terms, which makes it appealing for its
use in embedded control applications for online model adaptation. We show the performance of the
proposed method in three simulation examples, highlighting its effectiveness compared to other batch
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1. Introduction

Online learning of nonlinear parametric models is of para-
mount importance in several domains, including model-
based adaptive control and real-time estimation of unmeasured
variables. Typically, parametric models derived from physics
(Schoukens & Ljung, 2019) or black-box (Pillonetto et al., 2025)
structures are identified offline on training data, then directly
deployed and used without any further updates. On the other
hand, further adapting the model online can significantly improve
its predictive capabilities (Akpan & Hassapis, 2011), especially
when the phenomenon we are modeling changes over time,
and allows for smaller model structures that adapt to varying
operating conditions, unlike single, overall models trained offline
to cover all conditions.

A vast literature exists for online learning (Hoi, Sahoo, Lu, &
Zhao, 2021), and several approaches using first or second order
gradient information are suitable for real-time model adaptation.
Examples of algorithms exploiting first-order information are
online gradient descent (OGD) and its regularized alternatives,
i.e., follow the regularized leader (FTRL) and online mirror descent
(OMD) (McMahan, 2017), which are usually fast at execution but
slow at convergence. Second-order gradient information can be
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used to improve the convergence speed, such as in the online
Newton step (ONS), or in the well known extended Kalman filter
(EKF) (Kalman, 1960) which has been proved to be very effective
in online model adaptation by treating the parameters as constant
states to be estimated (Abulikemu & Changliu, 2020; Bemporad,
2021).

While FTRL and OMD, as well as modified versions of the
standard EKF (Bemporad, 2021), can effectively deal with smooth
regularization terms, non-smooth regularizers are often required
when learning models. Non-smooth ¢y or ¢; penalties are used
to induce sparsity in the model (Van de Geer, 2010), and group-
Lasso terms to remove entire parts of the model, such as neu-
rons of a neural network (Scardapane, Comminiello, Hussain,
& Uncini, 2017). Indeed, obtaining compact models is particu-
larly important for embedded applications, such as model pre-
dictive control, where the real-time numerical complexity of the
controller depends directly on the complexity of the prediction
model. In addition, indicator functions of feasible sets are an-
other example of non-smooth penalties that are used to impose
constraints on model coefficients, such as known bounds on
certain unknown physical parameters (Boyd, Parikh, Chu, Peleato,
& Eckstein, 2011).

Several approaches have been proposed for online learning
under non-smooth regularization. Online ADMM (alternating di-
rection method of multipliers) (Wang & Banjaree, 2012) allows
handling quite general non-smooth regularizers, while EKF can
be modified to deal with ¢;-regularization by treating it as a
special limit case of a smooth regularizer (Bemporad, 2021).
While the main limitation of online ADMM is its convergence
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speed, the main limitation of EKF is that it is not directly suit-
able for dealing with general non-smooth regularization terms,
such as ¢y regularization, group-Lasso penalties, and indicator
functions of feasible sets. The main contribution of this work is
to show interesting connections and similarities between these
two approaches, developing an extension of EKF that inherits the
advantages from both, i.e., the convergence speed of EKF and the
capability to handle general non-smooth regularization terms of
online-ADMM.

The proposed method consists of a simple and computation-
ally efficient modification of the EKF algorithm by intertwining
updates based on online measurements and output prediction er-
rors with updates related to ADMM iterations. This modification
allows EKF to deal with a broad class of non-smooth regular-
ization terms for which ADMM is applicable, including ¢¢/¢1
penalties, group-Lasso and indicator functions of simple sets. For
linear time-varying models and convex regularization terms, we
provide a sublinear regret bound that proves the proper behavior
of the resulting online learning strategy. The proposed method
is computationally efficient and numerically robust, making it
especially appealing for embedded adaptive control applications.

The rest of the paper is organized as follows. Section 2 gives a
quick introduction to the use of EKF for online model learning,
setting the background for the proposed ADMM+EKF approach
described in Section 3. In Section 4, we prove a sublinear regret
bound for the proposed approach in the convex linear case. Sim-
ulation results are shown in Section 5 and conclusions are drawn
in Section 6.

1.1. Notation

Given a matrix A € R™", A;. denotes the ith row of A, A;; its jth
column, A;j its (i, j)th entry. Given a vector v € R" we denote by
v™ a measurement of v, by ||v]; = ZLl |vi| the 1-norm of v and
by |lv]|lo its 0-norm, which is defined as the number of non-zero
elements in the vector. Given a symmetric positive semidefinite
matrix P = PT > 0, P € R™", we denote by ||u||12, the quadratic
form v'Pv. Further, we denote by 9;; the estimate of vector v
at instant i given all information up to instant j, and by P;; the
corresponding covariance matrix. v ~ N(u, P) and v ~ Uy, vma]
denote that v was randomly generated from a normal distribution
with mean x and covariance P or from a uniform distribution in
the interval [vmin, Umax], TESPECtively.

2. EKF for online model learning

Given a dataset (g, yi'), z € R,y e R, k=0,1,...,N—1,
our goal is to recursively estimate a nonlinear parametric model

y = h(k, z; x) (M

which describes the (possibly time-varying) relationship between
the input signal z7' and the output signal y;'. In (1), x € R™ is
the vector of parameters to be learned, such as the weights of a
feedforward neural network mapping z into y, or the coefficients
of a nonlinear autoregressive model, with y representing the
current output and z a vector of past inputs and outputs of a
dynamical system. In order to estimate x and capture its possible
time-varying nature, we consider the nonlinear dynamical model

Vit = () + e (2)

where hi(-) = h(k, zy; -) and we assume hy : R™ — R™ differ-
entiable for all k, y;}l € RY, and r, ~ N(0, Ry), qx ~ N(O, Qi) are
the measurement and process noise that we introduce to model,
respectively, measurement errors and variations of the model
parameters over time, with corresponding covariance matrices
Rc = R, > 0, Q¢ = Q; > 0. By linearizing model (2) around a

Xk+1 = Xk + Gk,
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value x; of the parameter vector, i.e., by approximating hy(x;) ~
hi(xk) + C(Xk — Xi), Cri: = Vihia(X)', i =1, ..., ny, we obtain the
linear time-varying model

Yk = Cexy + 1 (3)

with y, = yﬁ’ — hi(xy) + CiXy. The classical Kalman filter (Kalman,
1960) can be used to estimate the state in (3), i.e., to learn
the parameters x; recurswely Given Xo|_1, Po—1 we perform the
following iterations for k = ,N —1:

Pka =PI<TI<—1 +GR G

Xk+1 = Xk + Gk,

Rk = Xigr—1 + Pk|kaT R — CeRige—1) )
Pl = (Qe+ P)™!
Xk+1u< = xk\k

with X, = Rgjk—1. The first two updates in (4) are usually referred
to as the correction step and the last two as the prediction step.
Note that (4) is an EKF for model (2), since Ci is the Jacobian of
the output function at Xx—1 and the output prediction error used
in the correction step is e, = yi' — CeRik—1 = yzl’m — hi(Rijk—1)-

As shown in Jeffrey, Preston, and Jeremy (2012), the state
estimates Xy, X+ 1« generated by the Kalman filter (4) are part
of the optimizer of the following optimization problem

>A<ou<, .. Xk|l<axl<+l\k = arg min ||Xo —X0| 1||,, 1

X0seeo Xk o X1
k
m
+ § :Hyi
i=0

Problem (5) can be solved recursively at each step k by minimiz-
ing the following cost functions:

(5)

2 2
— Cixi| (o1 + [1Xi1 = Xillg 1
1 i

Xigk = arg min % — Rie— ||12,—1_ + |yt - Cka”;k-l (6a)

Rk R 16 = arg min ||Xk Xk\k”[,
Xl Xk+1

+ X1 — Xk”é’q (6b)

where Xy, Xkt1jks Pik, and Py are the state estimates and
covariance matrices computed as in (4).

3. EKF under non-smooth regularization

In order to regularize the model, we modify the classical
iterations (4) by changing the minimization in (6a) to

N .1 N 2
Xk|k =arg mmi HXk — Xk|k—1 ||Pk_!l

X;i |k— (7)
+ 5 ||J/;Z1 - Cka||;;1 +g(xk)

where g(-) : R™* — RU {400} is a possibly non-smooth and non-
convex regularization term. By defining S = {(xy, v) € R™ x R™ :
X¢ = v}, (7) can be equivalently reformulated as the following
constrained optimization problem

A A 2
Xy, V* =arg mlﬂ* H — Xklk—1 H p-1
(Xk» v)es klk—=1 (8)

2
+ 3 ||ykm - CkaHR’-1 +8(v)

which can be solved by executing the following scaled ADMM

iterations (Boyd et al., 2011):

i = arg min [ e [0

VAR S ST (%)
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. 0 N 2
v = arg ming(v) + > v —x,td‘;l - w’||2
v
= prox%(&,ﬁrkl +wh) (9b)
wtl = ! +5(;|+k1 — it (9¢)
fort =0,...,n; — 1, where p > 0 is a hyper-parameter to be

calibrated and “prox” is the proximal operator (Parikh & Boyd,
2013). As shown in Boyd et al. (2011), in the convex case, the
ADMM iterations (9a)-(9c) converge to the optimizer of (8) as
n, — o0, and often converge to a solution of acceptable accuracy
within a few tens of iterations. Iteration (9c) is straightforward
to compute; iteration (9b) can be solved explicitly and efficiently
with complexity O(ny) for a wide range of non-smooth and non-
convex regularization functions g, such as g(x) = ||x]lo, g(x) =
lx||1, and the indicator function g(x) = 0 if Xpin < X < Xmax
or +oo otherwise (Parikh & Boyd, 2013). Iteration (9a) can be
rewritten as

o' = arg min xe — S [+ |7 = Coxe (10)
Xk [k—1

where 7' = () (v = w')T, G = Gy 1Y and Re = [ % |
Therefore, iteration (9a) can be performed directly in the cor-
rection step of the EKF by including n, additional “fake” state
measurements v’ — w’ with covariance matrix p~'I.

Algorithm 1 summarizes the proposed extension of EKF with
ADMM iterations (EKF-ADMM). The algorithm returns the esti-
mate Xy of the parameter vector x obtained after processing N
measurements. It also returns the last value of v, which could be
used as an alternative estimate of x too; for example, in case g is
the indicator function of a constraint set, v would be guaranteed
to be feasible. Note that the dual vector w is not reset at each
EKF iteration k; it is used as a warm start for the next n, ADMM
iterations at step k + 1, as the solutions Xy at consecutive time
instants k are usually similar.

3.1. Computational complexity

Given the block-diagonal structure of the measurement noise
covariance matrix Ry, (10) can be rewritten as
2

1
Prk—1

fc,[q*kl = argxmin % = R |
k
) nx . 2 (11)
# o = Gl 93 ool + 0
i=

which highlights the separation of the contributions of the true
measurements y;! and of the fake regularization measurements
vt —w! in the correction step; moreover, we can process the mea-
surements v{ - wf separately one by one. This allows designing a
computationally more efficient and numerically robust version of
the proposed EKF-ADMM algorithm, as the correction due to the
true measurements y;' can be performed only once, instead of n,
times, as it does not change with t. Moreover, there is no need for
any matrix inversion when processing the fake measurements, as
by processing them one by one, the matrix inversion required to
compute the Kalman gain becomes a simple division, since each
measurement is just a scalar value. Assuming a complexity O(1n,)
for evaluating the proximal operator, EKF-FADMM has complexity
O(n3 + ngn?), which is the same order of the full EKF for general
state estimation. Moreover, EKF-ADMM has the same number
of Jacobian matrices evaluations than the classical EKF, which
is usually the most time-consuming part in case x represents
the weights and bias terms of a neural network model to learn.
Summarizing, the proposed approach is computationally efficient
and, if the Kalman filter is implemented using numerically ro-
bust factored or square-root modifications (Thornton & Bierman,
1975), the method is appealing for embedded applications.
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Algorithm 1 EKF-ADMM

lnput: )}0|_], P(;\ll’ V= )}0|_], w =0, p > 0
fork=0,...,N—1do
—T,— = —T
K = Pige—1C (Rk + CiPype—1C,,) ™!
fort=0,...,n,— 1do

m —
Rk < R + Kk( <Vy_" w) - Ck"k\kﬁ)

V<~ prox%(fck‘k + w)

W< W+ K — v
end for _
P = (I = KiCie)Prji—1
Xk+1k = Xk|k
Pyt = Pgre + Qx
end for
return }A(N,”N,], v

4. Regret analysis

We investigate the theoretical properties of EKF-ADMM for
linear time-varying models, i.e., models of the form

Yk = hi(x) = Gex (12)

where C; are now given time-varying matrices for k = 0, 1, ...,

N — 1, and convex regularization terms g. In particular, we want

to evaluate the ability of the algorithm to solve the optimiza-

tion problem miny Z’,jz_ol(fk(x) + g(x)) online, where f(x) =

% Hy,r[‘ — Ckx”;_l. via the following two regret functions R;(N) =
k

> ko (%) + 8(1)) — miny yes D30 (filx) + g(v)) and Re(N) =
ZQ’:—O] |Xk+1 — vell?, where, to simplify the notation, we have

defined X, = Ryjk—1, Px = Pyr—1, Yk =0, 1,..., N — 1. Notice that
R¢(N) quantifies the loss we suffer by learning the model online
instead of solving it in a batch way given all N measurements,
while R.(N) quantifies the violation of the constraint x = v. To
ensure a proper behavior of EKF-ADMM, we want to prove a
sublinear regret bound for both, i.e., Rf(N) < O(v/N) and R.(N) <
O(¥/N) (Wang & Banjaree, 2012).

EKF-ADMM is a generalization of the online ADMM method
proposed in Wang and Banjaree (2012), in which a sublinear
regret bound is derived for the case n, = 1 and P! = P! >
0, Vk, while, more recently, in Zhang, Xiao, Wu, and Zhang (2024)
a sublinear regret bound has been derived for the case n, = 1
and P, o> P,;H,Vk. Here we will provide a sublinear regret
in the case ny = 1 and P! = P,;‘l, Vk > k, <« N, which
is a reasonable assumption as the EKF covariance matrix, when
estimating the parameters of a model, usually has a transient
and then reaches a steady-state value. By assuming n, = 1 and
P, 1T — P,;:],Vk > k, < N, Algorithm 1 can be equivalently
rewritten as in Algorithm 2.

The following Theorem 4.1 is an extension of Wang and Ban-
jaree (2012, Theorem 4), and provides conditions for sublinear
regret bounds of Algorithm 2 in the case of a linear time-varying
model (12) and convex regularization function g.

Theorem 4.1. Let {x,, v, wi}p_, be the sequence generated by Al-
gorithm 2 and let x*, v* be the best solution in hindsight, i.e. x*, v* =
arg min, s ZZ;OI (fe(x)+g(v)). Let the following assumptions hold:

Al. 3a, Gf, Dy, D,, F > 0 such that Vk =0, ... ,N — 1:
(@) llx = ylpy = e llx = yll3, ¥,y
" _ 2
(b) IVfix)I3 = | CIR,  (Cexi =y, < G
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Algorithm 2 EKF-ADMM (n, = 1, frozen P)

Input: xo, Py ', vy = X0, wo =0, 0,7 > 0, ky > 0
fork=0,...,N—1do

1
Xip1 < argmin = v - Ckx”lze;l + wp(x — v+

||X—vk|| + 5 ||X—Xk||

Vkt1 <—argm1ng( )+ wy (Xk+1 - V)+

o Wy
+ = [IXkp1 — vII* = proxe (Xep1 + —)
2 Z 0

Wit1 < Wi + p(Xk1 — Vi)
if k < k, then
_ _ =To—1= (_1\—
Pl < (Q+ (P + C R, C)™)™!
else
-1 -1
Py <Py
end
end for
return Xy, vy

1 2 2
(c) 3 IIX*IIP’_l < Dj and ||v*|; < D,
K

(d) filXiee1) + &(vir) — (fe(x*) +8(v7)) = —F

A2. IMy, > 0 such that 1 Z lIx* —xkll ol pt) Mkn
—1

A3. To ease the notation, xo = 0, g(0) = O and g(v) >
Then, if n = ;fg and p = ~/N, the following sublinear regret
bounds are guaranteed:

VND,  GD\WN  Gv/N(D? + My,)
Rf(N) < + + (13a)
2 V2 Dy 2a
265

R«(N) < 2F/N +D, + (D? + My,). (13b)

‘ Dy 2 * ¢

Proof. See Appendix. O

Corollary 4.2. Consider the linear time-invariant case C, = Co,
Vk > 0. If the steady-state Kalman filter is used, then Theorem 4.1
holds with My, = 0.

In general, as proved in Zhang et al. (2024), Theorem 4.1
holds with My, = 0 whenever P, T > P f], Vk. Intuitively, this
means that for online model adaptation we need to limit the
importance of the previous samples to promptly adapt the model
to changes and therefore bound the regret function. This can be
accomplished, for example, using the EKF with a proper forgetting
factor (Abulikemu & Changliu, 2020).

5. Simulation results

We evaluate the performance of the proposed EKF-ADMM
algorithm on three different examples: online LASSO (Ranstam &
Cook, 2018), online training of a neural network on data from a
static model under ¢; regularization or bound constraints, online
adaptation of a neural network on data from a time-varying
model under ¢y regularization.

5.1. Online LASSO
Consider the LASSO problem min, Z,ﬁ’;ol(% |y — Xl +

Alxll7), where x € R? is the parameter vector, C, € R?*3
are randomly generated matrices with Ci; ~ N(0, 1), yi' =
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— 1

Objective Regret

A=10
’ A=100
10 —— A=1000
= | A=10000
| 10
EZ
10°
|
10° 10* 10° 108 107 108
N —_— et
Constraint Regret A=10
" A=100
10 ——— A=1000
108 I A=10000
B
U
10710 : I I
10° 10* 10° 108 107 108
N

Fig. 1. Objective and constraint regret for online LASSO.

CiXtrue + 1 € R? is the vector of measurements and ry is random
measurement noise, r,; ~ A(0, 1072). We will evaluate the
behavior of the regret functions Rf(N) and R.(N) as N — oo
when using Algorithm 2. The following settings are used: Py_1 =
I,oy = 10°°I,R = 103k, = 10%,p = 10*V/N and 5 =
10-%4/N, where Py—1, Q¢ and R are manually tuned to maximize
the Kalman filter performance without regularization and p, n
are chosen according to the expressions provided in Theorem 4.1.
Results for different values of A are shown in Fig. 1. In this case,
Theorem 4.1 holds and, as expected, both the regrets R¢(N) and
R.(N) decrease as the number N of samples increases.

5.2. Online learning of a static model

Considerztlge dataset generated by the static nonlinear model
5 K2

Ve = % + r,. We want to train online a neural network
hi(x) with 2 layers, 8 neurons in each layer, and tanh activation
function, with n, = 105 trainable weights in total. The training
is performed on N = 10° randomly generated data points, where
Zki ~ Up—10,10) and 1, ~ N(0, 1072). Let {x}}_, be the sequence
of weights generated by Algorithm 1: we evaluate the online
adaptation performance by means of the regret function Rf(N) =
Yohco filx) + g(xi)) — mine Y70 (®) + g(x)), where fi(x) =
1|y - hk(x)”z, and the quality of a given solution x using the
performance indices Loss( =5 ZkN:_J(ﬁc(x) + g(x)), Mse(x) =
A Y00 fio Reg(x) = N LY 8(x) and Cv(x) = [lx — MTe(x)]3,
where, glven a constraint set ¢ € R™, [T-(x) is the projection
of the point x onto C. The training is performed in MATLAB
R2022a on an Intel Core i7 12700H CPU with 16 GB of RAM, using
the library CasADi (Andersson, Gillis, Horn, Rawlings, & Diehl,
2019) to compute the required Jacobian matrices via automatic
differentiation. All results are averaged over 20 runs starting from
different initial conditions, that were randomly generated using
the well known Xavier's initialization strategy.

5.2.1. ¢4 regularization

We train the neural model under the regularization function
g(x) = A |Ix|l;, with A = 107%. We selected the following hyper-
parameters: p = 10A, ng = 1, Q. = 1074I, Ry = I and Pojo = 1001.
We compare the results to different online optimization alter-
natives: online ADMM (Wang & Banjaree, 2012) with constant
matrix P = 1072I (online-ADMM), EKF-ADMM with time-varying

Pk = 10N’2)t (EKF-ADMMtv), EKF with ¢;-regularization (Be-
mporad, 2021) (EKF-£;1) and SMIDAS (Shalev-Shwartz & Tewari,
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Table 1
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Online learning a static model of (1) with £; regularization: mean (standard deviation) Loss, Mse, sparsity ratio and

execution time obtained over 20 runs.

Loss (1073) Mse (1073) Sparsity (%) Time [s]

LBFGS (Bemporad, 2025) 5.40 (0.72) 1.03 (0.19) 80.66 (5.32)  80.51 (2.42)
NAILM (Bemporad, 2023) 5.24 (0.48) 1.06 (0.15) 63.85 (5.00)  235.41 (52.78)
EKF-ADMM 5.99 (0.68) 1.44 (0.17) 4528 (498) 5827 (1.41)
EKF-ADMMtv 5.27 (0.46) 1.29 (0.42) 57.00 (7.95)  55.90 (1.41)
online-ADMM (Wang & Banjaree, 2012) 10.38 (1.7) 4.68 (1.8) 3.62 (2.21) 530.69 (29.09)
EKF-¢; (Bemporad, 2021) 5.47 (0.67) 1.42 (0.26) 56.42 (7.67)  12.46 (0.27)
SMIDAS (Shalev-Shwartz & Tewari, 2009)  89.93 (36.3) 8467 (36.6)  61.71(9.98)  4.11 (1.11)

EKF-£;
EKF-ADMM

S 1 o° e 0nline- ADMM
~— SMIDAS

@ EKF-ADMMtv

Q 102 A A A
10

0 1 2 3 4 5 6 7 8 9 10
k x10*

0 1 2 3 4 5 6 7 8 9 10
k x10%

Fig. 2. Online learning with ¢; regularization: Loss, Mse and Reg averaged over
20 runs.

2009) with learning rate n = 5 - 1072, Notice that Pop, R, and
Qi are chosen by manually tuning EKF-¢; and then used for
all other approaches, while all the remaining method-specific
hyperparameters have been manually tuned to maximize their
performance. The reason for choosing a time-varying pj is that
fake measurements are usually not accurate initially, so that it is
better to start with a higher value of p, 1 and then decrease it
progressively. In addition, we compare with two offline batch al-
gorithms: NAILM (Bemporad, 2023) and LBFGS (Bemporad, 2025),
the latter using the Python library jax-sysid. Note that all
the online algorithms consume the dataset only once (1 epoch),
except NAILM and LBFGS that run over 150 and 5000 epochs
respectively. The results obtained at the end of the training phase
are reported in Table 1.

Among the online approaches, EKF-ADMMtv provides the low-
est loss: this is also true during the training phase, as shown
in Fig. 2. The online learning performance of EKF-ADMM can be
also evaluated by looking at the regret function in Fig. 3, where
it is also apparent that, compared to the other approaches, the
proposed algorithm improves the solution quality faster.

5.2.2. Bound constraints

Let us now repeat the training under the bound constraints
imposed by the regularization function g(x) = 0 if x € C and
g(x) = +oo otherwise, where ¢ = {x € R™ : |x;| < 0.5}. We
use the hyper-parameters p = 1,n, = 5,Q; = 1074, Pyp =
1001, and Ry = I. In this example, we also compare with a
simple clipping step of the Kalman filter (EKF-CLIP) and an online
projected gradient method (OGD-proj) (Hoi et al., 2021) with
learning rate n = 1073. Matrices Pojo, Rx and Qi are the same
as for the £; example and are in common for all the Kalman-like
approaches, while all the other hyperparameters have been man-
ually re-tuned to optimize performance in the bounds constraints

100 Regret Function BRI
—— EKF-ADMM
et O11line- ADMM

SMIDAS

Z

e EKF-ADMMtv

N x10%
Moving Average Regret Ratio

0 1 2 3 4 5 6 7 8 9 10
k x10*

Fig. 3. Online learning with ¢; regularization: regret and sample regret averaged
over 20 runs.

Mse

EKF-ADMM
EKF-CLIP
OGD-proj
=== online-ADMM

k x10*
Constraints

0 1 2 3 4 5 6 7 8 9
k x10*

Fig. 4. Online learning with bounds: Mse and constraints violation averaged
over 20 runs.

example. Results obtained at the end of the training phase are
reported in Table 2. Among the online approaches, considering
the final Mse, Cv and execution time, EKF-ADMM provides the
best quality solution, while OGD-proj attains similar performance
but at a slower pace. Fig. 4 shows the performance of the solution
during the training phase.

5.3. Online learning of a time-varying model

We test now the ability of EKF-ADMM to adapt the same

neural network model, under ¢, regularization, wzhen the data-
22

2
Zi —e 10

LY S i <
3+lzk,1+2k 2 +riifk <

generating system switches as follows: y}! =
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Table 2

Online learning a static model (1) with bound constraints: mean (standard deviation) Mse, constraints violation,

and execution time obtained over 20 runs.

Mse Cv (1079) Time [s]
LBFGS (Bemporad, 2025) 0.122 (0.011) 0(0) 7587 (5.58)
NAILM (Bemporad, 2023) 0.137 (0.013) 038 (0.71) 101.82 (3.88)
EKF-ADMM 0.131 (0.011) 10.76 (4.93) 70.46 (3.45)
online-ADMM (Wang & Banjaree, 2012) 0.129 (0.010) 90.77 (59.37) 610.73 (9.82)
EKF-CLIP 0214 (0.048) 0 (0) 11.89 (0.12)
OGD-proj (Hoi et al, 2021) 0.137 (0.013) 0 (0) 2.56 (0.15)

Regret Function

of adaptive control, such as adaptive model predictive control.
The effectiveness of the approach has been evaluated in three
numerical examples. Future investigations will focus on extend-

%Z ing the approach to the recursive identification of parametric
102 nonlinear state-space dynamical models from input/output data
—F —_— under non-smooth regularization, in which both the hidden states

0 5 N 10 ><1015 and the parameters are jointly estimated.

ratio

moving average

0 5 10 15
k x10*

Fig. 5. Online learning with £y regularization: regret and sample regret averaged
over 20 runs.

5 k.2 2 2
N .m Zi1—e ? e N 2N m_ 037 ,—e?
EA _ % X < £ - &5
3V = Tz T3 <k = Fandy = g e
if 3 <k, with N = 1.5-10°, z.; ~ Uj—10,10) and r, ~ (0, 1072).

We evaluate the regret function Rf(N ?V = Zﬁ;& (fie(xk) + g(xx)) —
i§ ) :
iy Uiz +8(20), where

{xk}g:’()1 is the sequence generated by Algorithm 1. The regular-
ization term is g(x) = A ||w|lo, with A = 1074, and we use the
EKF-ADMM hyper-parameters p = 10% - A, p, = 1, @ = 107,
and Pgp = 100/, which were manually tuned by optimizing

. 3 .
ming, 7, 7, Y g Ti(2i), with ri(z;) =
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Appendix. Proof of Theorem 4.1

Starting from Ry(N), since Xi41, Vi41 are the optimal solutions
of the first two optimization problems in Algorithm 2 and since
W = Wiy1 — P(Xkp1 — Vi) We have that Vfi(xe 1) = —(wieg1 —
Pk — Vis1)) — NPy K1 — Py 'x) and wiyq € dg(vie1), where
dg is the subgradient of g. Due to the convexity of fi(-) and g(-),

the EKF performance. Since the model is now time-varying, we  Jfi(Xk+1) —fkgx*) < vfk(XkJrlgT(xk+1 —X*) = —wi (X — V) +
will also use an EKF implementation with forgetting factor « = S0 = viell® = 1" = vt 1P + 1%k1 = viesn I1? = I — viell®) +
0.9 (Abulikemu & Changliu, 2020). The resulting regret function 2(llx = xk||123k,1 — [I%* — Xpp1 ||123k,, — IXk+1 — xklllz)k_l). where the

is shown in Fig. 5. It is apparent that EKF-ADMM can effectively
track changes of the underlying data-generating system.

We have noticed that the choice of p is crucial to obtain
good adaptation performance. While for some values of p the

equality derives from a succession of square completions and
by recalling that x* = v*, and g(viy1) — g(v*) < w,f+1(v,<+1 —
v*). Summing the two inequalities together and noticing that

convergence is slow and not satisfactory, with limited effort, in ~ —wp, ;(Xie1 — Vi) + §lXp1 — v |1? = ﬁ(”wkﬂz — llwes %),

all the reported examples, we could find appropriate values that we obtain:

gave good performance. We remark that, in the general nonlinear X —(fux* ) <

case, this might not always be the case, as both the EKF and JilXies1) + 8viein) = (X + 8(v1)) =

ADMM are npt guaraptged to converge, whigh mivght comp_licate < —(lwell® = llweaaI1?) = P X1 — vill® +

tuning p. This could limit the use of ADMM iterations within the 2p 2 (A1)
. . . . IR 2 . , Ny, ; .

EKF framework in certain challenging applications. Ed v vk” _ H V= Ve H )+ 5( ||x _ Xk”,;k—l

6. Conclusions

We have proposed a novel algorithm for online learning of
nonlinear parametric models under non-smooth regularization
using a combination of EKF and ADMM, for which we derived a
sublinear regret bound for the convex linear time-varying case.
The approach is computationally cheap and is suitable for factor-
ized or square-root implementations that can make it numerically
robust, and is therefore very appealing for embedded applications

— HX* — Xk+1 H,z,k—l — [1Xkq1 _Xk”f’k_l)

Considering that fi(xy) — filXks1) < Vi) (X — Xey1) <
ﬁ Vx> + %2 lIX — Xk411I°, where the second inequality
is due to Fenchel-Young's inequality, and considering Assump-
tion A1l.a of the theorem, we have that fi(xx) + g(vis+1) — (fe(x*) +
ghv)) = ﬁ(llwkll2 — Nlwis1 1) = & 1Xesr — vell® + 50" = well* —

2 1 2 2 2
V* = i1 1)+ 27 VA= + 3 (l1x" — Xk”qu — 1% = Xjer ”Pk—l )-

2an
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Summing from 0 to N — 1 and considering Assumption A3 we get
N—1

Ri(N) = Z(fk(xk) + 8(vik+1) — (ix™) + 8(v™)))

k=0

1
+ g(vo) —glwy) <

2—(Ilwoll2 — [lwn|? )+
0

N-1
* 2 1 2
— v = | )+m§nm(an

77 _
and, therefore, Rf(N) <

+I3 e

llx* — xk”(P—l ) = 3 Z [lx* Xk” el opl) < My,, and
takmg 1nto account Assumptions Al .b and Al. c we get Rf(N) <

2
([Jv* = vo]

D el

2
— x| e =P )

5V 45y Yoo I+ lx* |I e

xk|| plpl) . Because of Assumption A2, 1 5 Z

e o 2o +77(D2 + My, ). Setting n = chjﬁ and p & VN, we get
JND, | GDxv/N | Gp/N(D3+My,)
the sublinear regret bound R¢(N) < %-ﬁ- L N +-L Dev3a -

Considering now R.(N), we can rearrange (A.1) and consider
Assumption ALd, [[xis1 — vil® < 2 + L(llwell® — Jwi ) +

2 2 2 2
(" = vl =" = a2+ (e = xel2 0 = e = a2
k k

— 1 Xpr1 — Xklllz,_1>- Summing from 0 to N — 1, we get:
k
N-1
2FN
N)= Z X1 — vkll® < 7 + ”V*”z
I (PTRED S{ T

k=1
Considering Assumptions Al.c and A2, we have R.(N) < % +

fﬁ and p & /N we finally

(D2 +M,,). O

D, + 2.(D 4+ My, ) and setting n &
get Re(N) < 2FV/N + D, + ;°
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