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Symmetry
A fundamental concept 
across all scientific 
disciplines

“Generate an artistic drawing of a graph inspiring the idea of symmetry.”



Symmetry in Graphs: Structure
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Colors identify an equitable partition An orbit partition is an equitable partition, but 
the converse is not true in general 


 
This fact finds its use in practical tools for graph 
isomorphism 
 
The coarsest equitable partition that refines an 
initial coloring can be computed in                 
time (  is the number of nodes,  is the 
edgeds) by partition refinement [Cardon and 
Crochemore (1982)]  

O(m log n)
n m

Nodes of the same color are adjacent to 
the same number of nodes of each color 


Equitable partitions preserve a subset of the spectrum of the graph and (some) centralities



Symmetry in Graphs: Dynamics
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Simple dynamics on a graph
Consider a dynamical system involving 
its adjacency matrix A
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xi(0) = xi0(0) =) xi(t) = xi0(t)

Synchronization/dynamical symmetry



Dynamical Symmetry in Graphs: Properties
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Synchronization/dynamical symmetry

Coincides with the notion of equitable 
partition for undirected/binary graphs (and 
can be generalized to arbitrary graphs by 
considering outdegrees)


The partition induces a “uniform” linear 
subspace U where coordinates of the same 
color have the same values


Dynamical symmetry is the property of U 
being invariant under A    
 
An equitable partition is a necessary and 
sufficient condition for dynamical symmetry 
[Cardelli et al. (2017), but I guess it has been 
found several times for linear models]



Dynamical Symmetry: Related Work
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⇡̇ = ⇡Q ⇡(k + 1) = ⇡(k)P

Markov chain lumping

Known as exact lumpability [Buchholz (1994)] 


It is the dual notion of ordinary lumpability 
(defined on the transpose matrix), known since 
Kemeny and Snell (1969)

P-ODE “backward” lumping
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ẋ1 = �x1x2 + x3

ẋ2 = �x1x2 + x3

ẋ3 = +x1x2

Extension for polynomial 
differential equations 
[Cardelli et al., (2017)]


Still polynomial running time

N-ODE “backward” lumping

Boolean “backward” equivalence

Extension for a class of nonlinear ODEs [Cardelli 
et al., (2016)]


NP-complete, but effective tools exist (Z3 SMT)
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ẋ2 = �min(x1 + x2,K) + x3
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Exact Symmetry Reduction
Building a coarse-grained model that preserves the dynamics
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ẋ = Ax

<latexit sha1_base64="mcX653HZmjj0/VqgcprDF3L4CTM=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0XqqiTiayMUunElFewDmhAm00k7ZDIJMxOhhPyGG3/FjQtFXOrKv3HaZqFtD1w4nHMv997jJ4xKZVk/RmlldW19o7xZ2dre2d0z9w86Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vXD5sTvPhIhacwf1DghboSGnAYUI6Ulz7QcmUZeFkKHctis5RB5GQ1zeAOXGbUw98yqVbemgIvELkgVFGh55pcziHEaEa4wQ1L2bStRboaEopiRvOKkkiQIh2hI+ppyFBHpZtPPcniilQEMYqGLKzhV/05kKJJyHPm6M0JqJOe9ibjM66cquHYzypNUEY5ni4KUQRXDSUxwQAXBio01QVhQfSvEIyQQVjrMig7Bnn95kXTO6vZl/eL+vNq4K+IogyNwDE6BDa5AA9yCFmgDDJ7AC3gD78az8Wp8GJ+z1pJRzByCfzC+fwE63589</latexit> X

k2C0

aik =
X

k2C0

ai0k

Original model

Symmetry

Reduced model

one supernode per color
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ẋ3 = +x1x2

<latexit sha1_base64="5tT60UIrxZjz2OX3YihOT4/4wOA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjBPOQZFlmJ5NkyMzsMjMrCUu+wosHRbz6Od78GyfJHjSxoKGo6qa7K4w508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZDm+nfvOJKs0i+WDGMfUF7kvWYwQbKz2OAg9do1FQCYolt+zOgJaJl5ESZKgFxa9ONyKJoNIQjrVue25s/BQrwwink0In0TTGZIj7tG2pxIJqP50dPEEnVumiXqRsSYNm6u+JFAutxyK0nQKbgV70puJ/XjsxvSs/ZTJODJVkvqiXcGQiNP0edZmixPCxJZgoZm9FZIAVJsZmVLAheIsvL5NGpexdlM/vz0rVmyyOPBzBMZyCB5dQhTuoQR0ICHiGV3hzlPPivDsf89ack80cwh84nz9FNo9s</latexit>x1 = x2

<latexit sha1_base64="H45Toxol5D5ZpoqUDtVhDa+tMO0=">AAACHHicbVDLSgMxFM3UVx1fVZdugkURimWmPjdC0Y3LCrYdaOuQSTNtaCYzJBmhDP0QN/6KGxeKuHEh+Dem0xG09UDI4Zx7b3KPFzEqlWV9Gbm5+YXFpfyyubK6tr5R2NxqyDAWmNRxyELheEgSRjmpK6oYcSJBUOAx0vQGV2O/eU+EpCG/VcOIdALU49SnGCktuYWjdjdUiTNybbgPL+AhdFz7rgJL+q7Adtv8sSupXUpdt1C0ylYKOEvsjBRBhppb+NBjcBwQrjBDUrZsK1KdBAlFMSMjsx1LEiE8QD3S0pSjgMhOki43gnta6UI/FPpwBVP1d0eCAimHgacrA6T6ctobi/95rVj5552E8ihWhOPJQ37MoArhOCnYpYJgxYaaICyo/ivEfSQQVjpPU4dgT688SxqVsn1aPrk5LlYvszjyYAfsggNggzNQBdegBuoAgwfwBF7Aq/FoPBtvxvukNGdkPdvgD4zPb9fVnN4=</latexit>
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one equation per representative 
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Ẋ2 = +X2
1

<latexit sha1_base64="kYzJYD1xEKyy5GkT9mw5U0D0RF4="></latexit>
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Exact Symmetry in Practice: Benchmarks
Table 1. Case studies results

Undirected Graphs

Instance Original size Reduced size Reduction ratio

GD06-Theory 102 3 2.94 %
Yeast protein interaction network 1871 1091 58.31 %
Collaborations in General Relativity 5243 3394 64.73 %
Erdős collaboration network 5535 1902 34.36 %
Autonomous system (SNAP) 6475 3691 57.00 %
Oregon routing network 10671 5484 51.39 %
Autonomous system (Florida) 22964 11935 51.97 %
Enron email network 36693 20418 55.65 %
Dictionary 39328 26994 68.64 %
Caida routers 192245 150463 78.27 %
Citeseer coauthorship network 227321 155593 68.45 %
Citeseer copaper network 434103 150316 34.63 %
YouTube 1134891 684011 60.27 %

– YouTube: this is a network of interactions between YouTube channels [31].

The aforementioned case studies are the subset of the datasets on which our tech-
nique proved to be the most efficent on in terms of reduction. We present the results
with respect to the reduction ratio. The reduction ratio is defined as the ratio of the size
of the reduced model and the size of the original model. The results are presented in
Table 2. Each row represents an instance from the list presented in the last paragraph.
We show its original size, its reduced size and the reduction ratio.

We obtain considerable reductions for networks of different sizes. We wish to stress
again that the reduction is exact, meaning that two nodes are in the same block if and
only if they exactly have the same eigenvector centrality score. This is the reason be-
hind the fact that the best reduction is obtained from the instance GD-06: as explained
earlier, this instance was built artificially and its property of having a symmetric de-
fined three-level hierarchical structure induces a partition which is composed by three
blocks, one per level. In real world networks it is rare that two or more nodes share
exactly the same centrality score because of the fact that real world networks do not
have a particularly symmetrical hierarchical structure due to the inhomogeneous nature
of interactions between peers. Despite of this, we are able to produce good reductions,
particularly in networks that arise from academic collaborations. The intuitive reason is
that these types of collaboration tend to have a more regular and symmetric hierarchi-
cal structure; therefore the chances of two nodes having exactly the same eigenvector
centrality scores are higher.

Similarly, we provide a set of directed graphs case studies:

– Academic instances: PhD in Computer Science and Kohonen citation network arise
from academic real-world examples. The first instance describes a network where
an edge from node i to node j means that i is a PhD student of j while the latter
describes a network of citations.



Exact Symmetry in Practice: BenchmarksTable 2. Case studies results

Directed Graphs

Instance Original size Reduced size Reduction ratio

Glossary 73 41 56.16 %
Graph Design ’96 112 6 5.36 %
PhDs in computer science 1883 225 11.95 %
Kohonen citation network 4471 766 17.13 %
EPA web pages 4733 598 12.63 %
Gnutella p2p network 6302 2208 35.04 %
Wikipedia who-votes-on-whom 8299 4216 50.80 %
EVA corporate inter-relationships 8498 215 2.53 %
California web search 9665 1817 18.80 %
Stanford CS web 9915 3657 36.88 %
Gnutella p2p network (I) 10880 4340 39.89 %
Gnutella p2p network (II) 26519 6741 25.42 %
Enron email traffic 69245 7437 10.74 %
Epinions trust network 75889 41055 54.10 %
Slashdot social network 82169 57561 70.05 %
Stanford web graph 281905 129335 45.88 %
CNR web crawl 325558 85419 26.24 %
Notre Dame web graph 325730 49952 15.34 %
Berkely.edu + stanford.edu web 685252 292492 42.68 %
Flickr web crawl 820879 370145 45.09 %
.eu domain web crawl 862665 341687 39.60 %
Google web graph 916429 354624 38.70 %
.in domain web crawl 1382909 333283 24.10 %
Wikipedia pages 1634990 1116472 68.29 %

– Web infrastructures: different instances of web infrastructure are presented. EPA

web pages, Gnutella p2p network, Stanford Computer Science, Stanford web graph,
CNR web, Notre Dame web, Berkley and Stanford domains, European domain web,
Google web, Indian domain web, Flickr web and Wikipedia all fall in this category.
The main underlying theme of all these instances is that are generated from world
wide web problems. Nodes represent web pages while directed edges from one
node to another are hyperlinks. Some instances appear more than once in Table
2 (for example, Gnutella p2p network appears multiple times), as we present the
results on the same network infrastructure on different days. Differently from the
undirected instances, these directed instances are not stable and they present differ-
ences in size and structure on different days.

– Enron: differently from the instance provided in its undirected version, here we link
together two nodes with the meaning of i has sent a mail to j.

– Social Networks: we present some benchmarks on trust networks and social net-
works. Such instances are the following: Wikipedia who-votes-on-whom, Epinions

trust network and Slashdot social network. The first is a network in which an edge
has a source node i and a target node j if i voted for j. The Epinions trust network



Exact Symmetry in Practice: Benchmarks
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Exact Symmetry in Practice: Benchmarks
Boolean networks from GINSim and BioModels Repositories

Maximal reduction = initial partition containing all variables 
IS = initial partition isolates all “input” variables from each other (ensures models can be reused for any input values)



Approximate Structural Symmetry Reduction

Intuition: allow some tolerance  when 
counting the number of neighbors  
 
For example, setting  recognizes 
approximate symmetries

ε

ε = 1
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Approximate symmetry

It is still defined as an equivalence relation/partition 
which can be computed in polynomial time

An asymmetric graph
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Runtime comparison against 
state-of-the-art methods for 
graph embedding



Approximate Dynamical Symmetry Reduction

Idea: transform the equality between trajectories of 
variables into a similarity measure

“Backward” Dissimilarity: IntuitionAn asymmetric linear ODE
<latexit sha1_base64="Zyay7MsZTCI2pVHabl4RO9OD0po="></latexit>
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No reduction for 
0 < ε ≤ 2/10

(  is the equivalence relation)R

becomes

(  to be found, for a given set of initial conditions)Dij

(  is a bound on the solution norm; if  then )λ λ = 2 Dij = 1

Can be framed as optimal transportation problem; 
iterative algorithm takes  time per iterationO(n5 log n)



Conclusion
• Equitable partitioning is a simple concept that finds applications across a variety 

of models


• Many more in addition to those seen in the talk: chemistry, logics, machine 
learning (graph kernels and graph neural networks), linear optimization


• Equitable partitions are “easy” to compute and characterize symmetric 
dynamics in many cases (while they are only necessary conditions for structural 
symmetry) 


• Approximate variants become more challenging:


• computation cost: but it is competitive with respect to the state of the art


• Availability of error bounds with respect to asymmetries in the initial conditions 
and/or parameters: more research needed, bounds for specific models? 
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