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xk+1 = Axk +B1uk +B2δk +B3zk +B5
yk = Cxk +D1uk +D2δk +D3zk +D5

E2δk + E3zk ≤ E4xk + E1uk + E5
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min
u0,...,uN−1

N−1�

k=0
�yk − r�2Q + �uk − ur�2R

+σ
�
�δk − δr�2 + �zk − zr�2 + �xk − xr�2

�

subject to MLD equations

x0 = x(t)

xN = xr

�v�2Q � v�Qv






xr = Axr +B1ur +B2δr +B3zr
r = Cxr +D1ur +D2δr +D3zr

E2δr + E3zr ≤ E4xr + E1ur + E5
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minξ

N−1�

k=0

y�kQyk + u�
kRuk

s.t.


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xk+1 = Axk +B1uk +B2δk +B3zk +B5
yk = Cxk +D1uk +D2δk +D3zk +D5

E2δk + E3zk ≤ E4xk + E1uk + E5

minξ

1

2
ξ
�
Hξ + x

�(t)F ξ +
1

2
x
�(t)Y x(t)

s.t. Gξ ≤ W + Sx(t)

ξ ∈ R(nu+nz)N × {0,1}nδNu ∈ Rnu, δ ∈ {0,1}nδ, z ∈ Rnz

ξ = [u0, . . . , uN−1, δ0, . . . , δN−1, z0, . . . , zN−1]
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∀Q,R � 0, ∀σ > 0

lim
t→∞

y(t) = r

lim
t→∞

u(t) = ur

lim
t→∞

x(t) = xr

lim
t→∞

δ(t) = δr

lim
t→∞

z(t) = zr
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V ∗(x(t)) ∃ lim
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V ∗(x(t)) � V∞
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−σ

�
�δ(t)− δr�2 + �z(t)− zr�2 + �x(t)− xr�2

�
≥ V ∗(x(t+1))

�δ(t)− δr�2, �z(t)− zr�2, �x(t)− xr�2 → 0�y(t)− r�2Q, �u(t)− ur�2R
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�Qyk�∞ + �Ruk�∞

s.t.
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xk+1 = Axk +B1uk +B2δk +B3zk +B5
yk = Cxk +D1uk +D2δk +D3zk +D5

E2δk + E3zk ≤ E4xk + E1uk + E5

minx,� �
s.t. � ≥ x, � ≥ −x
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x

|x|
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�yk ≥ ±Qiyk i = 1, . . . ,my k = 0, . . . , N − 1
�uk ≥ ±Riuk i = 1, . . . ,mu k = 0, . . . , N − 1

�
�yk ≥ �Qyk�∞
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Q ∈ Rmy×ny

R ∈ Rmu×nu
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Ydemos/hybrid/bm99.hys

/* 2x2 PWA system  - Example from the paper 
   A. Bemporad and M. Morari, ``Control of systems integrating logic, dynamics, 
   and constraints,'' Automatica, vol. 35, no. 3, pp. 407-427, 1999. 
   (C) 2003 by A. Bemporad, 2003 */

SYSTEM pwa {
       
INTERFACE {
 STATE { REAL x1 [-10,10];
         REAL x2 [-10,10];}

 INPUT { REAL u [-1.1,1.1];}

 OUTPUT{ REAL y;}

 PARAMETER { 
   REAL alpha = 1.0472; /* 60 deg in radiants */
           REAL C = cos(alpha);
           REAL S = sin(alpha);}
           }

IMPLEMENTATION {
 AUX { REAL z1,z2; 
       BOOL sign; }
 AD  { sign = x1<=0; } 

 DA  { z1 = {IF sign THEN 0.8*(C*x1+S*x2)
             ELSE 0.8*(C*x1-S*x2) };
       z2 = {IF sign THEN 0.8*(-S*x1+C*x2)
             ELSE 0.8*(S*x1+C*x2) };  }
        
 CONTINUOUS { x1 = z1;
  x2 = z2+u; }

 OUTPUT { y = x2;  }
   }
}
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min
2�

k=1
|yk − r(t)|
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min
2�

k=0
�x2k − r(t)�∞

s.t.

�
x1k ≥ 25, k = 1,2
MLD model

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 7@

89:)/+#,.3#Y#Z%&'%)*1?)%#0(41)(-

>>[XX,UU,DD,ZZ,TT]=sim(C,S,r,x0,Tstop);

>>C=hybcon(S,Q,N,limits,refs);

>>refs.x=2;   % just weight state #2
>>Q.x=1;      % unit weight on state #2
>>Q.rho=Inf;  % hard constraints
>>Q.norm=Inf; % infinity norms
>>N=2;        % prediction horizon
>>limits.xmin=[25;-Inf];

>> C

Hybrid controller based on MLD model S <heatcoolmodel.hys> [Inf-norm]

  2 state measurement(s)
  0 output reference(s)
  0 input reference(s)
  1 state reference(s)
  0 reference(s) on auxiliary continuous z-variables
 
 20 optimization variable(s) (8 continuous, 12 binary)
 46 mixed-integer linear inequalities
sampling time = 0.5, MILP solver = 'glpk'
 
Type "struct(C)" for more details.
>>
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UA11(k) '(4#UA21(k)#;'((-7#<&#<-78#=1
UB11(k)#'(4#UB21(k)#;'((-7#<&#<-78#=1
UB12(k)#'(4#UB22(k)#;'((-7#<&#<-78#=1
UC12(k) '(4#UC22(k)#;'((-7#<&#<-78#=1

]UB11(k)#-.#UB21(k)=1^J#]UB12(k)#-.#UB22(k)=1^#;'((-7#<&#<-78#7.$&
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xM7[7LJ#xM>[7L

�
y1 = u11 + u21
y2 = u12 + u22






x11(k +1) = x11(k) + PA1UA11(k) + PB1UB11(k)− u11(k)
x12(k +1) = x12(k) + PB2UB12(k) + PC2UC12(k)− u12(k)
x21(k +1) = x21(k) + PA1UA21(k) + PB1UB21(k)− u21(k)
x22(k +1) = x22(k) + PB2UB22(k) + PC2UC22(k)− u22(k)
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SYSTEM supply_chain{
INTERFACE {
        STATE { REAL x11   [0,10];  
                REAL x12   [0,10];
                REAL x21   [0,10];
                REAL x22   [0,10]; }
        
        INPUT { REAL u11 [0,10]; 
     REAL u12 [0,10];
     REAL u21 [0,10];
     REAL u22 [0,10];
     BOOL UA11,UA21,UB11,UB12,UB21,UB22,UC12,UC22; }

        OUTPUT {REAL y1,y2;}  

        PARAMETER { REAL PA1,PB1,PB2,PC2,xM1,xM2;}
}
IMPLEMENTATION {

        AUX { REAL zA11, zB11, zB12, zC12, zA21, zB21, zB22, zC22;}

        DA { zA11 = {IF UA11 THEN PA1 ELSE 0};
  zB11 = {IF UB11 THEN PB1 ELSE 0};
  zB12 = {IF UB12 THEN PB2 ELSE 0};
  zC12 = {IF UC12 THEN PC2 ELSE 0};
  zA21 = {IF UA21 THEN PA1 ELSE 0};
  zB21 = {IF UB21 THEN PB1 ELSE 0};
  zB22 = {IF UB22 THEN PB2 ELSE 0};
  zC22 = {IF UC22 THEN PC2 ELSE 0}; }

        CONTINUOUS {x11 = x11 + zA11 + zB11 - u11;
                    x12 = x12 + zB12 + zC12 - u12;
                    x21 = x21 + zA21 + zB21 - u21;
                    x22 = x22 + zB22 + zC22 - u22;  }

        OUTPUT {    y1 = u11 + u21;
                    y2 = u12 + u22; }

        MUST {  ~(UA11 & UA21); 
 ~(UC12 & UC22); 
 ~((UB11 | UB21) & (UB12 | UB22));
            ~(UB11 & UB21); 
 ~(UB12 & UB22); 
 x11+x12 <= xM1; 
 x11+x12 >=0;
 x21+x22 <= xM2; 
 x21+x22 >=0; }
} }

_demos/hybrid/supply_chain.m
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min
N−1�

k=0

10(|y1,k − r1(t)|+ |y2,k − r2(t)|+

4(|u11,k|+ |u12,k|)+

2(|u21,k|+ |u22,k|)+

1(|UA11,k|+ |UA21,k|)+

4(|UB11,k|+ |UB12,k|+ UB21,k|+ |UB22,k|)+

10(|UC12,k|+ |UC22,k|)
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cost from C to 
inventories

penalty on demand tracking error

cost for shipping
from inv.#1 to 
market 

cost for shipping
from inv.#2 to market 

cost from A to 
inventories

cost from B to 
inventories
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>>C=hybcon(S,Q,N,limits,refs);

>>refs.y=[1 2];      % weights output2 #1,#2
>>Q.y=diag([10 10]); % output weights
…
>>Q.norm=Inf;        % infinity norms
>>N=2;               % optimization horizon
>>limits.umin=umin;  % constraints
>>limits.umax=umax;
>>limits.xmin=xmin;
>>limits.xmax=xmax;

>> C

Hybrid controller based on MLD model S <supply_chain.hys> [Inf-norm]

  4 state measurement(s)
  2 output reference(s)
 12 input reference(s)
  0 state reference(s)
  0 reference(s) on auxiliary continuous z-variables
 
 44 optimization variable(s) (28 continuous, 16 binary)
176 mixed-integer linear inequalities
sampling time = 1, MILP solver = 'glpk'
 
Type "struct(C)" for more details.

>>
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>>[XX,UU,DD,ZZ,TT]=sim(C,S,r,x0,Tstop);

>>x0=[0;0;0;0];                       % Initial condition
>>r.y=[6+2*sin((0:Tstop-1)'/5)        % Reference trajectories
       5+3*cos((0:Tstop-1)'/3)];
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minξ J(ξ, x(t)) =
N−1�

k=0

�Qyk�∞ + �Ruk�∞

subject to






xk+1 = Axk +B1uk +B2δk +B3zk +B5
yk = Cxk +D1uk +D2δk +D3zk +D5

E2δk + E3zk ≤ E4xk + E1uk + E5
x0 = x(t)

minξ
N−1�

k=0
�yk + �uk

s.t. Gξ ≤ W + Sx(t)
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u(x) =






F1x + g1 if H1x ≤ K1

... ...

FMx + gM if HMx ≤ KM

min
ξc,ξd

f �cξc + f �dξd

s.t. Gcξc + Gdξd ≤ W + Sx
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minξ J(ξ, x(t)) =
N−1�

k=0

�Qyk�∞ + �Ruk�∞

subject to






xk+1 = Ai(k)xk +Bi(k)uk + fi(k)
yk = Ci(k)xk +Di(k)uk + gi(k)

i(k) such that Hi(k)xk +Wi(k)uk ≤ Ki(k)
x0 = x(t)
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u(x) =


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F1x + g1 if H1x ≤ K1

... ...

FMx + gM if HMx ≤ KM
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#N<i&;7:=&" min
2�

k=1
|yk − r(t)|

α
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min 10�xN�∞ +
N−1�

k=0
10�xk�∞ + �uk�∞

s.t.

�
−1 ≤ uk ≤ 1, k = 0, . . . , N − 1

−10 ≤ xk ≤ 10, k = 1, . . . , N

�
Q =

�
10 0
0 10

�

R = 1

�
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#)/H#9.-<5&3"

.)%+/01/(4#B()/I(4#N[> .)%+/01/(4#B()/I(4#N[@

min
2�

k=0
�x2k − r(t)�∞

s.t.

�
x1k ≥ 25, k = 1,2
hybrid model
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>>E=expcon(C,range,options);

>> E

Explicit controller (based on hybrid controller C)
  3 parameter(s)
  1 input(s)
 12 partition(s)
sampling time = 0.5
 
The controller is for hybrid systems (tracking)
This is a state-feedback controller.
 
Type "struct(E)" for more details.
>> 

;%01/(4#/4#1B%#GZ'JZ(M6<'*0%
A()#Z2-<)[#@L

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 @5

TX'-/0/1#,.3#Y#Z%&'%)*1?)%#0(41)(-

@&(&.'7&4#
HD;-4&

utils/expcon.h
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xv(t+1) = xv(t)
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INTERFACE{
      STATE{
         REAL x     [-1e3, 1e3];
         REAL xv    [-1e3, 1e3];
      }
      ...
   }
IMPLEMENTATION{
      CONTINUOUS{
         x = A*x + B*u + Bv*xv
         xv= xv;
         ...
      }
}
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min
∆U

J(∆U, x(t)) = 1
2∆U

�
H∆U + [x�(t) r

�(t) u
�(t− 1)]F∆U

s.t. G∆U ≤ W + S




x(t)
r(t)

u(t− 1)





min
∆U

N−1�

k=0

�Wy(yk+1 − r(t))�2 + �W∆u∆uk�2

[∆uk � uk − uk−1], u−1 = u(t− 1)

subj. to hybrid dynamics
umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N
∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , N − 1
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INTERFACE{
      STATE{
         REAL x          [-100,100];
         ...
         REAL epsilon    [-1e3, 1e3];
         REAL r          [0,    100]; }
      OUTPUT {
         REAL y; }
      ... }
IMPLEMENTATION{
      CONTINUOUS{
         epsilon=epsilon+Ts*(r-(c*x));
         r=r;
         ...  }
      OUTPUT{
         y=c*x; }   }
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




min (. . .) +
N−1�

k=0
z2k

s.t. zk ≥ uk
zk ≥ 0
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INTERFACE{
      INPUT{
         REAL u  [-100,100];
         REAL z  [-1, 1e3];
      ... }
IMPLEMENTATION{
      MUST{
         z >= u;
         z >= 0; 
}   }
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min (. . .) +
N−1�

k=0
|zk|

s.t. zk ≥ uk
zk ≥ 0
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