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umin ≤ uk ≤ umax (more generally: uk ∈ U, U=polyhedron)
ymin ≤ yk ≤ ymax (more generally: yk ∈ Y, Y=polyhedron)
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!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- 5#6 5

,.3#@*>%+#(4#0(42%9#'/%0%A/>%#*B4%#0(>1>

;:0(,/$504$!"#$/9&$05$60*1)7$'%)6)<%/)$3=*)$60/+/> ;?6:)6:+)4@$ABCD>

')4504&3*6)$%*,)7

60*/+43%*+/$

$(%*)34$&0,)(

!"#$%&'()&)*+),$-.$/0(1%*2$3$40$&,.)1.#2.,3)!41(

;E)&'043,@$E044)((%@$!0434%@$FGGH>

;"40'0%@$ABIH>

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- 5#6

!!"#$%&'()*'&+#,$-.'&'$-/

C

min
U

f(U)

s.t. gi(U) ≤ 0, ∀i = 1, . . . ,m

hj(U) = 0, ∀j = 1, . . . , p

Let U∗ be a feasible solution, let I = {i : gi(U∗) = 0}. Suppose f
and gi, hj differentiable at U∗. Suppose ∇gi(U∗), ∇hj(U∗) linearly
independent for i ∈ I.

Then, if U∗ is optimal, there exist vectors of Lagrange multipliers
λ ∈ Rm, ν ∈ Rp such that

∇f(U∗) +

m�

i=1

λi∇gi(U∗) +

p�

j=1

νj∇hj(U∗) = 0

λigi(U∗) = 0, ∀i = 1, . . . ,m
λi ≥ 0

gi(U∗) ≤ 0
hj(U∗) = 0, ∀j = 1, . . . , p
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Fig. 1. Comparison of the GPAD algorithm against other
QP solvers

To test the tightness of the theoretical bounds on the
number of iterations, we consider the double integrator
problem suggested in [Bemporad et al., 2002] with horizon
N = 2 and set εV = 10−2, εg = 10−3, L to the maximum
eigenvalue of matrix H, K = 1, and the stopping criterion
verified on z only. Over the box P = {p ∈ R2 : �p�∞ ≤
15}, Problem (21) provides ∆y(P) = 34.90, corresponding
to the theoretical upper-bound Nν = 10718 on the number
of iterations. Extensive simulations with random vectors
p ∈ P provide a worst-case �y∗(p)�1 = 29.53 and worst-
case number of iterations ν = 1991.

6. CONCLUSION

In this paper we have reviewed the GPAD algorithm devel-
oped by Patrinos and Bemporad [2012] and particularized
to the case of the condensed QP problems that arise from
linear MPC formulations. Although the new solver has
a computation performance comparable to many other
existing QP solvers, it is extremely simple to code and
only involves (easily parallelizable) products, sums, and
comparisons, and rather tight upper-bounds can be com-
puted off-line on the maximum number of iterations. These
make the approach quite suitable for embedded MPC
applications.
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Let xα = αx1 + (1− α)x2 ∈ X∗, x1, x2 ∈ X∗, α ∈ [0,1]

Let Uα � αU∗(x1)+(1−α)U∗(x2). Vector Uα satisfies the constraints

GUα = αGU∗(x1) + (1− α)GU∗(x2)
≤ α(W + Sx1) + (1− α)(W + Sx2) = W + Sxα

Therefore xα ∈ X∗, ∀x1, x2 ∈ X∗, ∀α ∈ [0,1]
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Since Uα satisfies the constraints

GUα ≤ W + Sxα

by optimality of V
∗(xα) and convexity of f(U, x) = 1

2 [ Ux ]
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[ Ux ]

V
∗(xα) ≤ f(Uα, xα)

≤ αf(U∗(x1), x1) + (1− α)f(U∗(x2), x2)

= αV
∗(x1) + (1− α)V ∗(x2)
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Let U
∗(x) = Lix + Mi when x ∈ CRi. U

∗ is linear and therefore
continuous on the interior of each critical region CRi.

Consider a parameter x on the boundary between two regions,
x ∈ CRi∩CRj. By construction, both Lix+Mi and Ljx+Mj satisfy
the optimality conditions.

By strict convexity of the optimization problem (H � 0), the opti-
mum is unique, so Lix+Mi = Ljx+Mj, ∀x ∈ CRi ∩ CRj.

This proves continuity of U
∗ across boundaries of critical regions.

As V
∗ is the composition of two continuous functions, V

∗(x) =
f(U∗(x), x), it is also continuous. �
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Fig. 2. The α-basis for a uniformly partitioned two-dimensional domain, with m1 = 3 and m2 = 3 (then N = 16)

A PWAS vector function û : Rn → Rm is defined by the weights w = [(w1)� (w2)� . . . (wm)�]� ∈ RmNv

û(x) =





û1(x)
...

ûm(x)




=





(w1)�φ(x)
...

(wm)�φ(x)




=





φ�(x) 0 · · · 0

0 φ�(x) . . . 0
...

...
. . .

...

0 0 · · · φ�(x)




w = Φ(x)w

Different types of basis functions can be defined, in this work we refer to the so called α-basis [20]. See [21],

[31] for other basis functions. The k-th function α is a PWAS hyper-pyramid (a pyramid if n = 2), which takes the

value 1 at vk and 0 at all the other vertices. In other words, every element of the basis is affine over each simplex

and satisfies the condition

αk(vh) = δh,k =






1 if h = k

0 if h �= k

where δh,k is the Kronecker’s delta. This definition implies an important property: When the α-basis is used, the

coefficients wk are the values of the PWAS function at the vertices of the simplicial partition, wk = û(vk). This fact

establishes a one-to-one correspondence between each vertex vk and a coefficient wk. Moreover, each α function

has a local nature and can be seen as a PWA version of a radial basis function [32].

Figure 2 shows the functions of the α-basis defined over a uniformly partitioned two-dimensional domain.

B. Circuit implementations of PWAS functions

PWAS functions can be implemented in a circuit by using linear interpolators. In fact, the value of a PWAS

function can be obtained, for any n-dimensional input vector, by linearly interpolating only the n+1 values assumed

by the function at the vertices that define the simplex the input vector belongs to. The algorithm usually adopted to
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Fig. 1. Relationships between PWA functions and function spaces

A simplex can also be represented by the hyperplanes that define its boundary, i.e. by a set of inequalities:

Si(x0
i , . . . , x

n
i ) = {x : Ĥix ≤ K̂i}. As shown in [30], matrices Ĥi, K̂i are defined directly by the inequalities



 1 . . . 1

x
0
i . . . x

n
i




−1 

 1

x



 ≥ 0 (7)

that are a minimal system of linear inequalities representing Si. In this work we exploit both vertex and hyperplane

representations of Si, i = 0, . . . , L− 1.

The domain S is partitioned into simplices as follows. Every dimensional component xj ∈ [xminj , xmaxj ] of S is

divided into pj subintervals of length xmaxj−xminj

pj
, j = 1, . . . , n. Consequently, the domain is divided into

�n
j=1 pj

hyper-rectangles and contains Nv =
�n

j=1(pj + 1) vertices vk, collected into the set Vs. Each rectangle is further

partitioned into n! simplices with non-overlapping interiors and thus S contains L = n!
�n

j=1 pj simplices Si,

such that S = ∪L−1
i=0 Si and

◦
S i ∩

◦
S j = ∅, ∀i, j = 0, . . . , L− 1. The resulting partition is called simplicial partition

or type-1 triangulation and is univocally identified by the vector p = [p1 . . . pn]�. The corresponding class of

continuous functions that are affine over each simplex constitutes an Nv-dimensional linear space PWASp[S] ⊂

PWAS[S] ⊂ PWA[S] ∩ C
0[S] [19]. Therefore, it is possible to define different bases, made up of Nv linearly

independent functions belonging to PWASp[S]. By choosing some (arbitrary) ordering of the functions of any of

these bases, we can regard them as an Nv-length vector, say φ(x). Then a scalar PWAS function û ∈ PWASp[S]

is defined as a linear combination of the basis functions as follows

û(x) =
Nv�

k=1

wk φk(x) = w
�φ(x) (8)

Vector w = [w1 . . . wNv ]� determines û uniquely for each given x ∈ S.
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