
!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 7

8/4%*)#9/&%6:*);/4<#,(+%-#.)%+/01/2%#3(41)(-

Ek(t, x(t))xk + Fk(t, x(t))uk ≤ hk(t, x(t)) k = 0,1, . . . , N − 1

min
N�

k=0
�k(yk, uk, r(t+ k), t, x(t)) �k = quadratic function of yk, uk

min
U

1

2
U
�
H(t)U + F (t)�U + α(t)

s.t. G(t)U ≤ W (t)

�
xk+1 = Ak(t, x(t))xk +Bk(t, x(t))uk + fk(t, x(t))

yk = Ck(t, x(t))xk +Dk(t, x(t))uk + gk(t, x(t))

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

8/4%*)#1/&%62*);/4<#,.3
=,.3#0*4#%*>/-;#?*4+-%#!"#$%&'(")$*+%&,"#-'./012#')(@-%&>

5

!"#$%&'()*+,,(,-./)(*0(.
34%5&%("6'7&8-&%)'.372(1

=!''-/0*1/(4>A#1/&%62*);/4<#>;>1%&>#B%"<"A#*%)(>'*0%CD#E8#>;>1%&>

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

GH*&'-%A#'%)/(+/0#+(I@-%#/41%<)*1()

F

min 10(x2,k − r(t+ k))2 + 0.001∆u2k

s.t. (no constraints)

!mpcsoft_doubleint(/-20

time-varying double-
integrator model

LTV-MPC block

A=[1 0;Ts 1]*(1+.5*sin(t+k*Ts));
B=[Ts;0];
f=[0;0];
C=[0 1];
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dCA

dt
=

F

V
(CAf − CA)− CAk0e

−∆E
RT

dT

dt
=

F

V
(Tf − T ) +

UA

ρCpV
(Tj − T )− ∆H

ρCp
CAk0e

−∆E
RT

• T : temperature inside the reactor [K] (state)

• CA : concentration of the reagent in the reactor [kgmol/m3] (state)

• Tj : jacket temperature [K] (input)

• Tf : feedstream temperature [K] (measured disturbance)

• CAf : feedstream concentration [kgmol/m3] (measured disturbance)
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dx

dt
= f(x(t), u(t), t)

xk+1 = (I + Ts
∂f

∂x
(x(t), u(t), t))xk + Ts

∂f

∂u
(x(t), u(t), t)uk + fk

fk = Ts

�
f(x(t), u(t), t)− ∂f

∂x
(x(t), u(t), t)x(t)− ∂f

∂u
(x(t), u(t), t)u(t)

+
∂f

∂t
(x(t), u(t), t)kTs

�
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Q

dx

dt
(t + τ |t) � f(x(t), u(t), t) +

∂f

∂x
(x(t), u(t), t)(x(t + τ)− x(t))

+
∂f

∂u
(x(t), u(t), t)(u(t + τ)− u(t))

+
∂f

∂t
(x(t), u(t), t)τ

generic NL model

linearized model

discrete-time 
LTV model

A(t) B(t) f(t)

model 
matrices 
depend on 
current 
time t

J(t + 1) = J(t) + (CA(t)− r(t))2 + 10−4∆T 2
j (t)
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p(t) =
ω2

0

s2 + 2ζω0s + ω2
0

pc(t)
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initial position

target position p0 ∈ Rd = current vehicle position

q1, q2, . . . , qM ∈ Rd = obstacle positions

p0 �= qi, ∀i = 1, . . . ,MP =





p ∈ Rd :




(q1 − p0)�

...
(qM − p0)�



 p ≤




(q1 − p0)�q1

...
(qM − p0)�qM









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gj = minw∈Rd (qj − p0)�w
s.t. w ∈ Wj

gj = min
h=1,...,sj

Aj
cwjh

P =





p ∈ Rd :




(q1 − p0)�

...
(qM − p0)�



 p ≤




(q1 − p0)�q1 + g1

...
(qM − p0)�qM + gM









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W1

WM

6 S9"(4&>@(9<8)&>'4(j(:4T%4()@4(8>&'&"(  gj

Bj = {qj}⊕Wj
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V

P =





p ∈ Rd :




(q1 − p0)�

...
(qM − p0)�



 p ≤




(q1 − p0)�(q1 − di) + g1

...
(qM − p0)�(qM − di) + gM



 , i = 1, . . . , r





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q1

qM

q2

p0

W2

W1

WM

V � conv(p0 + d1, . . . , p0 + dr)
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pi(t+ 1) = Aipi(t) +Bipci(t) pi(t) =




xi(t)
yi(t)
zi(t)





V(t) = {p(t)}+ conv(d1(t), . . . , dr(t))

Bj(t) = {qj(t)}⊕Wj(t)

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

89:6,.3#<I/+*40%#*-<()/1?&A#')%+/01/(4#&(+%-

7K

6 I#%4&"(&;;"9E#G&)#9%(9C(8)&<#'#=4:(:N%&G#>8(9C(7AB(Ui

?'2/)/'(%
',%<3@/&+3%Qi
-)%)/>3%t%

6 L9'N)9;#>(8@&;4(9C(7AB(Ui (&)()#G4(t%

p(t) V(t)

6 L9'N@4:"&'(8@&;4(9C(9<8)&>'4(Uj (&)()#G4(t%
qj(t)

Bj(t)

6 39)4+(9)@4"(?4@#>'48(#%(C9"G&)#9%(&"4()"4&)4:(&8(;9'N)9;#>(9<8)&>'48((Bj(,(V )

pci(t) =




xci(t)
yci(t)
zci(t)




?'2/)/'(%
&'>>-(.3.%
-)%)/>3%t%

Ac =




(q1 − p0)�

...
(qM − p0)�



 , bc =




(q1 − p0)�q1

...
(qM − p0)�qM





min ρ�2 +

N−1�

k=0

�Wy(pk − pd(t))�2 + �W∆u(pc,k − pc,k−1)�2

s.t. pk+1 = Apk +Bpc,k, k = 0, . . . , N − 1

∆min ≤ pc,k − pc,k−1 ≤ ∆max, k = 0, . . . , Nu − 1

Ac,kpk ≤ bc,k + gk −Ac,kdh,k +1I �

k = 0, . . . , N − 1, h = 1, . . . , ri

pc,k = pc,Nu−1, k = Nu, . . . , N
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dynamics #1
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dynamics #2

MPC #1

MPC #2

previous optimal sequences are exchanged
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Decentralized Linear Time-Varying Model Predictive Control of a
Formation of Unmanned Aerial Vehicles

Alberto Bemporad and Claudio Rocchi

Abstract— This paper proposes a hierarchical MPC approach
to stabilization and autonomous navigation of a formation of
unmanned aerial vehicles (UAVs), under constraints on motor
thrusts, angles and positions, and under collision avoidance
constraints. Each vehicle is of quadcopter type and is stabilized
by a local linear time-invariant (LTI) MPC controller at the
lower level of the control hierarchy around commanded desired
set-points. These are generated at the higher level and at a
slower sampling rate by a linear time-varying (LTV) MPC
controller per vehicle, based on an a simplified dynamical
model of the stabilized UAV and a novel algorithm for convex
under-approximation of the feasible space. Formation flying is
obtained by running the above decentralized scheme in accor-
dance with a leader-follower approach. The performance of the
hierarchical control scheme is assessed through simulations, and
compared to previous work in which a hybrid MPC scheme is
used for planning paths on-line.

I. INTRODUCTION

The last few years have been characterized by an increas-
ing interest in stabilizing and maneuvering a formation of
multiple aerial vehicles. Research areas include both military
and civilian applications (such as intelligence, reconnais-
sance, surveillance, exploration of dangerous environments)
where Unmanned Aerial Vehicles (UAVs) can replace hu-
mans. VTOL (Vertical Take-Off and Landing) UAVs pose
control challenges because of their highly nonlinear and cou-
pled dynamics, and of limitations on actuators and pitch/roll
angles. In particular, quadcopters are a class of VTOL
vehicles for whose stabilization several approaches were
proposed in literature, such as classical PID [1], nonlinear
control [2], H∞ control [3], and recently linear MPC (Model
Predictive Control) [4].

MPC is particularly suitable for control of multivariable
systems governed by costrained dynamics, as it allows one to
operate closer to the boundaries imposed by hard constraints.
In the context of UAVs, MPC techniques have been already
applied for control of formation flight in [5]–[9] and for
spacecraft rendezvous [10]–[12].

In the context of path planning for obstacle avoidance,
several other solutions have been proposed in the litera-
ture, such as potential fields [13], [14], A

∗ with visibility
graphs [1], nonlinear trajectory generation (see e.g. the
NTG software package developed at Caltech [5]), vertex-
graph (VGRAPH) algorithms [15], and mixed-integer linear
programming (MILP) [16], [17].

A. Bemporad is with the IMT (Institutions, Market,
Technologies) Institute for Advanced Studies Lucca, Italy,
alberto.bemporad@imtlucca.it. C. Rocchi is with the Department
of Mechanical and Structural Engineering, University of Trento, Italy,
claudio.rocchi@ing.unitn.it. This work was partially supported
by the European Space Agency through project “ROBMPC – Robust
Model Predictive Control for Space Constrained Systems”.
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Fig. 1. Hierarchical control structure for UAV navigation

This paper adopts the two-layer MPC approach depicted
in Figure 1 to stabilization and on-line trajectory gener-
ation for autonomous navigation with obstacle avoidance
of a formation of quadcopters. At the lower level, linear
constrained MPC controllers with integral action take care
of stabilizing the quadcopters with offset-free tracking of
desired set-points. At the higher hierarchical level and at
a lower sampling rate, linear time-varying (LTV) MPC con-
trollers generate on line the paths to follow for the formation
to reach a given target position and shape while avoiding
obstacles. The performance of the strategy adopted in this
paper is assessed through simulations and compared to an
alternative technique based on decentralized hybrid MPC
proposed in a previous work [18]. The lower-level linear
MPC algorithms control motor speeds directly via pulse posi-
tion modulation, under admissible thrust and angle/position
constraints. Based on a leader-follower approach in which
the leader points to the target and the followers track a
given relative position from the leader, the higher-level LTV-
MPCs (one per vehicle) maintain the vehicles in formation
towards a desired target in a decentralized way. Obstacles
and vehicle-to-vehicle collisions are constraining predicted
vehicle positions within a convex polyhedron contained in
the feasible space, generated on-line via a novel approach
proposed in this paper. We assume that target and obstacle
positions may be time-varying and only known at run time,
a situation for which off-line (optimal) planning cannot be
easily accomplished.

The paper is organized as follows. After introducing
the UAV dynamics in Section II, a linear MPC design is
proposed in Section III-A for stabilization under constraints
and trajectory tracking. Section III-B proposes a convex
polyhedral approximation approach for obstacle avoidance,
which is used in Section III-C to formulate the higher-
level LTV-MPC controller for safe path planning. Section IV
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VMi, i = 1, . . . , 4

x

θ

f1

f2
f3

f4

φ

ψ
z y

mg
l τ1

τ2
τ3

τ4

mẍ = −f sin θ − βẋ

mÿ = f cos θ sinφ− βẏ

mz̈ = f cos θ cosφ−mg − βż

θ̈ =
τθ
Ixx

φ̈ =
τφ
Iyy

ψ̈ =
l

Izz
(−f1 + f2 − f3 + f4)

f = f1 + f2 + f3 + f4

τθ = (f2 − f4)l

τφ = (f3 − f1)l

fi =
9.81(22.5VMi − 9.7)

1000
, i = 1, . . . , 4
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z ≥ 0
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−π

6
≤ θ,φ ≤ π

6

NL = 20

NLu = 3

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

8/4%*)#,.3#L()#>1*@/-/P*1/(4

? !+=-.5(%&'(60=*50,(/-)+9=(O.)-/(0=(%@"!@S(%&'("00,O0T

? !+=-.5+K.*+0=(.504=/(*>-(>07-5+=9(60=/+*+0=(.=/(*+2-$/+)65-*+K.*+0=
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Ts =
1

14
s

? UT6-,,-=*()*.O+,+K.*+0=(F50F-5*+-)V(/-)F+*-(3!(/C=.2+6)(.=/(60=)*5.+=*)W
%.=C(0*>-5(*-6>=+X4-)(.7.+,.O,-(805()*.O+,+K.*+0=(F45F0)-)

5$-2)/++'J%PS1+J%R'2-('J%MNNT9

6 A)()#G4(tO(4&>@(7AB(Ui (89'?48(#)8(95%(IJBDKLM(;"9<'4G

6 B4@#>'4(U-(>9%8#:4"8(&""#?&'(;9#%)(pd!(&8(:48#"4:()&"$4)O(pd! (t)!pd! , ∀t≥0

6 B4@#>'4(Uj(>9%8#:4"8('4&:4"V8(;98#)#9%(&8(:48#"4:()&"$4)O(pdj (t)=pc!(t)O ∀jW-

6 L"4?#9*8(9;)#G&'(84X*4%>48

&"4(4E>@&%$4:()9(;"4:#>)(C*)*"4(;98#)#9%8(9C(9)@4"(7AB8(Uj

pcj(t|t− 1), pcj(t+ 1|t− 1), . . . , pcj(t+N − 2|t− 1)

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

89:6,.3#<I/+*40%#*-<()/1?&A#L()&*1/(4#_;/4<
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pd!
pc!(t)

pc"(t)

pcM(t)

pd!

6 0()4)"&@4:"&'(9<8)&>'48O

6 7AB8(G9:4'4:(&8(8G&''(;&"&''4'4;#;4:8

! "#$%&'()(&&*+&,)*84:(C9"(IJBDKLM(:48#$%O

8#G*'&)#9%O(&%:(>9:4($4%4"&)#9%

! YL(;"9<'4G(<*#':4"(&%:(89'?4"(#G;'4G4%)4:

#%(ZG<4::4:(KAJIA[

6 ML7()#G4(,(\DE')=((P;4"()#G4D8)4;Q

5"L7RLI%8MNNU0J%"-&0''4%L/*9

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

GH*&'-%A#89:6,.3#L()#L()&*1/(4#_;/4<

5F

W = conv(

�−1/3
−1/3
−1/2

�
,

�
2/3
−1/3
−1/2

�
,

�−1/3
2/3
−1/2

�
,
� 0

0
1/2

�
)

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

3(&'*)/>(4#V/1?#(1?%)#<I/+*40%#&%1?(+>

5J

.3&3()*-+/S3.%>,<&"5%"#$ .3&3()*-+/S3.%/01%"#$

?8($#("%!'F$!5=

5>3)@'.%',%#-1+%-.)/*0J%MNNV9

5I3>?'*-.J%8'&&@/J%KGL$%MNOO9
5)@/2%)-+49

ML7()#G4(,(\DE')='

ML7()#G4(,(\G')='

ML7()#G4(,(\HE')='
PR[K(MLIZ]Q



Jtt =
3080�

k=350
�pL(k)− pt�22

Jfpt =
3080�

k=350
�pL(k)− pF1(k)− pd1�22

+ �pL(k)− pF2(k)− pd2�22

Ju =
3080�

k=350
�u(k)− u(k − 1)�1

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

.%)L()&*40%#0(&'*)/>(4

5K

a bI#6#

5/(./&32%('*>-+/S3.%B/)@%*32?3&)%)'%)@3%&3()*-+/S3.%@E0*/.%"#$%?3*,'*>-(&3Q

./12-.).1/34562#[41%<)*-#M`I*)%#G))()#B[MGC

'&17/.5&6)8/..-16).1/34562#[MG#

/+9&*:.-);-15</.5<-)&')568:.)9526/*9#B[!^XC

Jtt Jfpt Ju
centralized hybrid MPC 1 1 1
decentralized hybrid MPC -0.09% -0.51% -0.03%
decentralized LTV MPC -2.46% -15.47% +9.20%
potential fields +210.32% +294.30% +212.75%


