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sections identify the respondent and capture the size of the
plant as well as the use of control technology within the
organization. The third section queries the use of APC
technology and tools. Sections four to six are key to the
economic assessment process. While Section four covers
the managerial process by asking about reporting, decision
making and budgeting, Section five is concerned with the
engineering process and the estimation of cost and benefits.
Section six requests the respondents opinion about the
accuracy, importance and satisfaction with the current esti-
mation process in place as well as about future trends.

4. Framework – the engineering process

A good estimate of the performance that will result from
improved process control requires process insight as well as
an understanding of the control technology. Seven steps of
assessing the performance before and after implementation
are described in the left-hand column of Fig. 1. In this sec-
tion, these steps will be discussed in detail.

The focus of the survey as well as of most APC projects
is on continuous processes. In the survey, 90% of respon-
dents work on continuous processes. Cost/benefit assess-
ments of batch processes are conducted and reported less
frequently since there are fewer batch processes in the
chemical, petrochemical and refining industries. However,
most of the methods described in the following can be
applied to both batch and continuous processes for which
the time trend is monitored.

4.1. Base case identification

The initial step when considering a new APC solution is
to analyze the performance of the current system or the so-
called base case. For the questionnaire, APC experts were
asked how they determine the base case performance and
benefits. The majority of APC suppliers (53%) and a large
number of APC users (42%) estimate the variance before
control using historical data. Other estimation categories
include past experience with a similar project (25%) and

the estimation of qualitative, non-monetary benefits
(15%) as well as rules of thumb [47], such as that a new con-
trol scheme will increase the throughput by a fixed percent-
age (7%). For the water and waste-water industries, Lant
and Steffens [48] provide a qualitative self-assessment form
to establish how good the process control is. The disadvan-
tage of such a table is that it is industry related and has to
be updated with the development of new technologies.

The questionnaire results support the industry–univer-
sity study by Marlin and co-workers [49], which high-
lighted the importance of determining the base case
operation through in-depth analysis of historical plant
data. An important consideration for the base case identi-
fication is then the selection of the appropriate process
variables from which the variance is estimated. Latour
[19] recommends the analysis of the following variables:

• Critical product qualities.
• Important manipulated variables.
• Material and energy balance parameters.
• Constraint variables.

In-depth process insight such as knowledge of the inter-
relationship between variables or the steady-state economic
model of the process is indispensable information for the
base case identification [50]. A careful preliminary data-dri-
ven analysis of the plant can provide further insight prior
to any control upgrade [51].

4.1.1. Performance functions
In many cases, the variance of a process variable can be

linked to a monetary value. Although this is not the only
instance where economic benefit can be captured, it is the
most commonly used. A performance function [22,52]
defines either profit or loss as the process variable x moves
away from an optimum operation point. The derivation of a
performance function requires process insight and expert
knowledge. General guidelines are difficult to establish, as
the economic impact depends on the nature of the produc-
tion facility and on the industry [53]. Performance functions
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point closer to a limit xL by Dl, see Fig. 5, [43]. The reduc-
tion in variance is often assumed to be a fixed percentage.
Several industrial and academic authors assume a reduc-
tion of the standard deviation by 50% [19,61–63] or by
35% [64]. More optimistic estimates even propose a reduc-
tion by 85–90% [20,27,65].

The assumption of a fixed rate of reduction as applied
by many industrial authors is practical but in many cases
somewhat arbitrary. To achieve a more objective measure,
an upper bound for the economic benefit was proposed by
Muske [44]. The minimum variance of the process variable
can be estimated from historical data and process knowl-
edge [66].

If an accurate process model along with the designed
controller is available, then data for the new system can
be simulated and used to estimate the average perfor-
mance. This approach was pursued by Zhou and Forbes
[42] as well as by others [56,67] to get a realistic picture
of the performance of a new APC system. This approach,
however, might not always be the best choice since it
requires a detailed process model and significant computa-
tional effort.

The improvement resulting from the control system
upgrade can be expressed in quantitative terms by compar-
ing the average performance before the new system, that is,
the base case P before

av , and the estimated average perfor-

mance that is expected from the new control strategy
bP after
av . This improvement can be expressed as a profit index

computed from the variance reduction achieved by the new
system and a minimum achievable variance estimate [68].

Several other profit and cost factors are not always easy
to express in monetary terms but nevertheless make a con-
siderable contribution to the assessment. In the following,
several profit and cost factors are discussed.

4.3.1. Profit factors
Both APC users and suppliers were asked in the ques-

tionnaire to name the three most important contributors
to the benefits that result from improved process control.
Several authors [1,23,69,70] discuss the benefits of APC
systems and their contribution, which formed the basis of
the list in the questionnaire. Fig. 6 lists the most frequently
named factors. Despite the small sample size a clear trend
can be observed. In particular, throughput and quality,
which are directly related, were two frequently named
profit factors. A higher quality can be achieved by limiting
the throughput as shown in Fig. 7. APC shifts the curve up,
thus allowing higher throughput at the same quality or
improved quality for the same throughput or a combina-
tion of the two.

Some factors contributing to the benefit of APC are dif-
ficult either to estimate or to express in monetary terms.
Nevertheless, they contribute to the initial assessment and
budget proposal, as shown in Fig. 1. An interesting result
of the questionnaire is that the reduction of operating man-
power is named as a profit by 14% of the APC suppliers
while it is not regarded to have an impact on the profit
improvement by the manufacturing companies. A reason-
ing that manpower reduction results from advanced pro-
cess control is that operator attention necessary for
problem loops or alarm conditions can be reduced [71].
A reduction of operating manpower as a result of APC
was reported for an Austrian refinery [72].
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!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

Y/4%*)#,.3#6#[40(491)*/4%+#0*9%

7?

!'4%)*#5'+5*1%&,%()'2(1*:E
�

xk+1 = Axk +Buk
yk = Cxk

!'/*5-(52#)&*'%)1*9

!'J(#:E'F)1'$*I<*)&*'''''''''''''''''''''''''''''''''',6#,'$,**5$',6*'$,#,*',(',6*'(5%=%)'
P(+,%2#::7R

U∗ =





u∗0
u∗1...

u∗N−1





J(x0, U) = x�
0Qx0 +





x1
x2
...

xN−1
xN





�
Q̄� �� �



Q 0 0 . . . 0
0 Q 0 . . . 0
... ... . . . ... ...
0 . . . 0 Q 0
0 0 . . . 0 P









x1
x2
...

xN−1
xN





+





u0
u1
...

uN−1









R 0 . . . 0
0 R . . . 0
... ... . . . ...
0 . . . 0 R





� �� �
R̄





u0
u1
...

uN−1









x1
x2
...
xN



 =

S̄� �� �



B 0 . . . 0
AB B . . . 0
... ... . . . ...

AN−1B AN−2B . . . B









u0
u1
...

uN−1



+





A
A2

...
AN





� �� �
T̄

x0

J(x0, U) = x
�
0Qx0 + (S̄U + T̄ x0)�Q̄(S̄U + T̄ x0) + U

�
R̄U

=
1

2
U

� 2(R̄+ S̄
�
Q̄S̄)� �� �

H

U + x
�
0 2T̄

�
Q̄S̄� �� �
F

U +
1

2
x
�
0 2(Q+ T̄

�
Q̄T̄ )� �� �

Y

x0

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

\0(&'81*1/(4#(J#0(91#J8401/(4]

7D

J(x0, U) =
1

2
U
�
HU + x

�
0FU +

1

2
x
�
0Y x0 U =





u0
u1
...

uN−1





∇UJ(x0, U) = HU + F
�
x0 = 0

U
∗ =





u
∗
0

u
∗
1...

u
∗
N−1



 = −H
−1

F
�
x0

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

Y/4%*)#,.3#6#[40(491)*/4%+#0*9%

7F

7$%-&5)1"%2-)2;3%+"2:

C1-"+/%-,N")%**+.%&5E'<$*'17)#2%&'+5(=5#22%)=',('F)1'U* ;Q%&&#,%'%,*5#,%()$>

B6*'(+,%2<2'%$'(@,#%)*1'@7'3*5(%)=',6*'=5#1%*),

#)1'6*)&*
min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N

�
umin ≤ u(t) ≤ umax
ymin ≤ y(t) ≤ ymax

�
xk+1 = Axk +Buk

yk = Cxk

x0 = x(t)

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 7I

Y/4%*)#,.3#6#3(491)*/4%+#0*9%

!'0()$,5#%)*1'(+,%2#:'&(),5(:'+5(@:*2';I<#15#,%&'+*5-(52#)&*'%)1*9>E

!'0()$,5#%),$',('*)-(5&*E

x ∈ Rn

u ∈ Rm

y ∈ Rp
!'4%)*#5'+5*1%&,%()'2(1*:E

R = R� � 0
Q = Q� � 0
P = P � � 0



V (x0) = 1
2x

�
0Y x0+ min

U

1
2U

�
HU + x

�
0FU

s.t. GU ≤ W + Sx0

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 7K

Y/4%*)#,.3#6#3(491)*/4%+#0*9%

?',4&G#TU!38!7D?#>8:M8!=#IT>J

;I<#15#,%&>

;:%)*#5>

!'_+,%2%3#,%()'+5(@:*2E

!''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''%$',6*'(+,%2%3#,%()'G*&,(5

! '''''''''''''''''''''''''''''#)1'HC' FC' YC' GC' WC' S'1*+*)1'()'H*%=6,$'QC' RC' PC''
<++*5'#)1':(H*5'@(<)1$'uminC'umaxC'   yminC'ymaxC'#)1'2(1*:'2#,5%&*$' AC'BC' C

U =





u0
u1
...

uN−1



 ∈ Rs, s � Nm

H = H
� � 0

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :M

Y/4%*)#,.3#*-A()/1B&

!'D++:7'():7'u(t)=u*(0)'#)1'1%$&#51',6*'5*2#%)%)='(+,%2#:'%)+<,$

!'A(:G*',6*'c/'+5(@:*2

4*,'U={u*(0),...,u*(N-1)}'@*',6*'$(:<,%()

!'Q*+*#,'(+,%2%3#,%()'#,',%2*'t+1K'D)1'$('()'KKK

!'.*#$<5*';(5'*$,%2#,*>',6*'&<55*),'$,#,*'x(t)'

'D,',%2*'tE

?&"*+,("*-.%()%($

@#'+)%/#("*
A')%($

t t0k t0N

uk

r1t2
yk

-.+.($'/0+

min
U

1
2U

�
HU + x

�(t)FU

s.t. GU ≤ W + Sx(t)

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :5

Y/4%*)#,.3#6#[40(491)*/4%+#0*9%

P2$#2&.",/2%(-)/2%,"-Q<?-/&-2#.=/2N-%)&%-.=,2-,-&.,2(,"(-
*$,&)-#1")"&HA&&CF)+V-),I-R

?&"*+,("*-.%()%($

@#'+)%/#("*
A')%($

t t03 t0N

ut0k

r1t2
yt0k

!'A(:<,%()E

!'D$$<2*')('&()$,5#%),$

!'/5(@:*2',('$(:G*'()M:%)*E

min




1�

k=0
y2k +

1

10
u2k



 + x�2
�
1 0
0 1

�
x2

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :7

Q(8W-%#/41%A)*1()#%E*&'-%

F-9@&.%'K

F-?#2&.",/2.&K

F-?#2."#)-#+S%$./E%K

F-M!./'/0,./#2-!"#+)%'-',."/$%&K

1)%(*$,/#W##X:Y#

71ZN#1

,.$(B

,.'$(&#+'($B



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ::

Q(8W-%#/41%A)*1()#%E*&'-%

=(',('1*2(''Tdemos/linear/doubleint.m

$**'#:$('mpcdoubleint.m
;T@+*7+GA

;Q<?*7+GA

x2,k ≥ −1, k = 1

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :<

Q(8W-%#/41%A)*1()#%E*&'-%

F-5((-$#2&.",/2.-#2-&%$#2(-&.,.%K

F-M!./'/0,./#2-!"#+)%'-',."/$%&K

,.$(B

,.'$(&#+'($B

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :?

Q(8W-%#/41%A)*1()#%E*&'-%

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :D

Y/4%*)#,.3#6#^)*0_/4A

!'89,*)1*1'$7$,*2E':*,'xu(t)=u(t-1)

D=#%)'#':%)*#5'$7$,*2'H%,6'$,#,*$'x(t)C'xu(t)'#)1'%)+<,'!u(t)

!']1*#E'+#5#2*,*5%3*',6*'+5(@:*2'<$%)='%)+<,'%)&5*2*),$

!'_@U*&,%G*E'2#N*',6*'(<,+<,'y(t)',5#&N'#'5*-*5*)&*'$%=)#:'r(t)



min
∆U

N−1�

k=0

�Wy(yk+1 − r(t))�2 + �W∆u∆uk�2

[∆uk � uk − uk−1], u−1 = u(t− 1)

subj. to umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N
∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , N − 1

∆U =





∆u0
∆u1
...

∆uN−1





min
∆U

J(∆U, x(t)) = 1
2∆U

�
H∆U + [x�(t) r

�(t) u
�(t− 1)]F∆U

s.t. G∆U ≤ W + S




x(t)
r(t)

u(t− 1)





emin ≤ yk − r(t) ≤ emax

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :F

F-L#.%K

Y/4%*)#,.3#6#^)*0_/4A

?#2E%G-
U3,(",./$-

<"#N",'-;U<A

F-M!./'/0,./#2-!"#+)%'K

F-M!./',)-$#2."#)-!"#+)%'-;83,(",./$-!%"1#"',2$%-/2(%GAK

&,'%-1#"'3),./#2-,&-+%1#"%-;W   -V-?=#)%&H@-1,$.#"-#1-I%/N=.-',."/G-QA

.)(+!+C#(+.'-D",(.&

F-?#2&.",/2.&-#2-.",$H/2N-%""#"&-$,2-+%-,)&#-/2$)3(%(K

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :I

Y/4%*)#,.3#6#^)*0_/4A#%E*&'-%

!'/:#),E

!'.(1*:E

!'A#2+:%)=',%2*E

=(',('1*2('linear/example3.m ;T@+*7+GA

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 :K

Y/4%*)#,.3#6#^)*0_/4A#%E*&'-%
!'/*5-(52#)&*'%)1*9E

!'0:($*1M:((+'./0E

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

Y/4%*)#,.3#6#^)*0_/4A#%E*&'-%

! 0()$,5#%),'MYKX'd'!  u(t)'d'YKX';$:*HM5#,*>

<M?5

! 0()$,5#%),'YKe'd'u(t)'d'fKX';#2+:%,<1*>



min
∆U

N−1�

k=0
�Wy(yk+1−r(t+k+1|t)�2+�W∆u∆u(k)�2

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 <5

!41/0/'*1/2%#*01/(4#=()#')%2/%U>

F-W%1%"%2$%-2#.-H2#I2-/2-,(E,2$%-;$,3&,)AKFX3.3"%-"%1%"%2$%-&,'!)%&-;!,"./,))@A-H2#I2-/2-
,(E,2$%-;,2./$/!,./E%-,$./#2AK

=(',('1*2(''mpcpreview.m ;Q<?*7+GA

min
z

N−1�

k=0
�Wy(yk+1 − r(t))�2 + �W∆u∆uk�2 + ρ��

2

subj. to umin ≤ uk ≤ umax, k = 0, . . . , N − 1
∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , N − 1
ymin − �Vmin ≤ yk ≤ ymax + �Vmax, k = 1, . . . , N

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 <7

H(J1#0(491)*/419
!'B('+5*G*),'c/'%)-*#$%@%:%,7C'5*:#9'(<,+<,'&()$,5#%),$E'

!'])-*#$%@%:%,7'&#)'@*'1<*',(E
Y-'#(%)/2N-%""#"&-
Y-(/&.3"+,2$%&
Y-I"#2N-Q<?-&%.3!-;%ZNZ:-!"%(/$./#2-=#"/0#2-/&-.##-&=#".A

-!-V-[!,2/$\-E,"/,+)%

-V!+'C'V!#E-V-E%$.#"&-I/.=-%2."/%&-!]-;.=%-),"N%"-.=%-%2."@:-.=%

-"%),./E%)@-&#1.%"-.=%-$#""%&!#2(/2N-$#2&.",/2.A

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 <:

Q%-*L9#`#,%1B(+#a5
!'4%)*#5'2(1*:'HT'1*:#7$E

!'.#+'1*:#7$',('+(:*$'%)'z=0E

!'D++:7'./0',(',6*'*9,*)1*1'$7$,*2

x(t)
A, B

u(t)
u(t− 1) . . . u(t− τ)

C
y(t)

u(t) = fMPC(x(t + τ))

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6<<

Q%-*L9#`#,%1B(+#a7
!'4%)*#5'2(1*:'HT'1*:#7$E

!'g*:#7M-5**'2(1*:E

!'g*$%=)'./0'-(5'1*:#7M-5**'2(1*:E

!'0(2+<,*',6*'+5*1%&,*1'$,#,*

!'0(2+<,*'./0'#&,%()'#&&(51%)=:7E V(5'@*,,*5'&:($*1M:((+'+*5-(52#)&*'
()*'&#)'+5*1%&,'x;tb">'H%,6'#'2<&6'
2(5*'&(2+:*9'2(1*:',6#)';DC"C0>'O



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

,.3#29"#0(42%41/(4*-#0(41)(-

5$,/*&#$,(<"[1$,/*&#'<"(<"#I5D5:J-$#2."#)-)##!&-I/.=-$#2&.",/2.&K-
%83/E,)%2.-!%"1#"',2$%-$,2-+%-#+.,/2%(-I/.=-#.=%"-&/'!)%"-$#2."#)-
.%$=2/83%&-;%ZNZK-<>^-_-,2./*I/2(3!A

Q<?-,))#I&-<,$A'-%$".#V-&,'%-.%$=2/83%-1#"-I/(%-",2N%-#1-!"#+)%'&K
Y-Q>QM
Y-$#2&.",/2.&
Y-!"%E/%I
Y-(%),@&-
Y-./'%*E,"@/2N-'#(%)&
Y-ZZZ

,2(-.=%"%1#"%-',H%&-C&1$/,#%)$,"&,),+&#&)1$&-

0'L&4&-

9,./&1@/2N-$#2."#)-&!%$&-,2(-I,)H/2N-#2-I,.%"-,"%-&/'/),"-`-

L#-!"#+)%'-I=%2-.=%@-,"%-1"#0%2-R
!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6<D

,.3#1B%()L
!'?%$,(5%&#:'=(#:E'89+:#%)',6*'$<&&*$$'(-'g.0

C$/5*$*),'=(#:E']2+5(G*C'$%2+:%-7C'#)1'*9,*)1'%)1<$,5%#:'#:=(5%,62$

C$D5*#$E
!'4%)*#5'./0'''''$$$$$$:%)*#5'+5*1%&,%()'2(1*:
!'W():%)*#5'./0'$$$)():%)*#5'+5*1%&,%()'2(1*:
!'Q(@<$,'./0'$$$$$$$$<)&*5,#%)';:%)*#5>'+5*1%&,%()'2(1*:
!'A,(&6#$,%&'./0'''$,(&6#$,%&'+5*1%&,%()'2(1*:
!'?7@5%1'./0$$$$$$$$$$+5*1%&,%()'2(1*:'%),*=5#,%)=':(=%&'#)1'17)#2%&$
!'89+:%&%,'./0''''''''(hM:%)*';*9#&,T#++5(9%2#,*>'&(2+<,#,%()'(-'./0

C$B6*(5*,%&#:'%$$<*$E
\#V*#$%@%:%,7
\#0()G*5=*)&*'#)1'$,#@%:%,7
\#A(:<,%()'#:=(5%,62$';S&(2+<,#,%()$>

1@#F'"5-G#8/+'7$5-G#.5-H,.I#"&(5-9:::2

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 <F

!'NS"'''''''''''''''''''%)F)%,*')<2@*5'(-'&()$,5#%),$'O

X%*9/W/-/1L

!'H"%2,$,1,-OE'J<#5#),**',6#,',6*'c/'+5(@:*2'%$'-*#$%@:*'#,'#::'$#2+:%)=',%2*$'t

!'.#9%2<2'(<,+<,'#12%$$%@:*'$*,',6*(57E'N<"'%$'*)(<=6'O

!'i6*)'N<"',6*5*'%$')('=<#5#),**',6#,',6*'c/'+5(@:*2'
'''H%::'5*2#%)'-*#$%@:*'#,'#::'-<,<5*',%2*'$,*+$'t

<FCPQCR?I)
9Q@DQC>)7<9:

1J+/K"&(5-L#'5-DEEE$FGHI3MM325-1N"&&+7#'5-@#,+"O.8$I+5HJHI9:::25-
1=P!+"/"8$I+5-@#'.%$+.%(P#I+$5-K'"L$H-(/L$M#//#2"5-3MMQ2

!'?/*3-)&./2-+%,/-2)./1OE')('-*#$%@%:%,7'%$$<*$'O

!'S%+#).3-*3-)&./2-+%,/-2E

min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N

min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6<I

H1*W/-/1L

!'A,#@%:%,7'%$'#'&(2+:*9'-<)&,%()'(-',6*'./0'+#5#2*,*5$'NC'QC'RC'PC'uminC'umaxC'
yminC'ymax

!'5")F$*$".#+',1"-)$,"1'#)1'H*%=6,$'()',6*',*52%)#:'$,#,*'&#)'@*'%2+($*1'
''''(G*5',6*'+5*1%&,%()'6(5%3()',('*)$<5*'$,#@%:%,7'(-'./0

<FCPQCR?I)
9Q@DQC>)7<9:



lim
t→∞

x(t) = 0

lim
t→∞

u(t) = 0

V ∗(x(t)) = min
N−1�

k=0
x�kQxk + u�kRuk

s.t. xk+1 = Axk +Buk
umin ≤ uk ≤ umax

ymin ≤ Cxk ≤ ymax

xN = 0

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6<K

$*9/0#0(42%)A%40%#)%98-1
R5".+"0T)0()$%1*5',6*':%)*#5'$7$,*2

1N""&(P+-#'*-J+/K"&(5-3M>>216"!).&#*5-=P+$,+5-@.$,#5-3MMR2

Q#"%-N%2%",)-1")F$*$".-"%&3).K-&%%- 1S#C#&5-T""!"/$5-U"+/#'*5-6"!).&#*5-AVVV-LW=5-9::Q2

H%,6'R,Q>0. ]-',6*'(+,%2%3#,%()'+5(@:*2',2)!"%2,$1")%-)-,0")t=0',6*)

#)1',6*'&()$,5#%),$'#5*'$#,%$F*1'#,'#::',%2*'t!0C'-(5'#::'R,Q>0

�
x(t+1) = Ax(t) +Bu(t)

y(t) = Cx(t)

#)1',6*'./0'&(),5(:':#H'@#$*1'()'(+,%2%3%)=

! ''''''''''''''''''%$'2()(,()%&#::7'1*&5*#$%)='#)1'!0C'$(

! B6*'&($,'(-''''''''''''%$

! "7'&()$,5<&,%()''''''''''''''''''''''''''''''''''''''''''''''''''''%$'#'-*#$%@:*'$*I<*)&*'#,',%2*'t+1'

! 4*,'Ut'S'(+,%2#:'&(),5(:'$*I<*)&*'#,',%2*'tC Ut = [ut0 . . . utN−1]
�

Ūt+1 = [ut1 . . . utN−1 0]�

V ∗(x(t))

V ∗(x(t))−x�(t)Qx(t)−u�(t)Ru(t) ≥ V ∗(x(t+1))

∃ lim
t→∞

V ∗(x(t)) � V∞

lim
t→∞

x(t) = 0, lim
t→∞

u(t) = 0 �

0 ≤ x�(t)Qx(t)+u�(t)Ru(t) ≤ V ∗(x(t))−V ∗(x(t+1)) → 0 for t → ∞

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ?M

3(42%)A%40%#')((J

J:(@#:'(+,%2<2'%$')(,')**1*1',('+5(G*'&()G*5=*)&*'O

.#%)'%1*#E'[$*'4)*<&#A<,+"$',#V*(x(t))'#$'#'].)(<,'4'-<)&,%()

Ūt+1

! ?*)&*

! A%)&*'R,Q>0C'

N → ∞

xN = 0

xN ∈ Ω

�xk+1� ≤ α�x(t)�, α < 1

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ?5

H1*W/-/1L#0(491)*/419

BZ$L#-$#2&.",/2.:-/2a2/.%-!"%(/$./#2-=#"/0#2K
-1N""&(P+-#'*-J+/K"&(5-3M>>2-1G#8/+'7$-#'*-@%$I"5-3MM;2

bZ$W%),G%(-.%"'/2,)-$#2&.",/2.K

cZ$62(*!#/2.-$#2&.",/2.K
1N8.'-#'*-?"#&$.'5-3MXX2-1N""&(P+-#'*-J+/K"&(5-3M>>2

dZ$?#2.",$./#2-$#2&.",/2.K

1H,.I#"&(-#'*-G#8/+'7$5-3MMQ2

5))-.=%-!"##1&-/2-;B:c:bA-3&%-.=%-E,)3%-132$./#2
,&-,-e@,!32#E-132$./#2

1?./#I-#'*-Y#'75-3MM;2-16"!).&#*5-3MM>2

V (t) = min
U

J(U, t)

At time t+1 the input sequence {u∗(t+1|t), u∗(t+
2|t), . . .} is also the optimal sequence for the sub-
problem with initial state x∗(t + 1|t) = x(t + 1).
Therefore x∗(t+k|t+1) = x∗(t+k|t), ∀k ≥ 1, ∀t ≥ 0

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ?7

.)%+/01%+#*4+#*018*-#1)*b%01()/%9
!'8G*)'#$$<2%)='+*5-*&,'2(1*:'j')('1%$,<5@#)&*$E

*+"#,&-"#'(+*)M:((+',5#U*&,(5%*$'2#7'@*'
1%h*5*),'-5(2'%&-3%1'&:($*1M:((+',5#U*&,(5%*$

! A+*&%#:'&#$*E'-(5',/U/,-")5.+,6./C'(+*)M:((+',5#U*&,(5%*$'
#)1'&:($*1M:((+',5#U*&,(5%*$'&(%)&%1*K'B6%$'-(::(H$'@7'
"*::2#)k$'+5%)&%+:*'(-'(+,%2#:%,7

8$+0)-C#^&**%),

INOQR#H##NO_PJ

: t

x1t2

xZ1t03|t2

t+N

[x1t092

xZ1t09|t2

[x1t032

x*1t09|t032

: t

x1t2

xZ1t03|t2

xZ1t09|t2

[x1t032

[x*1t09|t032[x1t092

0"



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ?:

P4'81#*4+#(81'81#B()/C(49

! ])+<,'6(5%3()'Nu'&#)'@*'$6(5,*5',6#)'(<,+<,'6(5%3()'N

• Nu<N'S':*$$'1*=5**$'(-'-5**1(2C'#)1'6*)&*E'

Y e#&&-#1-!%"1#"',2$%
Y ^%$"%,&%(-$#'!3.,./#2-./'%-;U<-/&-&',))%"A
Y X%,&/+/)/.@-&./))-',/2.,/2%(-;$#2&.",/2.&-,"%-&./))-$=%$H%(-3!-.#-NA

,7+%&#::7'NuSf÷fY

!J%G*)''''''''''''''''''''''''''''''''''''''''''''''''''''''''C'&6(($*'2#,5%9'P''@7'$(:G%)=''
,6*'Q%&&#,%'*I<#,%()

J(x0, U) = min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ?<

,.3#*4+#Y/4%*)#Z8*+)*1/0#@%A8-*1/(4#=YZ@>
!0()$%1*5'#=#%)',6*'./0'&(),5(:':#H'@#$*1'()'2%)%2%3%)=

`)+'('#;-),+&1+'#

8$++)"$#INaba#H#NbSPJ

R = R� � 0, Q = Q� � 0

N2--.K'8#$%:7'-(::(H$'-5(2'"*::2#)k$'+5%)&%+:*'(-'(+,%2#:%,7';17)#2%&'
+5(=5#22%)=>E'''''''''''''''''-S'(+,%2#:'P&($,M,(M=(R'-5(2',%2*'N',('"

!'I<,+',1"-)$,&CJ#=>?#Z#]T8'';-(5'#)7'&6(%&*'(-',6*'+5*1%&,%()'6(5%3()'N>

P = A�PA−A�PB(B�PB +R)−1B�PA+Q

x�NPxN

!06(($*'2#,5%9'P''#)1',*52%)#:'=#%)'K'@7'$(:G%)='',6*'4cQ'+5(@:*2

min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N
uk = Kxk, k = Nu, . . . , N − 1

K = −(R+B�PB)−1B�PA
P = (A+BK)�P (A+BK) +K�RK +Q

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ??

,.3#*4+#Y/4%*)#Z8*+)*1/0#@%A8-*1/(4#=YZ@>
!0()$%1*5'#=#%)',6*'&()$,5#%)*1'./0':#H'@#$*1'()'2%)%2%3%)=

c*0('(#X)*40%90(#
@/00*1/#=5DFD#6#5F?<>

!])'#'+(:76*15#:'5*=%()'#5(<)1',6*'(5%=%)'+',1"-)$,&C#=>?#Z#]T8''
;-(5'#)7'&6(%&*'(-',6*'+5*1%&,%()'#)1'&(),5(:'6(5%3()$'NC Nu>

!'B6*':#5=*5',6*'6(5%3()C',6*':#5=*5',6*'5*=%()'H6*5*'./0S4cQ

1=P!+"/"8$I+-#'*-@#'.%$+.%(P#I+$5-3MMQ2 1H,.I#"&(-#'*-G#8/+'7$5-3MM>21HC'#+"&#-#'*-\#!K.&75-3M>X2

uk = KLQxk, ∀k ≥ Nu

Nu = N = 2
min

∞�

k=0
y2k +

1

100
u2k

min




1�

k=0
y2k +

1

100
u2k



 + x�2
�
2.1429 1.2246
1.2246 1.3996

�
x2

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6]Q

Q(8W-%#/41%A)*1()#%E*&'-%

!'A7$,*2E

!'0()$,5#%),$E

!'0(),5(:'(@U*&,%G*E

!'_+,%2%3#,%()'+5(@:*2

1,.$(-^%',(+.'-+$-'.&!#/+C"*-KF-!#E-$D*1T22

$./%(+.'-.^-#/7"K&#+,-G+,,#(+-
"_%#(+.'

S4-7#+'

$#!)/+'7-0--`aT-
Ts[1 $



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ?F

VE*&'-%;#!X^P65D
!'4%)*#5%3*1'2(1*:E

afti16.m
=(',('1*2(''Tdemos/linear/afti16.m ;T@+*7+GA

;Q<?*7+GA

@8++%)

V-%2*1()9

X-*'9

!/-%)(4

!/-%)(4
Y(4A/18+/4*-#*E/9

d%)1/0*-#*E/9
Y*1%)*-#*E/9

@(--

./10Be*U

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ?I

VE*&'-%;#!X^P65D

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 ?K

VE*&'-%;#!X^P65D

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6DM

VE*&'-%;#!X^P65D

'[WABD"48'OOO

'[)&()$,5#%)*1'./0

'b'#&,<#,(5'$#,<5#,%()'±XZ.
';S:%)*#5'&(),5(::*5C'#''4cQ>

'A#,<5#,%()')**1$',('@*'&()$%1*5*1'%)',6*'&(),5(:'1*$%=)'O



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 D5

H*18)*1/(4
!'A#,<5#,%()'%$'1#)=*5(<$'@*&#<$*'%,'@5*#N$',6*'&(),5(:':((+

!'./0',#N*$'%,'%),('#&&(<),'#<,(2#,%&#::7';#)1'(+,%2#::7>

plant
x(k)

r(k)

v(k)=Kx(k)+Hr(k)

linear
controller

u(k)
saturation

plant
x(k)

r(k)

v(k)=f(x(k),r(k))=u(k)

MPC
controller

u(k)
saturation

min
∆U

N−1�

k=0
�Wy(yk+1 − r(t))�2 + �W∆u∆uk�2 + ρ��

2

subj. to ∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , Nu − 1
∆uk = 0, k = Nu, . . . , N − 1
umin ≤ uk ≤ umax, k = 0, . . . , Nu − 1
ymin − �Vmin ≤ yk ≤ ymax + �Vmax, k = 1, . . . , N

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 D7

^84/4A#A8/+%-/4%9

D:H#7$',57',('$*,'Nu'#$'$2#::'#$'+($$%@:*'O

G V",45-2E',6*':#5=*5',6*'5#,%('WyTWΔu',6*'2(5*'#==5*$$%G*',6*'&(),5(::*5

G ?/*3-)5.+,6./E',6*':#5=*5'NuC',6*'2(5*'P(+,%2#:R'@<,',6*'2(5*'&(2+:*9',6*'
&(),5(::*5'

G @3-*3-)5.+,6./E',6*'$2#::*5'NC',6*'2(5*'#==5*$$%G*',6*'&(),5(::*5

G 8,0,-2E'&(),5(::*5':*$$'#==5*$$%G*'%-'!umin, !umax'#5*'$2#::

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6D:

H0*-/4A
! ?<2#)$',6%)N'%)F)%,*'+5*&%$%()'KKK

! 0(2+<,*5$'1(')(,'O

! W<2*5%&#:'1%^&<:,%*$'2#7'#5%$*'%-'G#5%#@:*$'#$$<2*'G*57'$2#::'(5'G*57':#5=*'G#:<*$

B=%0*1"W''''y3-$ lMf*MmCf*Mmn';\>

''''''''''''''''''''''y9-$ lMf*mCf*mn'';/#>

<$*'%)$,*#1E'y3-$ lMYKfCYKfn';2\>

''''''''''''''''''''''''y9-$ lMfYCfYn'';N/#>''''''''''''

! ]1*#::7'#::'G#5%#@:*$'$6(<:1'5#)=*'%)'lMfCfnK'

V(5'*9#2+:*C'()*'&#)'5*+:#&*'y 'H%,6'yTy!#E

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6D<

_@$*5G*5'g*$%=)'-(5'./0SW9%)2%)#+%9/A4#J()#,.3

/5(&*$$

_@$*5G*5

_+,%2%3*5
W%1%"%2$%

L&#,&&C#"'#<1&#)#1")"&#'F1&-4&-#

!'V<::'$,#,*'x;t>'(-'+5(&*$$'2#7')(,'@*'#G#%:#@:*C'():7'(<,+<,$'y;t>

!'8G*)'%-'x;t>'%$'#G#%:#@:*C')(%$*'$6(<:1'@*'F:,*5*1'(<,

!'/5*1%&,%()'#)1'+5(&*$$'2(1*:$'2#7'@*'1%h*5*),'O''
'''';*K=KE'2(1*:'5*1<&,%()C'%1*),%F&#,%()>

r;tA '%,&3"%(
#3.!3.&

&.,.%-%&./',.%

u;tA y;tA

x;tA

x;tA



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6D?

,(+%-#J()#(W9%)2%)#+%9/A4

'%,&3"%'%2.-2#/&%-'#(%)

m;k>  

yu;k>  

ym;k>  

u;k>  

v;k>  

d;k>  

?/#'(-
!.*"/

3d9#=3(41)(--%+#d*)/*W-%9>

,d9#=,*4/'8-*1%+#d*)/*W-%9>

[,Q9#
=[4&%*98)%+
Q/918)W*40%9>

,Q9#=,%*98)%+#Q/918)W*40%9>

U,%&)1<-&C#

C$1"<-F),+&#

%'C&*

=&)1<-&%&,"

,'$1&#

%'C&*

_ _
,S9#

=,%*98)%+#S81'819>

=[4&%*98)%+
#S81'819>

UB/1%#4(/9%#
/44(2*1/(49

UB/1%#4(/9%#
/44(2*1/(49

nm;k>  

nd;k>  

!'W(,*E'2*#$<5*2*),')(%$*'2(1*:')(,')**1*1'-(5'(+,%2%3#,%()'O

32'%,&3"%(-(/&.3"+,2$%-'#(%)

zm;k>  

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6DD

_@$*5G*5'g*$%=)SW9%)2%)#+%9/A4
!'.*#$<5*2*),'<+1#,*

!'B%2*'<+1#,*

!W_B8E'2"*%+%-,./)*+,/&,*1"'6(:1$'O';<)1*5'&*5,#%)'#$$<2+,%()$>'
''1@%$I"5-@"#*.8$5-G#8/+'7$5-W==MR2

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 DF

f*-&*4#R-1%)#+%9/A4

!'V<::'2(1*:'-(5'1*$%=)%)='(@$*5G*5'=#%)'M

!'nd;k>E'5*+5*$*),$'$(<5&*'-(5'2(1*:%)='*55(5$

!'nm;k>E'5*+5*$*),$'$(<5&*'-(5'2*#$<5*2*),')(%$*

!'nu;k>E'H6%,*')(%$*'()'#::'%)+<,$'u'#11*1'-(5'$(:G#@%:%,7'(-',6*'Q%&&#,%'*I<#,%()

8<C'*A#9%$*#

c)*%),

INOdR#H#J

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6DI

P41%A)*-#!01/(4#/4#,.3

1#'*-'.(-.'/F-+'-@?=2



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6DK

S81'81#P41%A)*1()9

!']),5(1<&*'(<,+<,'%),*=5#,(5$'#$'#11%,%()#:'1%$,<5@#)&*'2(1*:$

!'[)1*5'&*5,#%)'&()1%,%()$C'(@$*5G*5'b'&(),5(::*5'+5(G%1*'6"+.).X2"-)%)'
''''$,*#17M$,#,*

?/#'(-
!.*"/

U,%&)1<-&C#

C$1"<-F),+&#

%'C&*

=&)1<-&%&,"

,'$1&#

%'C&*

0 0

UB/1%#4(/9%#
/44(2*1/(49

UB/1%#4(/9%#
/44(2*1/(49

:<"(<"

D,"&/-)"'-1

0

UB/1%#4(/9%#
/44(2*1/(49

0

ni;k>  

m;k>  

yu;k>  

ym;k>  

u;k>  

v;k>  

d;k>  

nm;k>  

nd;k>  zm;k>  

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 FM

P41%A)*1()9#*4+#91%*+L691*1%#(h9%19

yu;kA  u;kA  

v;kA  

d;kA  

/:#),'
2(1*:

:<"(<"
D,"&/-)"'-1

g

8P+("-'.+$"-
+''.D#(+.'$

g

ni;kA  

ym;kA  

Ddm

!'.(5*'=*)*5#::7C'#11'%),*=5#,(5$'()'$,#,*$'b'(<,+<,$E

! [$*',6*'#@(G*'2(1*:'b'2*#$K)(%$*'2(1*:',('1*$%=)'#)'(@$*5G*5
;*K=K'a#:2#)'F:,*5>

Ddmd;kA-

!'=)$,#$C&)E'(@$*5G*5'2#N*$

%'''',6*'&(2@%)#,%()'2#N*$

./0'2#N*$

1"$(+!#(+.'-"&&.&2

1)&"*+,("*-(&#,I+'7-"&&.&2

1#,(%#/-(&#,I+'7-"&&.&2

!'89+:#)#,%()E'''''''''''''''&(2+*)$#,*$'2(1*:'2%$2#,&6'%)'$,*#17M$,#,*

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 F5

!'?#"%E'#11'%),*=5#:$'(-'2*#$<5*1'(<,+<,$'#$'#11%,%()#:'$,#,*$';$%2%:#5',(':%)*#5'
''''$,#,*M-**1@#&N'&#$*>

!'89,*)1*1'+5*1%&,%()'2(1*:E

!']2+:*2*),#,%()E

V))()#J%%+W*0_

1N8#I"&'##I5-3MX92

! 89+:#)#,%()E'%-'&:($*1M:((+'#$72+,(,%&#::7'$,#@:*C',6*)'q;k>'&()G*5=*$',('#'
&()$,#),C'#)1'6*)&*'y;k>'&'r;k>

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

.(1*:'/5*1%&,%G*'0(),5(:'B((:@(9,(+%-#.)%+/01/2%#3(41)(-#^((-W(E

F7

F-=>?#7''*F'G#PeR-;7=%-Q,.=I#"H&:->2$ZA

Y-M+S%$.*#"/%2.%(-/'!)%'%2.,./#2-;Q<?-#+S%$.A

Y-Q<?-9/'3)/2H-e/+","@

Y-Q<?-O",!=/$,)-P&%"->2.%"1,$%

Y-?#(%-N%2%",./#2--bGLU5-E?=-L#&7"(5-*H)#,"5-"(,cd

Y-e/2H%(-.#-M<?-7##)+#G:-9@&.%'->^-7##)+#G:-ZZZ

http://www.mathworks.com/products/mpc/

16"!).&#*5-G+,I"&5-@.&#&+5-3MM>e9:392



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

.(1*:'/5*1%&,%G*'0(),5(:'B((:@(9,(+%-#.)%+/01/2%#3(41)(-#^((-W(E

F:

F 9%E%",)-*$,&)-#=>?-(%&/N2-1%,.3"%&-,E,/),+)%K

Y !"%E/%I-#2-"%1%"%2$%&f'%,&3"%(-(/&.3"+,2$%&
Y ./'%*E,"@/2N-I%/N=.&-,2(-$#2&.",/2.&:-2#2*(/,N#2,)-I%/N=.&
Y /2.%N",)-,$./#2-1#"-#J&%.*1"%%-.",$H/2N
Y &#1.-$#2&.",/2.&

F <"%(/$./#2-'#(%)&-N%2%",.%(-+@->(%2./a$,./#2-7##)+#G-&3!!#".%(

F 53.#',./$-)/2%,"/0,./#2-#1-!"%(/$./#2-'#(%)&-1"#'-9/'3)/2H-(/,N",'&

F e/2%,"-&.,+/)/.@f1"%83%2$@-,2,)@&/&-#1-$)#&%(*)##!-;/2,$./E%-$#2&.",/2.&A

F g%"@-1,&.-$#'',2(*)/2%-$)#&%(*)##!-&/'3),./#2-;$#'!/)%(-6Qe*$#(%A:-
I/.=-E%"@-E%"&,./)%-&/'3),./#2-#!./#2&-;%ZNZ:-1#"-,2,)@&/&-#1-'#(%)-
'/&',.$=-%J%$.&A

16"!).&#*5-G+,I"&5-@.&#&+5-3MM>e)&"$"'(2

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 F<

,.3#H/&8-/4_#-/W)*)L

'%,&3"%(-(/&.3"+,2$%&
1"#'-&/'3),./#2-(/,N",'

1%%(-,$.3,.#"-$#'',2(&
;1#"-+3'!)%&&-.",2&1%"A

/2!3.-,2(-#3.!3.-)/'/.&-
$=,2N%-(3"/2N-&/'3),./#2

#!%2-Q<?-OP>-
1#"-(%&/N2

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 F?

,.3#H/&8-/4_#-/W)*)L

&!%$/1@-,-&%.-#1-N-)/2%,"-
Q<?-$#2."#))%"&

#!%2-Q<?-OP>-
1#"-(%&/N2

$=,2N%-,$./E%-$#2."#))%"-.="#3N=-
,2-/2.%N%"-&I/.$=/2N-&/N2,)

B*9,

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 FD

,.3#G)*'B/0*-#[9%)#P41%)J*0%
)/2%,"-!"%(/$./#2-'#(%)&

Q<?-(%&/N2&

&/'3),./#2-."/,)&-I/.=
(/J%"%2.-$#'+/2,./#2&-
#1-$#2."#))%"&:-!),2.&:-
"%1%"%2$%&:-%.$Z

Q<?-.32/2N-!,2%)

/2!3.-I%/N=.& #3.!3.-I%/N=.&
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,.3#^84/4A#!+2/9()
$)#&%(*)##!-!%"1#"',2$%-
%E,)3,./#2-$"/.%"/#2-J

&%2&/./E/.@-#1-!%"1#"',2$%-J-IZ"Z.Z-
&',))-!%".3"+,./#2&-#1-I%/N=.I%/N=.&-(%a2/2N-

(%&/"%(-!%"1#"',2$%-J

"32-$)#&%(*)##!-&/'3),./#2& ,(E/&%(-.32/2N-$=,2N%&

$3""%2.-
E,)3%-#1-
I%/N=.&

J(W y, W∆u, W u) =
Tsim�

k=0

�W y(y(k)− r(k))�2 + �W∆u∆u(k)�2 + �W u(u(k)− ur(k))�2

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 FI

./0'-5*I<*)&7'#)#:7$%$';%)#&,%G*'&()$,5#%),$>X)%i8%40L#*4*-L9/9#(J#,.3
FP2$#2&.",/2%(-Q<?-N,/2-_-)/2%,"-#+&%"E%"-V-)/2%,"-(@2,'/$,)-&@&.%'-
;V-c-(Z#Z1Z-(@2,'/$-$#2."#))%"A

F ?)#&%(*)##!-Q<?-,2,)@&/&-$,2-+%-!%"1#"'%(-3&/2N-&.,2(,"(-
1"%83%2$@*(#',/2-.##)&-;%ZNZ-h#(%-!)#.&-1#"-&%2&/./E/.@-,2,)@&/&A

u;t>  ym;t>  

r;t>  

>*),"

=>?

x;t>  

xe;t>  
^

>2-Q<?-7+GK-ss(mpc)-#"-tf(mpc)-"%.3"2-.=%-e7>-(/&$"%.%*./'%-1#"'-#1-.=%-)/2%,"/0%(-
;V2#-$#2&.",/2.&A-Q<?-#+S%$.
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0(),5(::*5'2#,&6%)='+5(@:*23(41)(--%)#&*10B/4A#')(W-%&

!'O/E%2-.=%-$#2."#))%"-uV  Kfv- x:-2,C#L&$/0"1#Q:R:P--1#"-.=%-Q<?-
----!"#+)%'-&3$=-.=,.

----.=,.-/&:-.=%-=>?#+',"-'**&-#+'$,+$C&1#L$"0-Kfv--I=%2-.=%-$#2&.",/2.&-
----,"%-,'"#)+"$4&

F-U<-',."/$%&K

−
�
I 0 . . . 0

�
H
−1

F = Kfv

1\+-=#+&#'.5-6"!).&#*5-9:3:2
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!'_+*)M:((+'+5(&*$$E'

!'g*$%5*1'&(),5(::*5';>D3>E'

!'A,#,*M$+#&*'-(52E

!'0()$,5#%),$E

$#2."#))%"
',.$=/2N
+,&%(-#2
/2E%"&%-eUW
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Q3#9%)2(&(1()#6#,.3#)%98-19

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6ID

Q3#9%)2(&(1()#6#,.3#)%98-19

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 IF

Y/4%*)#,.3#W*9%+#(4#-/4%*)#')(A)*&&/4A

min
U

�PxN�∞ +
N−1�

k=0
�Qxk�∞ + �Ruk�∞

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N

�v�∞ � max
i=1,...,n

|vi|

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6II

Y/4%*)#,.3#W*9%+#(4#Y.
16"!).&#*5-6.&&"//+5-@.&#&+5-9::;2

�
umin ≤ u(t) ≤ umax
ymin ≤ y(t) ≤ ymax

�
xk+1 = Axk +Buk

yk = Cxk

x0 = x(t)

!'0()$,5#%)*1'(+,%2#:'&(),5(:'+5(@:*2';"M)(52'+*5-(52#)&*'%)1*9>E

!'0()$,5#%),$',('*)-(5&*E

x ∈ Rn

u ∈ Rm

y ∈ Rp

!'4%)*#5'+5*1%&,%()'2(1*:E

QC'RC'P''-<::'5#)N

1?&.).+5-3MQ;2



�xk ≥ �Qxk�∞
�uk ≥ �Ruk�∞
�xN ≥ �Pxk�∞

�xk ≥ Qixk i = 1, . . . , n
�xk ≥ −Qixk k = 0, . . . , N − 1
�uk ≥ Riuk i = 1, . . . ,m
�uk ≥ −Riuk k = 0, . . . , N − 1
�xN ≥ P ixN i = 1, . . . , n
�xN ≥ −P ixN

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6IK

Y/4%*)#,.3#W*9%+#(4#Y.

!'"#$%&',5%&NE

!']),5(1<&*'$:#&N'G#5$E

xk+1 = Akx(t) +
k−1�

j=0
AjBuk−1−j

V ∗(x(t)) = min
z

�
1 . . . 1 0 . . . 0

�
z

s.t. Gz ≤ W + Sx(t)

• z � [�u0 . . . �uN−1 �x1 . . . �xN u�
0, . . . , u

�
N−1]

� ∈ Rs, s � N(m+ 2), is
the optimization vector

• G, W , S are obtained from weights Q, R, P , and model ma-
trices A, B, C

• Q, R, P can be selected to guarantee closed-loop stability

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

Y/4%*)#,.3#W*9%+#(4#Y.

M:

!'A<@$,%,<,%()E

]D69!8#>8:M8!=#I]>J

;:%)*#5>

;:%)*#5>

!'_+,%2%3#,%()'+5(@:*2E

16"!).&#*5-6.&&"//+5-@.&#&+5-9::;2

Q"231-E'8G*57'&()G*9'+%*&*H%$*'#^)*'-<)&,%()'
&#)'@*'5*+5*$*),*1'#$',6*'2#9'(-'#^)*'-<)&,%()$C'#)1'G%&*'G*5$#

�k, �N, gk, gN

C : Rn → R

C(x) = max
�
a�1x+ b1, . . . , a

�
Mx+ bM

�

|x| = max{x,−x}

min
U

�N(xN) +
N−1�

k=0
�k(xk, uk)

s.t. gk(xk, uk) ≤ 0, k = 0, . . . , N − 1
gN(xN) ≤ 0

�(x)

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 K5

VE1%49/(4#1(#*)W/1)*)L#0(42%E#.j!#J8401/(49
!'0()$,5#%)*1'(+,%2#:'&(),5(:'+5(@:*2E

H6*5*'''''''''''''''''''''''''''''''#5*'#5@%,5#57'&()G*9'+%*&*H%$*'#^)*';/iD>'-<)&,%()$

1H,P",P("&5-3M>X2

89#2+:*E

x

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6 K7

3(42%E#.j!#0(919

C;x>

x

],'%$'*#$7',('$**',6#,E

89#2+:*E



!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6K:

3(42%E#.j!#('1/&/C*1/(4#')(W-%&9#*4+#Y.
>,/,0,6%-,./).!)%)&./N"=)9VC)!3/&-,./)C(x)W

x

\#5%#@%:*'s'%$'#)'<++*5M@(<)1'()',6*'2#9

],'%$'*#$7',('$6(H';@7'&(),5#1%&,%()>',6#,'#,'(+,%2#:%,7'H*'6#G*E

s

I./N"=)9VC)&./2-+%,/-2)C(x)#0 W

A%2+:7'%2+($*''αjx+βj #0 -(5'#::'j=1,2,3,4

{U : GU ≤ W + Sx}
�

U :
GU ≤ W + Sx
ḠU + Ē� ≤ W̄ + S̄x

�

!"#$%&'()*+ ,(+%-#.)%+/01/2%#3(41)(- #5#6

Y.6W*9%+#29"#Z.6W*9%+#,.3

K<

LP optimizer 
always on a 
vertex

QP optimizer 
may lie 
anywhere

same feasible set

F 6G!),2,./#2K->2-)/2%,"-!"#N",'&-,2-#!./',)-!#/2.-/&-,)I,@&-#2-,-E%".%G

FU<*-,2(-e<*+,&%(-&=,"%-.=%-&,'%-&%.-#1-1%,&/+)%-/2!3.&-;GU#W+SxA:-
&#-I=%2-$#2&.",/2.&-(#'/2,.%-#E%"-!%"1#"',2$%-.=%"%-/&-)/..)%-
(/J%"%2$%-+%.I%%2-.=%'-;%ZNZ:-(3"/2N-.",2&/%2.&A

F 9',))*&/N2,)-"%&!#2&%:-=#I%E%":-/&-3&3,))@-*&11#1%''"0-I/.=-e<-.=,2-
I/.=-U<

additional slack vars to represent convex PWA costs


