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COURSE STRUCTURE

e Hybrid MPC
e Stochastic MPC

e Learning-based MPC

Course page:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html
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HYBRID MPC EXAMPLES



HYBRID MPC FOR CRUISE CONTROL

Disclaimer: This is
an academic example

Command gear ratio, gas pedal, and brakes to track a
desired speed and minimize fuel consumption
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HYBRID MPC FOR CRUISE CONTROL - MODEL

¢ Vehicle dynamics

mx = Fe — Fy — Bx 1 = vehicle speed

F = traction force

Fy= brake force

mmm) discretized with sampling time 75 = 0.5 s

e Transmission kinematics

Ry(2) .
w= ﬂx W= engine speed
ks
Ry(3) C'= engine torque power balance:
Fe=—-C P
e ks 1 = gear Foi = Cw
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HYBRID MPC FOR CRUISE CONTROL - MODEL

e Gear selection: for each gear #i, define a binary input  |g; € {O, 1}
i=R,1,23,4,5

* Gear selection (traction force):

Ro(i
Fe = %C’ depends on gear #i
S

define auxiliary continuous variables:

R
IF g; =1 THEN £, = 799D eLsE 0
k

S

sy fe = Fop+ Fe1r + Feo+ Foz + Fea + Fes

e Gear selection (engine/vehicle speed):
o = Rg(i):b
ks
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similarly, also requires 6 auxiliary continuous variables




HYBRID MPC FOR CRUISE CONTROL - MODEL

e enginetorque —C;(w) <C < C;"(w)

« max engine torque C" (w) .
l"“\
ES I 160 \\
Tme .= /
=

40 i,?[ = ™ 140 /

30 £ N - ,l:.: ) o /

20

/ Piecewise-linearization 100
1000 2000 3000 4000 500D s /
RS S AeS— - ao— (PWL Toolbox, Julian, 2000) 80
60 4000 2000 3000 4000

requires: 4 binary aux variables

4 continuous aux variables

» Minengine torque  C; (w) = aqw + B1

Note: in this case the PWL constraint C < C;" (w) is convex, it could be
handled by linear constraints without introducing any binary variable !
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HYBRID MPC FOR CRUISE CONTROL - HYSDEL

SYSTEM cruisecontrolmodel {

INTERFACE {
PARAMETER {
REAL mass = 1020; /* kg */
REAL beta_friction = 25; /* W/m*s */

[snip]

STATE { REAL position [0,10000];
REAL speed [vmin,vmax]; }

INPUT { REAL torque [Cmin,Cmax];
REAL F_brake [0,max brake_force];
BOOL gearl, gear2, gear3, geard, gear5, gearR; }
}
IMPLEMENTATION {
AUX {REAL F, Fel, Fe2, Fe3, Fed, Fe5, FeR;
REAL w, wl, w2, w3, wd, w5, WR;
BOOL dPWL1,dPWL2,dPWL3,dPWLA ;
REAL DCel,DCe2,DCe3,DCed; }

LINEAR {F = Fel+Fe2+Fe3+Fed+Fe5+FeR;
W = wltw2+w3+wi+wS+wR; }

AD { dPWL1 = WPWLL-w<=0;
dPWL2 WPWL2-w<=0

WPWL3-w<=0 ;
dPWL4 = wPWL4-w<=0; }

{IF gearl
{IF gear2
{IF gear3
{IF gears
{IF gear5
{IF gearR

THEN torque/speed_factor*Rgearl};
THEN torque/speed_factor*Rgear2};
THEN torque/speed_factor*Rgear3};
THEN torque/speed_factor*Rgeard};
THEN torque/speed_factor*Rgear5};
THEN torque/speed_factor*RgearR};

wl = (IF gearl THEN speed/speed factor*Rgearl};
w2 = {IF gear2 THEN speed/speed factor*Rgear2};
w3 = {IF gear3 THEN speed/speed factor*Rgear3};
w4 = {IF geard THEN speed/speed factor*Rgeard};
w5 = {IF gear5 THEN speed/speed factor*Rgear5};
WR = {IF gearR THEN speed/speed factor*RgearR};

{IF dPWL1 THEN (aPWL2-aPWL1)+ (bPWL2-bPWL1)*w};
{IF dPWL2 THEN (aPWL3-aPWL2)+ (bPWL3-bPWL2)*w};
{IF dPWL3 THEN (aPWL4-aPWL3)+ (DPWL4-bPWL3)*w};
{IF dPWL4 THEN (aPWL5-aPWL4)+ (DPWL5-bPWL4)*w};

CONTINUOUS { position = position+Ts*speed;
speed = sp /mass* (F-F_} _fricti

*speed) ;

MUST { /* max engine speed */
/* wemin <= wl+w2+w3+wl+w5+wR <= wemax */

-wl <= -wemin; wl <= wemax;
-w2 <= -wemin; w2 <= wemax;
-w3 <= -wemin; w3 <= wemax;
-wd <= -wemin; wd <= wemax;
-w5 <= -wemin; w5 <= wemax;
-WR <= -wemin; wR <= wemax;
-F_brake <=0;

F_brake <= max_brake_force;

-torque- (alphal+betal*w) <=0;
torque- (aPWL1+bPWL1*w+DCel+DCe2+DCe3+DCed) -1<=

- ((REAL gearl)+(REAL gear2)+(REAL gear3)+(REAL geard)+
(REAL gear5)+(REAL gearR))<=-0.9999;

(REAL gearl)+(REAL gear2)+(REAL gear3)+(REAL geard)+
(REAL gear5)+(REAL gearR)<=1.0001;

dPWL4 -> dPWL3; dPWL4 -> dPWL2;
dPWL4 -> dPWL1; dPWL3 -> dPWL2;
dPWL3 -> dPWL1; dPWL2 -> dPWL1;
}
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HYBRID MPC FOR CRUISE CONTROL - MLD MODEL

e MLD model

z(t+1) = Az(t) + Bru(t)+B26(t) + B3z(t) + Bs
y(t) = Cz(t) + D1u(t)+D26(t) + D32(t) + Ds
E6(t) + Ezz(t) < Egxz(l) + Eyu(t) + Es

* 2 continuous states: x, v
e 2 continuous inputs: C, F,
* 6 binary inputs: g, g:, 95, 93, Ys» s

¢ 1 continuous output: v

¢ 18 auxiliary continuous vars:

¢ 4 auxiliary binary vars:

* 100 mixed-integer inequalities

3 A. Bemporad. All rights reserved
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(vehicle position and speed)
(engine torque, brake force)

(gears)
(vehicle speed)

(6+1 traction force, 6+1 engine speed,
4 PWL max engine torque)

(PWL max engine torque breakpoints)

8/73



HYBRID MPC FOR CRUISE CONTROL - CONTROLLER

e Maximum-speed controller

Objective: maximize speed
max, ) v(t+1Jt)

s.t.  MLD model (to reproduce max acceleration plots)
v(tft) = o)
x(tlt) = z(t) 250
200
N ut)
MILP optimization problem
Linear constraints 96
Continuous variables 18
Binary variables 10
Parameters 1 o
Time to solve mp- I(t)
MILP (Sun Ultra 10) 45s
Number of regions 1 (:L‘(t) is irrelevant)

(parameters: Renault Clio 1.9 DTI RXE)
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HYBRID MPC FOR CRUISE CONTROL - RESULTS

¢ Maximum-speed controller

Velocity (km/h) Gear Fraction of Max Torque (Nm) Brakes (Nm)
200 5 1
1
|
150 4 0.5
0.5
100 / 3 0
/ ]’ 0
50 2 0.5 -0.5
0 1 -1 -1
0 50 100 0 50 100 0 50 100 0 50 100
Road Slope (deq) Engine speed (rpm) Engine Torque (Nm) Power (kW)
1 6000 200 60
| [
5000 50
0.5 /\ 150
] —_—
4000 Vi 0
0 3000 100 30
2000 20
-0.5 50
1000 10
-1 0 0 0
0 50 100 0 50 100 0 50 100 0 50 100
Time (s) Time (s) Time (s) Time (s)
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HYBRID MPC FOR CRUISE CONTROL - CONTROLLER

e Cruise controller

mit, ) [o(t+ 1) = va(t)] + plo]

s.t. MLD model
v(t[t) = v(t)
z(t|t) = x(t)

MILP optimization problem

Linear constraints 98

Continuous variables 19

Binary variables 10

Parameters 2 vd(t)

Time to solve mp-MILP

(PC 850Mhz) 43s

Number of regions 49

gotodemo /demos/cruise/init_exp.m v(t)
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HYBRID MPC FOR CRUISE CONTROL - RESULTS

¢ Cruise controller min, g |v(t + 1[t) —va(t)| + plwl, p = 0.001

y (km/h), Desired velocity (km/h) Gear Fraction of Max Torque (Nm) Brakes (Nm
5 10000
100 8000
4
80|
6000
60| 3
4000
40| |
2
20l 2000
0 1 0
0 100 200 0 100 200 0 100 200
Road Slope (deg) Engine speed (rpm) Engine Torque (Nm) Power (KW
. 6 200 100
100 50
4000
3000 0
2000
-100 1 -50
1000)
- 0 -200 -100
0 100 200 0 100 200 0 100 200 0 100 200
Time (s) Time (s) Time (s) Time (s)

"Model Predictive Control" - © 2 s reserved 12/73




HYBRID MPC FOR CRUISE CONTROL - CONTROLLER

e Smoother cruise controller

ming ) [v(t +1[t) = va(t)| + plw]

s.t. MLD model
lo(t 4+ 1]t) — v(t)| < amaxTs
v(tlt) = v(t)
o(tft) = x(t)
250
MILP optimization problem
200
Linear constraints 100
Continuous variables 19 150
Binary variables 10
Parameters 2 ’Ud(t) 100
Time to solve mp-MILP
(PC 850Mhz) 47s
Number of regions 54 50

0 40 80 120 160 200
v(t)
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HYBRID MPC FOR CRUISE CONTROL - RESULTS

e Smoother cruise controller

Velocity (km/h), Desired velocity (km/h) ‘ car } Fraction of Max Torque (Nm) ‘ Brakes N;v)-)
120 5 - 100!

00

100

S (|

0 100 200 0 100 200 0 100 200 0 100 200

Road Slope (deg) Engine speed (rpm) ‘ Engine Torque (Nm) ) Power (kW)
6 6000 200 1

100
1 7
4 5000

100

(=
2 4000 [} J

0 3000 i

—

||

-2 2000 =
\ -100 -50
-4 1000

-6 0 -200 -100
0 100 200 0 100 200 0 100 200 0 100 200
Time (s) Time (s) Time (s) Time (s)
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HYBRID MPC FOR TRACTION CONTROL



VEHICLE TRACTION CONTROL PROBLEM

Improve driver's ability to control a vehicle under adverse external
conditions (wet or icy roads)

Model: nonlinear, uncertain, Controller: suitable for real-time
constraints implementation

Solution: MLD hybrid framework + explicit hybrid MPC strategy

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved. 15/73



TIRE FORCE CHARACTERISTICS

A Longitudinal Force

Tire Forces

Slip Target
Zone

>
Maximum Maximum Maximum Tir:Shp
Braking Cornering Acceleration
| Longitudinal

| Steer Angle
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SIMPLE TRACTION MODEL

(Borrelli, Bemporad, Fodor, Hrovat, 2006)

T
—l —y * Mechanical system
Wa «
¢ . 1 Tt
Manifold/ T g We = A Te — bewe — —
Fueling ¢ / ve gr
. Tt
vy =
MmaTt
O
v ¢ Manifold/fueling dynamics
t
Te = bde(t — Tf)
We i
Ut = Wiy = —T¢
gr
1 w v
Aw=—(vt — ) = =<~ wheel slip
Tt T Tt

« Tire torque T; is a function of slip Aw and road surface adhesion coefficient p

"Model Predictive Control

d

All rights rese

17/73



HYBRIDIZATION OF TIRE CHARACTERISTICS

haffary’

feara

= She Nonlinear tire torque »
| 0 Earth rood
,: Tt =f(Aw7U) 500)
LSS T

u Slip 1

" lce
PWA approximation
Aw

Mixed-Logical
HYSDEL - Dynamical (MLD)
Hybrid Model

(discrete time)

"Model Predictive Control" - © 2023 A. Bemporad. Al rights reserved 18/73



MLD TRACTION MODEL

z(t+ 1) Ax(t) + Bru(t)+B26(t) + Bzz(t) + Bs
y(t) Cz(t) + Dyu(t)+D2d(t) + D3z(t) + Ds
E26(t) + B32(t) < Eax(t) + Eiu(t) + Es

state z(t) € R*
input u(t) e R
aux. binary o(t) € {0,1}

aux. continuous z(t) € R3

number of mixed-integer inequalities = 14

The MLD matrices are automatically generated in MATLAB
format by HYSDEL
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PERFORMANCE AND CONSTRAINTS

e Control objective:

N
k=0
s.t. MLD dynamics

¢ Constraints:
e Limits on the engine torque: -20 Nm < 745 < 176 Nm
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>
S
rm
==
=
m
=
=
=
=
m
(7]
=

controller is

Z‘N‘ﬂserea/ ON

(250 ms

delay from
commanded
to actual
engine torque
- initial
overspin)

7[5, [rad/s]

Wheel Spe

Engine Torque Command, [Nm]

Controller Region

- f(ifﬁez‘ Speed

- - average driven
wheel speed

- average

hnon-driven

wheel 5/654{

Time, [s]

"Model Predictive Control

All rights reserved

&M?f[/r%)ﬁnyz/lm -

21/73



EXPERIMENTS

(Borrelli, Bemporad, Fodor, Hrovat, 2006)
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HYBRID CONTROL OF A DISC ENGINE



DISC ENGINE CONTROL PROBLEM

Objective: develop a controller for a Direct-Injection Stratified Charge (DISC)
engine that:

e automatically chooses operating mode
(homogeneous/stratified)

e can cope with nonlinear dynamics

Homogeneous Stratified

¢ handles constraints on A/F ratio,
air-flow, spark

e achieves optimal performance (track desired torque and A/F ratio)

23 A. Bemporad. All rights reserved 23/73

"Model Predictive Control



Two distinct regimes:

Intake Manifold

regime fuel injection air-to-fuel
ratio

Homogeneous intake stroke A\=14.64

combustion

Stratified compression A>14.64

combustion stroke

* Mode is switched by changing fuel injection timing (late / early)

e Better fuel economy during stratified mode

Periodical cleaning of the aftertreatment system needed (A=14.00, homogeneous regime)

TORQUE
CONTROL

TORQUE
CONTROL

urge AIR-TO-FUEL
purg RATIO
CONTROL

TORQUE
CONTROL

"Model Predictive Contro

the stratified operation

can only be sustained in a restricted
part of the engine

operating range
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e States: intake manifold pressure (p,,)

¢ Outputs: Air-to-fuel ratio (A), torque (T),
max-brake-torque spark timing (d,,,)
44/,/!

e Continuous inputs: spark advance (9),
air flow (W), fuel flow (W)

Ombt

¢ Binary input: spark combustion regime (p)
¢ Disturbance: engine speed (w) [measured]

e Constraints on:
- Air-to-fuel ratio (due to engine roughness, misfiring, smoke emiss.)
- Spark timing (to avoid excessive engine roughness)

- Mass flow rate on intake manifold (constraints on throttle)

Dynamic equations are nonlinear, dynamics and constraints depend on regime p

"Model Predictive Control All rights reserved
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DISC ENGINE DYNAMICS

Nonlinear model of the engine developed W =
and Validated at FOI’d (Kolmanovsky, Sun, ...) " —
B : —
g0 068
Assumptions: : Sprkplg
-no EGR (exhaust gas recirculation) rate, L TP co
- engine speed=2000 rpm. 1 | S ToTbee
¢ Intake manifold pressure: Pm = cm (Wth _ chl) = cm (Wth, _ k(:‘ylpm)
« In-cylinder Air-to-Fuel ratio: N = Weyl __ keyipm
Wy Wy
« Engine torque: T = T fr + Tpump + Tind | with Tonfrr Tpump functions of p,,

Tind = (00 + 0,(6 — (Smbt)Q)Wf where 0,, 6,, d,,;, are functions of A, d and ¢

v Good for simulation
® Not suitable for optimization-based controller synthesis

All rights reserved 26/73
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HYBRIDIZATION OF DISC MODEL

DYNAMICS (intake pressure, air-to-fuel ratio, torque):

¢ Definition of two operating points;

l p-dependent dynamic

e Linearization of nonlinear dynamics; .
equations

¢ Time discretization of the linear models.

CONSTRAINTS on:
* Air-to-Fuel Ratio: )\min(p) < >\(t) < Amar(p)

o Mass of air through the throttle: 0 < W, < K - p—dependent
o Spark timing: 0 < 8(¢) < 9,.,(\, P) constraints

Hybrid system with 2 modes (switching affine system)

27/73
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INTEGRAL ACTION

Integrators on torque error and air-to-fuel ratio error are added to obtain
zero offsets in steady-state:

erkt1 = e+ Ts(rrer(t) — 1)

T, = sampling time
exk+1 = ekt TsOvrer(t) — M) Ping

Tref: Aref = references on brake torque and air-to-fuel ratio

Simulation based on nonlinear model confirms zero offsets in steady-state
(despite the model mismatch)

"Model Predictive Control" -

porad. All rights reserved 28/73



MPC OF DISC ENGINE

N-1 .
. N= control horizon
mélﬂ J(&x(t)) = Y upRuy + ypQup + xp g1 ST
k=0 x(t) = current state

i zo = z(t),
subj. to { hybrid model

¢ = [uo,70: 20, -+ > Uy—1: Vv-1: 2Nl

where:  up = Wik — Winsess Wik — WrrefsOk — Srefs Pk — Pref)
Uk = [Tk —Trefs Mo— Mefs Ombt — Ok — Dbpey]

T = [pm,k_pm,refa €rk> eA,k]I
TM/H 0 0 0
H 0 0 s 0 O
0 ;0 0 qr Pm
and: R= 0 T‘g.f o Q=10 g, O S = 0 s, O
T
o o C‘f . 0 0 qas 0] 0] Sey

Reference values are automatically generated from T,.¢ and A,¢ by numerical
computations based on the nonlinear model

porad. All rights reserved 29/73
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DISC ENGINE - HYSDEL

SYSTEM hysdisc{

INTERFACE{
STATE{
taul={IF rho THEN taull*pm+...
REAL 1, 101.325];
ﬂa“ {_1930 123?], taul2*Wth+taul3*WE+tauld*delta+taulc
REAL xlam [_123' 123][ ELSE  tau0l*pm+tau02*Wth...
REAL e {0, ' 100]; +tau03*WE+tau04*deltat+taudc };
REAL lamd [10, 60];
}
OUTRUT{ dmbtl ={IF rho THEN dmbtll*pm+dmbt12*Wth...
REAL lambda, tau, ddelta; +dmbt13*WE+dmbt14*delta+dmbtlc+?
} ELSE dmbt01*pm+dmbt02*Wth. . .
INPUT{ +dmbt03*WE+dmbt04*delta+dmbtOc-1} ;
REAL Wth [0,38.5218] ;
REAL Wf [o, 2];
REAL delta [0, 40]; Imin ={IF rho THEN 13 ELSE 19};
BOOL rho; lmax ={IF rho THEN 21 ELSE 38};
} }
PARAMETER { CONTINUOUS {
REAL Ts, pml, pm2; pm=pml*pm+pm2*Wth;

xtau=xtau+Ts* (taud-taul) ;
xlam=xlam+Ts* (lamd-lam) ;

} taud=taud; lamd=lamd;
IMPLEMENTATION{ OUTPUT{ !
AUX{ lambda=lam-lamd;
REAL lam,taul,dmbtl,lmin,lmax; tau=taul-taud;
} ddelta=dmbtl-delta;
DA{ }
lam={IF rho THEN 11ll*pm+112*Wth... MUST{
+113*Wf+lld*delta+llc lmin-lam
ELSE 101*pm+102*Wth+103*WE. . . lam-lmax
+104*delta+l0c }i delta-dmbtl <
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MPC — TORQUE CONTROL MODE

N-1

min Y (uy — ur) Ruy — ur) + (yp — u7)'Qyk — ur)
k=0

+ (@41 — 2r) S(@pg1 — zr)

. zg = z(1),
subj. to { hybrid model

u(t) = [Win(t), WD), (1), p(0)]

Weights:
001 0 00 o
R— o 0.001 0 0
- 0 00
o o1/
0 0.04 0
0001 0 =| o /fsop 0
\001 0 ’b 0.01
Y
QT ()N Er Sey

main emphasis on z‘or?ae

"Model Predictive Control" - ©

mporad. All rights reserved

-

Solve
MIQP problem
to compute u(t)
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bNmi

4

038

406

40.4

402

2 3 4 5
Time(s)

Combustion mode

0

realcuv

2 3 4 5
Time(s)

All rights reserved

14
(Purge
10 Lean
0 1 2 3 4 5 NOx Trap)
Time(s)
¢ Control horizon N=1;
¢ Sampling time Ts=10 ms;
® PC Xeon 2.8 GHz + Cplex 9.1
= 3 ms per time step
32/73



SIMULATION RESULTS CVARYING ENGINE SPEED)

Engine Brake Torque Air-to-Fuel Ratio
70 : 40 *
60 35
50
}‘ 40
30
20
"% 5 10 15 20 10 5 10 15 20
Time(s) Time(s)
Engine speed
20 s segment of the European
20 drive cycle (NEDC)
2300
om0 p Hybrid MPC design is quite robust with
// respect to engine speed variations
2000, s
WJ
1800
Tim€(s)

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved 33/73



SIMULATION RESULTS CVARYING ENGINE SPEED)

Engine Brake Torque Air-to-Fuel Ratio

A
70 40

60 3
50 P
4 2 ﬁi
- ) l
T J
x
59

58 » \ |
|
\ | ‘
57 ; n \ |
I 18

56

bNmj

r

55

\ /
.
"
= 59 16 16.1 162 183 164 165
2000,
1200 / Control code too complex
b (MIQP) — not implementable !
1
15 20

"Model Predictive Control" - ¢
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EXPLICIT MPC

Explicit control law: ‘ u(t) = f(6(t)) ‘

N=1(control horizon)

where: u = [Wy, W; 6 pl/ :> 42 partitions
0 = [pm er ex Trer Arer

; T — .
D, ref Wth,ref Wﬂref 5ref] Time to compute explicit MPC:

~ 35;
Cross-section by the T,+A.¢ plane

pet

¢ Sampling time Ts=10 ms;

¢ PC Xeon 2.8 GHz + Cplex 9.1

— — 8 Ys per time step

10 15015

A3ms on

p—controller
Motorola
MPC 555
43kb RAM
(custom made for Ford)

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved. 35/73



EXPLICIT MPC CONTROLLER (N=2)

Explicit control law: ‘ u(t) = f(0(t)) ‘

N=2 (control horizon)

where: u = [Wy, Wy o]’ :> 747 partitions
0 = [pm er ex Tref Aref
Pm,ref Wthtref Wﬂref 5ref]/

Engine Brake Torque Air-to-Fuel Ratio

1
2 3 4 s 0 1 2 3 4 5

Closed-loop N=2 |(mmm)| Closed-loop N=1 | €= adequate!

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved 36/73



EXPLICIT HYBRID MPC OF SEMIACTIVE SUSPENSIONS



ACTIVE SUSPENSIONS

(Giorgetti, Bemporad, Tseng, Hrovat, 2006)

Active Suspension System
Ford Mercur XR 4o0i

active
L suspensions

passive
suspensions

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved. 37/73



QUEST OF OPTIMAL SEMI-ACTIVE SUSPENSIONS

M, =suspended mass
M =unsprung mass

T
174 x, sprung mass
velocity

je‘
suspension 23 IJ_| o
deflection bis T -
!

WMo

tire
deflection - .
s 78
s T

e .

For Semi-Active with Variable Damping, f(x)=C*(,-x,)

22 X, UNsprung mass
velocity

Cmax

V \\ // \\\ o Clipped Optimal
N

——  C=f(x)/(z,,), where f(z)is the optimal active suspension force

— =t @) .
———  Optimal
38/73
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SUSPENSION MODEL

* State-space model & = Az + Bf + Byw
02 21 02 , 0 1 = tire deflection from equilibrium
A= _LS“‘S N fgws pg"‘ pgws x5 = unsprung mass velocity
0 2Cws —w§ —2Cws z3 = suspension deflection from equilibrium
0 w -1 x4 = SPrung mass velocity
B = g By = 8 F = normalized adjustable force
-1 J 0 w = road velocity disturbance
o= M - // kus e = ks = Bs f__ /
= s » Wus — y Ws — [T - T — a5
« Output: Mus \ Mus M; 2/ Mks M;
d$4 — M _
y:—Z[O 2Cws —wg —QCws]x—f
dt [ ,,.’J_' Tf
" /'% b ¢
e Cost: J = /(qu% + qzsxg +wi)dt x v
My T
= /(w'Qx +2)dt I %
)
e Time-discretization: Ts = 10 ms L
"Model Predictive Control" - All rights reserved 39/73




CONSTRAINTS ON SUSPENSION MODEL

T4
Quarter-car model

M
. z s
suspension 3, . .
deflection % /% '_‘ll’_' @ linear model
1
e

r

2

2) Max dissipation power:

B
tire
deflection  r; I %
7. “,
Constraints: e ¥
L . — no ok
1) Passivity condition: flxa—25) >0
- T,
ok } no

Flxa —22) < (2-25.5 ws) (24 — 22)°

3) Saturation: |]F| <o

(1), (2) are nonlinear & nonconvex hvbrid model
physical constraints y
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HYBRID MODEL OF SEMIACTIVE CONSTRAINTS

1) Passivity condition:

[0y = 1] & [z4 — 22 > O]

Ja—12) 20 | [br=1] < [F>0]

T s
A
ok | no T4t [6v = ]_)[f_ ]

2) Max dissipation power:

Flza —20) < (2-25.5-ws)(zg —xp)2| @ | F>0

_J F-(2-255 -ws)(wg —x2) if (w4 —x2) <O
where F_{ —f+ (2255 ws)(x4 —x2) otherwise
3) Saturation: If| <o| e f <o
f > —o

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved 41/73



SEMIACTIVE SUSPENSION MODEL - HYSDEL

/* Semiactive suspension system IMPLEMENTATION {
(C) 2003-2005 by A.Bemporad, D.Hrovat, BOOL sign;
E.Tseng, N.Giorgetti BOOL usign;
*/ REAL F;

SYSTEM suspension {

INTERFACE {
{
REAL x1 [-0.05,0.05];
REAL x2 [-5,5]; F={ IF sign THEN u- (2%25.5%ws)* (x4-x2)
REAL x3 [-0.2,0.2]; ELSE -u+(2*25.5%ws) * (x4-x2) } ;
REAL x4 [-2,2]; )
} {  y=Aldot*x1+A2dot*x2+A3dot*x3
{ +Addot*x4+Bddot*u;
REAL u [-10,10]; /* m/s*2 */ }
} {
{ x1 = Al1*x1+A12*x2+A13*x3+A14*x4+Bl*u;
REAL y; x2 = A21*x1+A22*x2+A23*x3+A24*x4+B2%u;
} x3 = A31*x1+A32*x2+A33*x3+A34*x4+B3%u;
PARAMETER { x4 = A41*x1+A42*x2+A43*x3+A44*x4+BA%u;
REAL Aldot,A2dot,A3dot,Addot,Bddot, ws; }

REAL All,A12,A13,A14,B1,A21,A22,A23,A24,B2; £

REAL A31,A32,A33,A34,B3,A41,A42,243,244,B sign -> usign;

} ;:igr} -> ~usignj|
! } T T -

>>S=mld ('semiact3', Ts) get the MLD model in MATLAB
>[X,T,D,Z2,Y]=sim(S,x0,U); simulate the MLD model
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SEMIACTIVE SUSPENSION MODEL - PWA FORM

« PWA model w(k+1) = Ajgzk) + Bjgyulk) + fig
y(k) = Ciyyz(k) + Digyuk) + g;0)

* 4 continuous states Y Y Py P Ry -
DEE&E K RAMY|E 0E| O
(21, 22,73, 74) e T e
10
* 1 continuous input :
(normalized adjustable 3
damping force f) :
2
* 2 polyhedral regions :
2
-4
5
>>P=pwa (S) ; B
00 5 0 5 10
s1
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OPEN-LOOP SIMULATION OF PWA SUSPENSION MODEL

9=}

B sad 9®]*]

Fle Edt View Smulation Format Tooks Help

D& 2R (2 » snp Nomal
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MPC PERFORMANCE SPECIFICATIONS

sus[oenston vertical

i ) deflession acceleration
tire deflession

N

min ( > 110023 5, + 10023, + g‘cﬁy,g) + a2\ Py
k=1

kerminal weight
(Riccaki makrix)
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CLOSED-LOOP MPC RESULTS

" 2 2 ) B Figure 1 oog
J = / (q1$1 + q3x3 + Jj4) File Edit Yiew Insert Tools Desktop Window Help ~
- D& K RAN® (€ 08 a8 7
>>refs.y=1; % weights output #1
>>Q.y=Ts*rx4d;$% tput ight
Q.y=Ts*rx4d; % output weig! 004 5
>>Q.norm=2; % quadratic costs 0.02 1
>>N=1; % optimization horizon
Lo ) . = 0 20
>>limits.umin=umin;
>>limits.umax=umax; -0.02 -1
-0.04 2
1) 1 2 0 1 2
>>C=hybcon (S,Q,N, limits, refs) ; o d
0.05 05
>> C @ 1) T 0
Hybrid controller based on MLD model S <semiact3.hys> [2-norm] o3 0
4 state measurement (s) -0'10 1 2 -10 1 2
1 output reference (s)
1 input reference(s) 1 15
4 state reference(s)
0 reference(s) on auxiliary continuous z-variables 05 1
4 optimization variable(s) (2 continuous, 2 binary) s 0 % 05
13 mixed-integer linear inequalities =
sampling time = 0.01, MIQP solver = 'cplex' 05 0
Type "struct(C)" for more details. 1El 1 2 ’U'SU 1 2
>>

>>[XX,UU,DD, 27, TT]=sim(C,S, r,x0,Tstop) ;

"Model Pre
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CLOSED-LOOP MPC RESULTS (SIMULINK)

B/ sim_mpc [B=[=] B P1: MPC(N=1)=20.4906, Clipped-LQR=20.4906, ... [=)(TJEJ
File Edit View Smulation Format Tools Help File Edt View Insert Tools Deskiop Window Help ~
DZES 22y sfap ema | BeBe| (DedS kRANSEDE >
~
| 0.05 2
= g = uwvw‘;—’?\y/ﬁ\v [N T RPR
Censtant ? -0.05 )
. State-Space 0 1 2 0 1 2
» Hybrid 01 = 5
i Controller Road N
Disturbance o Q0 H\J} */C\r: k4 U&l}f,\i\ \—v:;-
<] & / /
R | -0.1 -1
eady 100% ode4S / 0 1 2 0 1 2
10 2
. 0,
S Qhev g e % 0 (NN
y 2
8/ Block ,’ Hybrid Controller (0[]
Controlof hybiid sfbtems based on MIP (mask) ink) ‘100 1 2 2 1 2
1 "
Parameters, . MPC
Contilig
[;ﬂ‘&' E3 — - — -clipped-LQR
MLD model 1 : — — Active-LQR
[s 0 1 2
"Model Prec
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EXPLICIT HYBRID MPC

>>E=expcon (C, range, options) ;

Explicit solution (N=1, z,=x,=0):

>> E

Explicit controller (based on hybrid controller C)
4 parameter (s)
1 input (s)
8 partition(s)

sampling time = 0.01

The controller is for hybrid systems (tracking) X4
[2-norm]

This is a state-feedback controller.

Type "struct(E)" for more details.

>>
-0'%02 -0.015 -0.01 -0.005 0.01 0.015 0.02
X3
10.4748x; + 0.244655 +79.1519x3 — 3.9235124
(= KLqQ) Regions #1, #6
u(z) = 0 Regions #2, #5
T ) (24255 wy)(wq —wp) Regions #3, #7
-1 Region #4
1 Region #8
"Model Predict 48/73




EXPLICIT HYBRID MPC

B sim_mpcexp

MPC{N=1)=20.4906, Clipped-LQR=20.4906, ... =) 0JEJ

DeE& &8

Fle Edt View Smulation Format Tools Help

S 4

<l
Ready

Umld

T wWore

State-Space

Road
Disturbance

100%

T=0.00 ode4s

generated
C-code

[

Hdefine EXPCON_NU 1

#define EXPCON NX 4

#define EXPCON_NY 1

#define EXPCON_TS 0.01000000

#define EXPCON_REG &

#define EXPCON_NTH 4

#define EXPCON_NYH 4

#define EXPCON_NUC 1

#define EXPCON_NUB O

#define EXPCON_NGAIN 1

#define EXPCON_NH 21

#define EXPCON_NF &

static double EXPCON_F[]={
10.4748,0,0,0,10.4748,0,0,0,-0.244594,0,
480.664,0,
3.92349,0,
480.664,0
)i

static double EXPCON_G[]={
0, 1e-006, -1e-006,-1,0,0, 1e-006, 1

Eile

D& K RaNe € 08 ~

0.05 2
= 0 Mw;i e 0 LWMM--
-0.05 -2
0 1 2 1) 1 2
0.1 < 1
(N ’
Q Ul\j'/w b1 U»/\ '\ﬁf
J
-0.1 -1
0 1 2 1) 1 2
10 2
5 »
5 Qhov o= £ g &M
7 2
-10 -2
0 1 2 1) 1 2
1 i
. —MPC
L2 ; — - — - clipped-LOR
1 : — — Active-LQR
1] 1 2

Edit

view Insert Tools

Desktop  Window Help N
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QUEST OF OPTIMAL SEMIACTIVE SUSPENSIONS

PARAMETER VALUES USED IN SIMULATION

Parameter  Value Description
0.05 2 T T0ms  Sampling time
Ws 1.5 Hz  Sprung mass natural frequency
- . ~ Was 10 Hz Wheel-hop natural frequency
8 0 ~ N 50 | P 10 Sprung-to-unsprung mass ratio
¢ 0 Damping ratio
o 1 Maximum force capacity
-0.05 -2 : q1 1100 Weight on tire deflection

q3 100 Weight on suspension deflection

TABLE 11
SHOCK TEST: MPC COST VALUE FOR DIFFERENT CONTROL
HORIZONS SUBJECTED TO [.C.=[0 0 0.1 0]

N _MBC_ ClippedlQR _SEM_ LQR
T (204252 204252 174944 ) 0.4446
2 204054 =

3 20.3290
5 82 — 4201100
=] - 5 19.7380
0 =N -~ g ~ 10 20,9840
S = 12 19.3084
e S0 14184842
S, sgm 5 15 18.5996
ot == clipped-LQR| & 16 193212
-10 A . 0 20 18.0764
0 05 active-LQR 0 05 1 15 ) % s
3(

40

50/73
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EXPLICIT HYBRID MPC - RESULTS

¢ Horizon N=1: same as Clipped-LQR !

e Better closed-loop performance for increasing N

Performance Index

N MPC Clipped-LQR L
1 1.5155 1.5155 |
5 1.4416

10 1.5238

15 1.3083

20 1.2204 DB R

30 1.1456 cost value !
40 1.1462

e Simulations with road noise.

¢ Initial condition x(0)=[0 0 0 0]

e Simulation time T=20 s, sampling time
T,=10 ms

23 A. Bemporad. All rights reserved 51/73
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VEHICLE YAW STABILITY CONTROL



YAW STABILITY CONTROL PROBLEM

¢ Problem: Control vehicle stability while tracking driver’s desired trajectory
- Electronic Stability Control (ESC)

- Active Front Steering (AFS)

¢ Main control objective: Make the yaw rate of the vehicle track a time-varying
reference computed from the driver’s steering angle and current velocity

e Approach: Consider the steering command as a reference generator and
actuate steering and differential braking (=coordinated AFS and ESC action)

"Model Predictive Control" - @

All rights reserved 52/73



VEHICLE MODEL

e Bicycle model appropriate in high speed turns (Gillespie, 1992)

reference frame (z,y,2)
e ——— S
moving with the vehicle

front steering angle & [rad]

- tireslip angles o, [rad]

- yawrate r [rad/s]

tan(a; +6) = 2T
Vx

tana, = vy —br
Uz

"Model Predictive Control" - ©
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TIRE FORCE MODEL

¢ Tire force characteristics: are nonlinear functions of
the slip angles and of the longitudinal slip

e For a constant longitudinal slip, we use a
piecewise affine model

_ —croy if —py <ay <py
Ff(af) { —(dfaf +6f) if [e %3 >ﬁf

_ —cray, if —pr <o, <pr
Frlar) = { —(dya +e,) if a, > Py

* Critical slip angles Py, Pr are threshold
values where dynamics switch

e For symmetry, we can restrict to analyze
clockwise turns (counter-clockwise turns can
be handled by opportunely inverting signs)

tire forces characteristics

"Model Predictive Control" -
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TIRE FORCE MODEL

Sideslip angle-force characteristics

Experimental tire data and piecewise

= linear approximation of the tire
Z
S
-
TS A2 Py 02 w6
(a) Front tires
2"
L‘fﬂmﬂ
- 3
o D Rear-wheel drive test vehicle equipped
T e g e with active front steering and differential
(b) Rear tires braking used for experimental validation

55/73
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VEHICLE DYNAMICAL MODEL

slip angles static yaw rate
. Oy tai ¢
Qg = =9 Vg
Va = af—oa,+0
dr _ vyv:br a+b( f rt )
\ overall dynamical model /
. Fi+F,
ap = o= am(ay —ar+0) + (k) —bF+Y)
. Fr+F, .
a, = Tfntr —a”—;b(ozf—ozr—i—d)—U:’Iz(aFf—bFr—i-Y)
ro= Zulap—a,+90)
Ffcosé + F, aFpcosd —bF. +Y
Uy = ——————— — T, =
m I,
lateral velocity yaw rate derivative
"Model Predictive Control" - © ad. All rights reserved 56/73




VEHICLE DYNAMICAL MODEL - PWA FORM

e The overall dynamics model is recast as a PWA system by introducing
the Boolean variables

=0 < ay <py
V=0 < a. <P

* By discretizing/with sampling period Ts= 0.1 s we obtain

z(k+1) = Ax(k)+ Biu(k)+ fi
y(k) = Cuz(k)+ Du(k)
ie{l,...,4} : Hak) <K,
where z=lay o] u=1[Y o y=r
, 7N\
slip angles yaw front yaw rate

moment  steering
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REFERENCE GENERATION

e Control goal:
stabilize the system at the equilibrium obtained with §(k) = §(k)
while minimizing the use of the brake actuator (Y(k) =0)

¢ Equilibrium condition in the linear region:

0 5 0
& = ;’%; - g lar *ar+)f)+ﬁ(apf _bE+¥)
C}/r PHE

= mug, azi.b (af - Qp +i) - Uzb[z (aFf — bF, +i)

» Time-varying set-points are defined using the overall dynamical model

df — @Cré

T@a(:f —bey) — cpep(a+b)?

N _ R acf
ar = ibcr
Fo= %(af — &, +9)

o Current longitudinal velocity v:(k) is used to update set-points

"Model Predictive Control" - @
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HYBRID PREDICTION MODEL

¢ Yaw rate tracking:
zero tracking error in steady state is provided by integral action
integral of

tracking error - I.(k+1) = I.(k)+r(k)—rs(k)
yawrateset- 7 Ts (k + 1) = Ts (k)

point

¢ The global hybrid dynamical model of the vehicle is given by

2(k+1) = /:llz(k) + ~Bzu(k) +fi augmented state
y(k) = Cz(k)+ Du(k) ) .
i e {1,...,4}: Hiz(k) < K, of
a
N 4 9971 - Bl . T[S o b
Ai: :ﬁn ;iil—l 5 B; = U:fb ’ fl |:UZ:|7 T's
0 0 01 00 0
G-l 2% 2 0 0].D-[0 ).
Hi=[H 0 0], Ki=K;.

"Model Predictive Control" - @

A. Bemporad. All rights reserved 59/73



CONTROL PROBLEM FORMULATION

¢ The optimal control problem solved at every time step kis

N-1
. AN/ 5) €
n&}cn Z {(ZHﬂk —2) Qz(zk+j‘k - %) slip angles tracking & int. action
J=0

+Wrtsik — §)' Qu(Wrajie — ) € ———

(g jie — @) Qu(Up i — 11)}
s.t. 2k, = Z(k)
hybrid dynamics \

state and input constraints MIQP

e State and input constraints:

yaw rate tracking

1000 [Nm] yaw moment

—py frontslip angle
0.35 [rad] front steering

> |[u]1 (
) > —p, rearslipangle [[u]2(

ININA

A. Bemporad. All rights reserved 60/73
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SIMULATION SETUP

e Simulations run on a nonlinear vehicle model including:

g, @ =

steering actuation

yaw rate dynamics
dynamics

longitudinal and lateral
vehicle dynamics

* Driver’s steering command constant over the simulation interval

e Controller setup after calibration:

» Prediction horizon N =3

00 |
1():|7 Qu:[o
00

coon
ocoo

» Weight matrices Q. = {

61/73
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CLOSED-LOOP SIMULATIONS RESULTS

* Stability analysis under nominal conditions (with § = 0 ):

open-loop vs closed-loop

open-loop
- 50 .

T 04 e spin
& . 45
S 02 -
g =, 40 S 4
s [ U
T g U — £ .
H - .

02 Ed o . (/

02 04 06 08 1 12 14 16 18 2 /| / N\
time [sec] £ /
1 20 1 ! 4 4

— i

B 15 ]

o — /

£ 10

5 ) . )

a 02 04 0B 08 2 6 18 2 10 0 0 20 30 40
time [sec] East

¢ Controller has to cope with linearization errors

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved 62/73



CLOSED-LOOP SIMULATIONS RESULTS

* Stability analysis under nominal conditions (with § = 0 ):

open-loop closed-loop

045t 045
* %% % 4 A I I S I B
04} .. 04 :
PR A ERTEY YR Y Y Y Y e e
035 sl R LR I 3 (kS S S Ak S SRS TP - o
§ 03 #ook Lk = 03 o] bk Lk G OESDNNOET 4.
£ g
ERNES SR EREE g ot tonfre 6 0 *0 0 6 0 0i0 %
S EE T R 5 # #|[0 0 6 0 0io 0 0 o *
o 02 2 02 e -
k2 * [ * % % K o ofo o & 0o 0io o ¢ o *
5 5 :
o b R LRt ) L B [ R R S R St S R S

0.05 .o 00sL.0.000. 0.8 0 0io o % ¥ xix *
o 0o|lo o & 0o 0:0 0 % * * o o|lo 0 6 0 0io o % * *is *
%% oo o & 0 0:0 % % * +1% # N I RO o % % %% *
-0.05 N N OO 005 Lo A N I
-01 0 0. 02 03 04 0s -01 0 o1 0.2 0.3 04 05
front slip angle [rad] frontslip angle [rad]

stable initial conditions closed-loop provides a
unstable initial conditions larger stability region

63/73
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CLOSED-LOOP SIMULATIONS RESULTS

* Robustness analysis w.r.t. model mismatches (with § = —0.05):

» nominal longitudinal velocity 4, = 20 m/s

» real longitudinal velocity v, = 15 m/s

state signals

rear slip angle [rad]
& o
5

1 15 2 25 3 35 4

yaw rate [rad/sec]
\

1 15 2 25 3 35 4
time [sec]

yaw moment [Nm]

stesring angle [rad]

and v, =25 m/s

control signals

25
time [sec]

e Stability and fast tracking response are provided

"Model Predictive Control" -

porad. All rights reserved
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CLOSED-LOOP SIMULATIONS RESULTS

* Turns on slippery road surface (with 0= —0.05):

» several values tested: 5 =0, s =0.20, s =0.30, s = 0.35

vaw rate pacisec]

time [sec]

* Good degree of robustness with respect to slip mismatches
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COMPUTATIONAL ISSUES

¢ Computational issues:

» MPC-based approach is viable for experimental tests
(average CPU time 17ms, worst-case CPU time 63 ms in MATLAB),
but requires a MIQP solver in the ECU

e Explicit solution of hybrid MPC control problem:

» Exploits multiparametric programming techniques to provide a description of
the control law as an explicit function of the state

v

All the computation is executed off-line, only simple set-membership tests and
function evaluations are performed on-line to compute the control action

v

However, the explicit solution requires memory
(around 5000 polytopes to be stored, in this case!)

v

An approximation of the solution is needed
for real implementation

23 A. Bemporad. All rights reserved 66/73
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SWITCHED MPC SOLUTION

e Simpler solution: assume PWA mode remains constant in prediction
¢ Design a linear MPC controller for each mode, make it explicit
¢ 4 linear explicit MPC’s are enough (linear/saturation x front/rear)

¢ Simulation results:

[rad]

r, 7 [rad/s]

SAFS, Odrv

1000
500

Y [Nm]
o

-500

-0. -1000
020 5 10 15 2[0] 25 30 35 40 0 5 10 15 2{)] 25 30 35 40
t[s t[s

ad. All rights reserved 67/73
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EXPERIMENTAL RESULTS

* Experimental results (stability recovery test): o |
0.15| ' '
0.1 B B
_oos] :f ---------------- ? —————
CRO |
s : a :
-0.05 -..-.L--. : -------- A .....
-0.1 E E
-0.15 . .
AOEUZ I—O‘ 0 U“ 0.2
ay [rad]
06 _ 02
7 04 Z o1 .
E 02 oo T I A
<0 ' £ 01 V V N |
; . ; &
02 5 10 15 20 25 02 5 10 15 20 25
t1s] t[s]
0. 1000
500 L\‘
E
Z 0 J
N
500 ]

5 10 20 25

15
t [s]
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EXPERIMENTAL RESULTS

e Experimental results (double-lane change):

Vehicle center of mass (circle) and heading (line)

2o \ 0 10 xz[om] 30 / 40 50

control is active controller off

e Alternative: use switched linear MPC and mpQP

"Model Predictive Control
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HYBRID MPC OF INDUCTION OF ESCHERICHIA COLI



HYBRID MPC OF INDUCTION OF ESCHERICHIA COLI

(Julius, Sakar, Bemporad, Pappas, 2007)

* Goal: control the lactose regulation system of a colony of E. coli

lactose network

thuk

TMG = thio-methyl galactosidase concentration

* Model, measurements, and actuation are at the entire colony level

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved. 71/73



HYBRID MPC OF INDUCTION OF ESCHERICHIA COLI

* Bistable lactose regulation system of E. coli
i :)’,_——-__—
Aq(Te)

intefnal concentration of TMG

Low state High state !
(uninduced) (induced)

\/

Ag(Te)

P
Te = external concentration of TMG

two-state Markov chain

e The probabilities 1, xni to be in low/high state satisfy the dynamics

alm ][0 2 ][]

.y A1 (T)[min~T] | Xo@)[min~T]
e Transition rates A1, A2 modeled as 565 10°T 501 10~
. 9.27-10~% 3.61-10°°
piecewise constant functions of 7, LIS 10-3 | 2.36-10-
1.39-10 ¢ 15410 °
1.67-10—° 9.53- 1071
1.93 1077 5.54-10~1

All rights reserved i 72/73
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HYBRID MPC OF INDUCTION OF ESCHERICHIA COLI

* Hybrid MPC problem _'

— switched linear system i : o e A

- constraints on input Te and dT./dt

- penalties on tracking error y-y: and

Time (min) Time (min)

rad. All rights reserved 73/73

. u(t) y(t)
lnpUt rate dTe/dt reference input =——- CONTROLER
v, (t)
e Closed-loop results ! !
— MPC controller developed with L g o
Hybrid Toolbox in MATLAB s *
. . 0 0 200 400 800 00 200 400 600
- Mixed-Integer Linear Program solver GLPK Time (min) Time (min)
x10° x10°
2 2
- solution time: 32 ms (worst case=280ms) ¢ '¢ l| rl l gte
on 1.2 GHz laptop I s
& 1.4 & 1.4
- sampling time =10 min 2 200 400 wo % 200 400 600
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