MODEL PREDICTIVE CONTROL

HYBRID MPC

Alberto Bemporad

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html

SCHOOL

I MT FOR ADVANCED
STUDIES

LUCCA

A. Bemporad. All right



http://cse.lab.imtlucca.it/~bemporad/mpc_course.html

COURSE STRUCTURE

e Hybrid MPC
e Stochastic MPC

e Learning-based MPC
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HYBRID MPC



HYBRID MODEL PREDICTIVE CONTROL

z(t+1) = Ax(t)+ Biu(t) + B20(t) + B3z(t) + Bs
= C’x(t) =+ Dlu(t) + Dgé(t) + Dgz(t) + D5
+ E;;Z(f/) < E4:E(t) + Elu(t) + E5

1

control
input ' | | — output
u(t) & y(t)
process
model-based
optimizer measurements

Use a hybrid dynamical model of the process to predict its
future evolution and choose the “best” control action
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MIQP FORMULATION OF HYBRID MPC

e Finite-horizon optimal control problem (regulation)

N-1

min Z Y5, QUi + uj, Ruy,
k=0
Tp41 = Az + Biug + Bady + Bz + Bs
ot Y = Cxi + Dyuyg, + D2y, + D3z, + Dy
o Eybr + Ezzp < Egxp + Eiug + Es
g = x(t)

Q=Q" -0,R=R =0
o Treatug, Ok, 21 as free decision variables, k = 0,..., N — 1

e Predictions can be constructed exactly as in the linear case

k—1
xy, = AFzo + Z Aj(Blukflfj + Bydg—1—j + B3zx—1—; + Bs)
§=0

emporad. Al rights
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MIQP FORMULATION OF HYBRID MPC

o After substituting xx, yi the resulting optimization problem becomes the
following Mixed-Integer Quadratic Programming (MIQP) problem

ming LEHE+ /() FE+ Lo/ ()Y a(t)
st. GE<W 4 Sx(t)

e The optimization vector £ = [ug,...,uN—1,00,---,0N—1,20;---,2N—1] has
mixed real and binary components

ug € R™e x {O, 1}mb
o € {0, 13" ¢ € RNmetre) s {0, 1}V 0metme)

2z € R
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HYBRID MPC FOR REFERENCE TRACKING

e Consider the more general set-point tracking problem

N-1

ming Y [lyx — 7lID + llux — w %
k=0
+o (H'/ — 2|13 + |0k = 8- 115 + Iz — 20| g)
s.t. MLD model equations
xo = x(t)
TN = Ty

witho > 0and [[v]|3, = v'Qu

e The equilibrium (z, u,, §,, z,-) corresponding to r can be obtained by solving
the following mixed-integer feasibility problem
z, = Ax,+ Biu, + B2d, + B3z, + Bs
T = CIL‘T + Dlur + DQ(ST + Dng + D5
E26r + ESZr < E4xr + Elur + E5

6/84
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CLOSED-LOOP CONVERGENCE

e Theorem. Let (x,, u,, 9, z-) be the equilibrium corresponding to r.
Assume x(0) such that the MIQP problem is feasible at time ¢ = 0.
ThenVQ, R = 0,0 > 0the hybrid MPC closed-loop converges asymptotically

tlggo yt) = r tliglo ot) = o
lim 6(¢) = o,

. t?oo
tlggo ut) = u, tlggo 2(t) = 2

and all constraints are fulfilled at each time ¢t > 0.

e The proof easily follows from standard Lyapunov arguments (see next slide)

e Lyapunov asymptotic stability and exponential stability follows if proper
terminal cost and constraints are imposed

"‘W’?Q\:\d. All rights reserve 7/84




CONVERGENCE PROOF

¢ Main idea: Use the value function V*(z(¢)) as a Lyapunov function
o leté = [uh,...,ul_1,06,...,0h 1,25, ..., 25_1] be the optimal sequence @t

e Byconstruction@t+1& = [uf,.. . uly_1,ur, 6%, ..., 00 1,80, 28,..., 21, 2] is
feasible, as it satisfies all MLD constraints + terminal constraint x y = -

o Thecostof £is V*(x(t)) — ly(t) — 713 — [lu(t) — u.||%
o (18(8) = 813 + 1) = 2,13 + l2(2) = 2 13) V™ (w(t + 1))
e V*(z(t)) is monotonically decreasing and > 0, so Eltlim V*(z(t)) eR
—00
* Hence [ly(t) = 7|3, u(t) = urll%, 16() = 6,113 12(2) — 2013, l2() — 2[|5 — O

e Since R, Q > 0, tlim y(t) = rand all other variables converge. O
—00

Global optimum is not needed to prove convergence !

lodel Predictive Control” - © 2025 A. Bemporad. All rights reserve 8/84




MILP FORMULATION OF HYBRID MPC

e Finite-horizon optimal control problem using infinity norms

N—1
ming > [|Quilloc + 1Rtk oo
k=0
Lr+1 = Axk + Bluk + B2(5k + Bgzk + B5 Q c Ry Xny
s.t ye = Cup+ Diug + D2dg + D3z + Ds R € RMuxnu
- By, + Eszi < Egxp + Eyug + Es
xo = xz(t)
e Introduce additional variables ¢}, ¢}, k = 0,...,N — 1
yoo> voos 40Ol
€ = QU [l oo €& = Q‘yk Q' = ith row of @
& = |Rulle e > LRy
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MILP FORMULATION OF HYBRID MPC

o After substituting x, yi the resulting optimization problem becomes the
following Mixed-Integer Linear Programming (MILP) problem

N-1

ming Z ey + e
k=0
st. GE<W + Sz(t)

_ y Yy
b f - [Uo, B 7uN717507 to 75]\7717207 s 7ZN717€07687 cee 7€N71761]<[—1]
is the optimization vector, with mixed real and binary components

up € R™ x {0,1}™
0 € {0,1}™

z € R

el er eR

¢ e RN(mc+Tc+2) % {07 1}N(mb+rb)

e Same approach applies to any convex piecewise affine stage cost

"Model Predictive Control" - © 2025 A. Bemporad. All rights reserved. 10/84




HYBRID MPC EXAMPLE

o PWA system:

. cosa(t) —sinal(t)
2t+1) = 0.8|:sino¢(t) cos a(t)

yt) = [o 1]z(t)
if [1 O]x(t)ZO

} )+ | ) | u)

2

~

=

Nl

Il
—

|

ly wlx

if [1 O]x(t)<0

14 15
12 R Pclalclelclalasla
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038
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06
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o = 1k Lk L L B L
%5 [} 05 ik 1 15 2
xspace tim

gotodemodemos/hybrid/bm99sim.m
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HYBRID MPC EXAMPLE

SYSTEM pwa {

INTERFACE {
{ REAL x1 [-10,10];
REAL x2 [-10,10]; }
{ REAL u [-1.1,1.1]; }
{
REAL alpha = 1.0472; /* 60 deg in radiants */;
REAL C = cos(alpha); }
REAL S = sin(alpha); }
}

IMPLEMENTATION {
{ REAL zl, z2;
BOOL sign; }

{ sign = x1>=0; }

[sign= 1] « [z; > 0]
{ z1 = { IF sign THEN 0.8*(C*x1-S*x2)
ELSE 0.8*(C*x1+5*x2) };
z2 = { IF sign THEN 0.8*(S*x1+C*x2)
ELSE 0.8%(-S*x1+C*x2) }; }
{ x1 = z1; z1(t + 1) = z1(¢)
X2 = z2+u; } xo(t + 1) = z2(t) + u(t)
{y=x2; } y(t) = z2(t)
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HYBRID MPC EXAMPLE

e Closed-loop MPC results:

2
min > lyk —r(®)]
k=1

st. —1<u,<1,i=0,1

state

output ret
>

Y T intertace §)
Hybrid L, "

Hybrid Controler Hybria MLD Systom ||
2

202
input p
-

output & ret

o Average CPU time to solve MILP: = 1 ms/step
(Macbook Pro 3GHz Intel Core i7 using GLPK)

"Model Predictive Control” - © 2025 A. Bemporad. Al rights reserved.
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HYBRID MPC - TEMPERATURE CONTROL

>> refs.x=2; % just weight state #2 2

>> Q.x=1; % unit weight on state #2 min Z lz2k — 7(t)|loo
>> Q.rho=Inf; % hard constraints k:1x1k >95 k=1,2
>> Q.norm=Inf; % infinity norms s.t { MLD model

>> N=2; % prediction horizon

>> limits.xmin=[25;-Inf]; Temperature T,

>> C=hybcon(S,Q,N,limits,refs);

>> c

Termperature T

1 air conditioning
Hybrid controller based on MLD model S <heatcoolmodel.hys: "~ ~ - 50

ol AV AT WA \%(;‘0

2 state measurement(s) i \ { \ / \ / \ I |
0 output reference(s) ) S 10 i e " i E0 N R e e v
0 input reference(s) 9 20 (B 1
1 state reference(s) I 10 ‘ |  [0S1 o | l ‘ L] ] r
0 reference(s) on auxiliary continuous z-variables } ‘ 4 | ‘ ‘I } “ ‘ ‘ ‘ ﬂ ’ ‘ |

) _/ | 0 20 40 60 80 100
20 optimization variable(s) (8 continuous, 12 binary) €
46 mixed-integer linear inequalities 2 " | Tormperaire T,
sampling time = 0.5, MILP solver = 'glpk' - e \ /\ [\ /\ ‘\ \u(t \
Type "struct(C)" for more details. 40 - H | '/ }‘ B

- SANEEA

20
>> [XX,UU,DD,Z%%,TT]=sim(C,S,r,x0,Tstop); U 2 0 & D iD

el Predictiv d. 14/84




HYBRID MPC - TEMPERATURE CONTROL

000 Xl heatcool6 f00

Temp. T2
File Edit View Simulation Format Tools Help ‘

» 8B LLL ABE B 7

Hybrid Controller

% Function Block Parameters: Hybrid Controller

state reference

Parameters

Controller

Control of hybrid systems based on MIP (mask) (iink) H
c

MLD model
s

Ao
o Average CPU time to solve MILP: ~ 1 ms/step

(Macbook Pro 3GHz Intel Core i7 using GLPK)

"Model Predictive Control” - © 2025 A. Bemporad. All rights reserved. 15/84



MIXED-INTEGER PROGRAMMING SOLVERS

e Binary constraints make Mixed-Integer Programming (MIP) a hard problem
(NP-complete)

However, excellent general purpose branch & bound / branch & cut solvers
available for MILP and MIQP (Gurobi, CPLEX, FICO Xpress, GLPK, CBC, ...)

(more solvers/benchmarks: see http://plato.la.asu.edu/bench.html)

MIQP approaches tailored to embedded hybrid MPC applications:

- B&B + (dual) active set methods for QP

B&B + interior point methods:
B&B + fast gradient projection:
B&B + ADMM:

No need to reach global optimum (see convergence proof), although
performance may deteriorate
lodel Predictive Control" - © 2
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http://plato.la.asu.edu/bench.html

BRANCH & BOUND METHOD FOR MIQP

¢ We want to solve the following MIQP

min  V(z) £ 12/Qz + 'z z € R"”
st. Az <b R=Q =0
e {01}, Viel IC{1,....,n}

e Branch & Bound (B&B) is the simplest (and most popular) approach to solve the
problem to optimality

e Keyidea:
- foreach binary variable z;, i € I, eitherset z; = 0,0r z; = 1,0r z; € [0, 1]
- solve the corresponding QP relaxation of the MIQP problem
- use QP result to decide the next combination of fixed/relaxed variables
Model Prediciive Control" - © 2

A. Bemporad. All rights 17/84




BRANCH & BOUND METHOD FOR MIQP

QP relaxation
min %Z’Qz +c'z
st. Az <b
0<z<1,Viel

yes

2z €{0,1},Vie I

MIQP yes
solution

found
(luckey case)

no

infeasible MIQP infeasible

(lucky case

start branching...

18/84



BRANCH & BOUND METHOD FOR MIQP

e Branching rule: pick the index i such that z; is closest to % (max fractional part)

e Solve two new QP relaxations
min %z/Qz +c'z

s.t. A
)

: 1 /
min  52'Qz+ 'z

st. Az <b
z; =0
0<z <1,Vjel, j#i min %Z’Qz—&—c’z
s.t. Az <b

zZ; = 1
. . . 0<z; <L,Vjel,j#i
o Possibly exploit warm starting from QP =5 =50 i#i

when solving new relaxations QP; and QP
19/84
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BRANCH & BOUND METHOD FOR MIQP

update
upper bound
no yes PP .
infeasible VWw=>V
on MIQP
solution
yes no
stop branching keep branching....

on subtree
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BRANCH & BOUND METHOD FOR MIQP
The cost Vj of the best integer-feasible
solution found so fare gives an upper

bound V; > V* on MIQP solution

yes
stop branching

(adding further equality constraints

can only increase the optimal cost)
no

keep branching ...

21/84




BRANCH & BOUND METHOD FOR MIQP

While solving the QP relaxation, if the dual cost is available it gives a
lower bound to the solution of the relaxed problem

The QP solver can be stopped whenever the dual cost > 1} !

This may save a lot of computations

When no further branching is possible, either the MIQP problem is declared
infeasible or an optimal solution z* has been found

"Model Predictive Control" - © 2
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SOLVING MIQP VIA NNLS

e B&B method + QP solver based on nonnegative least squares applied to solving
the MIQP

1
min V(z) £ 52/@2 +cz Q=Q -0
st. <Az <wu

Gz=g
AiZG {Zl,ﬂl},lz].,,q

e Binary constraints on z are a special case: ¢; = 0,u; = 1,
A;=10...010...0]

o Warm starting from parent node exploited when solving new QP relaxation
e QP solver interrupted when dual cost larger than best known upper-bound

emporad. Al rights

reserved. 23/84




SOLVING MIQP VIA NNLS

e Worst-case CPU time (ms) on random MIQP problems:

n m g NNS,p, NNLSgr GUROBI  CPLEX ,
0 5 2 23 12 T4 go " = #variables
10 100 2 5.7 3.3 6.1 314 ™ = #inequalities
50 25 5 42 6.1 141 301 9 = #binaryvars
50 200 10 68.8 104.4 1146 294.1 (no equalities)

100 50 2 46 10.2 372 69.2
100 200 15 1375 365.7 259.8 5478
150 100 5 15.6 49.2 1572 260.1
150 300 20 11744 39704 12961 21239

Compiled Embedded MATLAB code (QP solver) + MATLAB code (B&B)
CPU results measured on Macbook Pro 3GHz Intel Core i7

NNLS-LDL = recursive LDL factorization used to solve least-square problems in QP solver

NNLS-QR = recursive QR factorization used instead (numerically more robust)

24/84




SOLVING MIQP VIA NNLS

e Worst-case CPU time (ms) on random purely binary QP problems:

n m q NNLSzpr  NNLSgr  GUROBI  CPLEX
2 10 2 5.1 4.0 0.7 8.4
4 20 4 8.9 4.3 4.5 16.7
8 40 8 19.2 18.0 371 14.7
12 60 12 59.7 57.8 823 47.9
20 100 20 483.5 457.7 566.8 99.6
25 250 25 110.4 933 1054.4 169.4
30 150 30 16454 1415.8 2156.2 184.5

e Worst-case CPU time (ms) on a hybrid MPC problem

N = prediction horizon N NNLS.prz  NNLSgr GUROBI  CPLEX
2 22 23 12 3.0

MIQP regularized to make 3 3.4 39 20 6.5
Q strictly = 0 4 5.0 6.5 26 8.1
(solution difference is negligible) 5 7.6 9.8 3.7 9.0
6 123 17.7 43 11.0

7 20.5 305 5.8 131

8 28.9 471 73 17.3

9 38.8 62.5 95 189

10 55.4 98.2 109 224

"Model Predict 25/84




SOLVING MIQP VIA NNLS AND PROXIMAL-POINT ITERATIONS

e Robustified approach: use NNLS + proximal-point iterations to solve QP
relaxations

zpp1 = argmin,  12/Qz 4z + £z — %3
st. (<Az<u
Gz=g

e CPU time (ms) on MIQP coming from hybrid MPC (bm9 9 demo):

For N = 10: N prox-NNLS prox-NNLS* GUROBI CPLEX
30real vars

. avg maX avg max avg max avg maxX
10 binary vars 2 2.0 26 20 26 16 20 3 6.0
160 inequalities 4 53 8.8 3.1 6.9 3.1 39 8.9 15.7
8 29.7 71.0 8.1 434 72 132 155 80.2
prox-NNLS* =warm 10 76.2 1461 144 1032 111 176 35.1 95.3
start of binary vars 12 1558 4108 269 2634 149 312 617 1037
exploited 15 4842 12423 617 7669 259 1098 899 181.1

CPU time measured on Intel Core i7-4700MQ CPU 2.40 GHz

ontrol" - © 2025 A.
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FAST GRADIENT PROJECTION FOR MIQP

o Consider again the MIQP problem with HessianQ = Q" = 0

Eo_ .k kE_ k=1
min V(z) £ %z'Qz +cz w o=y Byt —y"T)
z b b
st. £<Az<u z w r
sF =
Gz=g
_ _ k41 _ ko ok e
Aize (U}, i=1,...,p 77 = max{wf 45,0}, i € Lineg

e Use B&B and fast gradient projection to solve dual of QP relaxation

constraint is relaxed /LZ <u; — yf+1 = max {’LU!C + 8?, 0} (y7 > O)
constraint is fixed Aiz=1u; — yf—i_l = wf + Sf (y; = 0)
i k+1

=0 (yi =0)

9

comstraint is ignored Aiz=10; — vy

27/84




FAST GRADIENT PROJECTION FOR MIQP

e Same dual QP matrices at each node, preconditioning computed only once
e Warm-start exploited, dual cost used to stop QP relaxations earlier
e Criterion based on Farkas lemma to detect QP infeasibility

e Numerical results (time in ms):

n m p q mMQpGPAD GUROBI

0 100 2 2 156 656

50 25 5 3 3.44 874

50 150 10 5 6322 4625 A variables
100 50 25 e 26.24 m = # inequality constraints
100 200 15 5 16406 18842 T biary constraints
150 100 5 5 3126 8813 . .
150 200 20 5 25880  274.06 ¢ =#equality constraints
200 50 15 6 3508 14438

CPU time measured on Intel Core i7-4700MQ CPU 2.40 GHz

A. Bemporad. All rights reserved. 28/84




MIQP AND ADMM

e B&B + ADMM: solve QP relaxations via ADMM min  52'Qz + 'z
st. <Az <u

Az € {K,;,ui}, el

o Simpler heuristic approach: only perform one set of ADMM iterations

= Q4 pAT AT (pAT (Y - ) + )
quah&izaﬁon skela it it X
2 = min{max{Az""" +¢* ¢} u}
ki1 6 if T < bt
T Vw0 > tdu e
R e

e |terations converge to a (local) solution

e Similar heuristic idea also applicable to fast gradient methods

"Model Predictive Control" - G Bemporad. All rights reserved. 29/84




HEURISTIC ADMM METHOD FOR (SUBOPTIMAL) MIQP

o Example: parallel hybrid electric vehicle control problem

engine power 20
@100 @100
. [ 10 20 30 40 50 60 70 DD 10 20 30 40 50 60 70
electrical power »
o J\/WW 2o J\/\\/\[\/\\//\[/R]
B [ 10 20 30 40 50 60 70 VZDD 10 20 30 40 50 60 70
energy stored %
. 20 . 20
in battery 10 m 10
0 10 20 30 40 50 60 70 DD 10 20 30 40
. ' 1
engine on/off \ / \ \ /
Tos Los
70 Du 40
x
optimal solution ADMM solution
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HEURISTIC ADMM METHOD FOR (SUBOPTIMAL) MIQP

e Example: power converter control problem

minimize Ztho(vQ,t — Vdes)? + Mug — w1
subjectto  &41 = G& + Huy

& =¢&r

up = ur

ut € {71707 1}

input voltage sign u¢ U U L : U L

output voltage vo

P ']

optimal solution ADMM solution

A. Bemporad. Al jed. 31/84



A SIMPLE EXAMPLE IN SUPPLY CHAIN MANAGEMENT

manufacturer A inventory 1
Ua11(k) T

gotodemodemos/hybrid/supply chain.m

"Model Predictive Control” - © 2025 A. Bemporad. All rights reserved. 32/84
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SUPPLY CHAIN MANAGEMENT - SYSTEM VARIABLES

o Continuous states:
x;5(k) =amount of j hold ininventory ¢
attimek(:1 =1,2,57=1,2)

e Continuous outputs:
y; (k) =amount of j sold at time & (j = 1, 2)

e Continuous inputs:
uij(k:) = amount of j taken from inventory i attime k(i = 1,2,5 = 1,2)

e Binary inputs:
Ux;(k) = 1if manufacturer X produces and send j to inventory i at time k&

33/84




SUPPLY CHAIN MANAGEMENT - CONSTRAINTS

e Max capacity of inventory ¢:
2

0< inj < T
=1

e Max transportation from inventories:
0 < w(k) <um

e Aproduct canonly be sent to one inventory:

Ua11(k) and U421 (k) cannot be both = 1
Up11(k) and Upa; (k) cannot be both = 1
Upi12(k) and Upgaz (k) cannot be both = 1
Uci2(k) and Ugaz (k) cannot be both = 1

e A manufacturer can only produce one type of product at one time:
[Up11(k) or Upa1 (k) = 11, [Up12(k) or Upaa(k) = 1] cannot be both true

"Model Predictive Control" - © 2025 A. Bemporad. All rights reserved. 34/84




SUPPLY CHAIN MANAGEMENT - DYNAMICS

o Let Ps1, Pp1, Ppa, Pco = amount of product
of type 1(2) produced by A (B, C)
in one time interval

e Level of inventories

z11(k+1) = z11(k) + ParUa11(k) + Pe1Up11(k) — u11 (k)
z12(k+1) = x12(k) + Pp2Upi2(k) + Po2Uc12(k) — ui2(k)
zo1(k+1) = z21(k) + ParUa21(k) + Pe1Up21(k) — u21 (k)
z22(k+1) = x2(k) + Pp2Up22(k) + Po2Uc22(k) — u22 (k)

e Retailer: all items requested from inventories are sold
Y1 = U1 + u21
Y2 = ui2 + u22

emporad. Al rights reserve

"Model Predictive Control" - © 2025 A
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SUPPLY CHAIN MANAGEMENT - HYSDEL CODE

SYSTEM supply_chain({ manufacturer A inventory 1
INTERFACE { L
STATE { REAL x11  [0,10];
REAL x12  [0,10];
REAL x21  [0,10];
REAL x22  [0,10]; }

w1 (k)
i)

w1o(k

] rear s

INPUT { REAL ull [0,10];
REAL ul2 [0,10];
REAL u2l [0,10];
REAL u22 [0,10];
BOOL UA11,UA21,UB11,UB12,UB21,UB22,UC12,UC22; }

manufacturer

OUTPUT {REAL y1,y2;} 231(k), 222(K)
PARAMETER { REAL PAl,PB1,PB2,PC2,xM1,xM2;}

}

IMPLEMENTATION {

AUX { REAL zAll, zB11, zB12, zC12, zA21, zB21, zB22, zC22;}

DA { zAll = {IF UAll THEN PAl ELSE 0};
zB11 = (IF UB1l THEN PB1 ELSE 0};
zB12 = {IF UB12 THEN PB2 ELSE 0};
2C12

{IF UC12 THEN PC2 ELSE 0}; CONTINUOUS {x11 x11 + zAll + zBll - ull;
zA21 = (IF UA21 THEN PAl ELSE 0}; x12 = x12 + zBI2 + zCI2 - ul2;
zB21 {IF UB21 THEN PBl ELSE 0}; %21 %21 + zA21 + zB21 - u2l;
2B22 = (IF UB22 THEN PB2 ELSE 0}; %22 = x22 + zB22 + 2C22 - u22; }
2C22 = (IF UC22 THEN PC2 ELSE 0}; }

OUTPUT {  yl = ull + u2l;

y2 = ul2 + u22; )

MUST { ~(UAll & UA21);
~(UC12 & UC22);
~((UB11 | UB21) & (UB12 | UB22));
~(UB11 & UB21);
~(UB12 & UB22);
x114x12 <= xM1;
x114x12
x21+4x22 <= xM2;
x21+x22 >=0; }

36/84



SUPPLY CHAIN MANAGEMENT - OBJECTIVES

o Meet customer demand as much as possible:

Y1 =11, Y2 =T

e Minimize transportation costs

e Fulfill all constraints

37/84



SUPPLY CHAIN MANAGEMENT - PERFORMANCE INDEX

enafy on dewmand Fracking erco
N_1 4 Y e [ ¢ error

min » " 10(|y1k — 1 (8)] + y2,6 — r2(t)[ +
k=0

shipping cost Srom e 1 o warket
A(|Jurr, k| + |uiz,k]) +

skipping cost Srom ine. 2 Ao warker
2(Juz1,k| + |u22,k|) +

cost Seom A Ko iwverfories

1(|Ua11,6| + |Uaz1,x|) +

cost from B Ko wvewtories

4(|Up11,k| + |UB12,k| + UB21,x| + |[UB22,k|) +

cos¥ &m L Yo nvenfories

10(|Uc2,k| + |Uc22,k])

A. Bemporad. Al 38/84




SUPPLY CHAIN MANAGEMENT - SIMULATION SETUP

manufacturer A inventory 1

>> refs.y=[1 2];

o

weights output2 #1, #2

>> Q.y=diag([10 10]); % output weights
etaller 1
>> Q.norm=Inf; % infinity norms
>> N=2; % optimization horizon
>> limits.umin=umin; % constraints

>> limits.umax=umax;

manufacturer C
>> limits.xmin=xmin; % xij(k)>=0

>> limits.xmax=xmax; % xij(k)<=xMi (redundant)

>> C=hybcon(S,Q,N,limits,refs);

> c

Hybrid controller based on MLD model S <supply chain.hys>

[Inf-norm]

4 state measurement(s)

2 output reference(s)

12 input reference(s)

0 state reference(s)

0 reference(s) on auxiliary continuous z-variables

44 optimization variable(s) (8 continuous, 12 binary)
176 mixed-integer linear inequalities

sampling time = 1, MILP solver = 'glpk'

Type "struct(C)" for more details.

>>

"Model Predict

Bemporad
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SUPPLY CHAIN MANAGEMENT - SIMULATION RESULTS

>> x0=[0;0;0;0]; % Initial condition
>> r.y=[6+2*sin((0:Tstop-1)'/5) $ Reference trajectories
5+3%*cos((0:Tstop-1)'/3)];

>> [XX,UU,DD,%Z,TT]=sim(C,S,r,x0,Tstop);

Items sold, demand Wha is producing
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HYBRID MPC OF AN INVERTED PENDULUM

e Goal: swing the pendulum up

e Non-convex input constraint

u e [*Tmaxa 77—min} U {0} U [Tmina Tmax]

e Nonlinear dynamical model

I2M6 = Mglsin® — 80 + u

41/84



INVERTED PENDULUM: NONLINEARITY

e Approximate sin(6) as the piecewise linear function ,

—af —v if <3 ,
sinf ~ s £ af if |0\§g 05

—ab 4y if 6>1 -

o Get optimal values for oz and vy by minimizing fit error

min / ? (af — sin(0))2d0
o 0

6 1 1 2 1
= 7—7cos6'sin€—2asin€+7a293+2a9(:050 :—7r3oz2—20¢—5—E
2 2 3 0 24 4

24

e Zeroing the derivative with respect to a gives a = =3

e Requirings = 0for § = mgivesy = 2%

2

"Model Predictive Control" - © 2025 A. Bemporad. All rights reserved. 42/84




15

INVERTED PENDULUM: NONLINEARITY

e Introduce the event variables
b3 =1] |

[54:1] A [Zg] 0

1

along with the logic constraint

e Sets = af + s3 + s4 with

. —2af —~ ifdz =1
3 0 otherwise

. — —2a0 +~ ifég=1
T 0 otherwise
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INVERTED PENDULUM: NON-CONVEX CONSTRAINT

e To model the constraint u € [—Timax, —Tmin] U {0} U [Tmin, Tmax] introduce the
auxiliary variable

w if — Tmin S u S Tmin
TA = .
0 otherwise

and let u — 74 be the torque acting on the pendulum, with

u € [_Tmax» 7_max]

e Theinput u has no effect on the dynamics for u € [—7Tyin, Tmin)- Hence, the
solver will not choose values in that range if u is penalized in the MPC cost

odel Predictive
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INVERTED PENDULUM: NON-CONVEX CONSTRAINT

=1
. b =0|0r=1

e |Introduce new event variables i i

—Tmin Tmin

51=0

[01=1] ¢ [u< Tmin)

[(52 = 1] <~ [U > _Tmin]

along with the logic constraint [0; = 0] — [d2 = 1] and set

T f—
A 0 otherwise

sothat u — 74 iszeroin for u € [—Tmin, Timin)
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INVERTED PENDULUM: DYNAMICS

e Setx & [g],y £ ¢ and transform into linear model

i T . 0 1 Iy + 0 0 S3 + S4
dt | zo N fa _12BM T g 121M U—Ta
Yy = {1 0|z
o Discretize in time with sample time T, = 50 ms
zi(k+1) 1 | z(k) B s3(k) + sa(k)
za(k+1) xa(k) u(k) — 1a(k)
yh) = [1 0]at)
Ts
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INVERTED PENDULUM: HYSDEL MODEL

/* Hybrid model of a pendulum
(C) 2012 by A. Bemporad, April 2012 */
SYSTEM hyb_pendulum {

INTERFACE {
STATE {
REAL th [-2*pi,2*pi] ;
REAL thdot [-20,20];

INPUT {
REAL u [-11,11];
}

OUTPUT({

REAL y;

}

PARAMETER {

REAL tau_min,alpha,gamma;

REAL all,al2,a2l,a22,bll,bl2,b21,b22;
}

}

IMPLEMENTATION {
AUX {
REAL tauA,s3,s4;
BOOL d1,d2,d3,dd;
}
ap {
dl = u<=tau_min;
d2 = u>=-tau_min;
th
th

-0.5%pi;
= 0.5%pi;

}

DA {
tauA = {IF dl & d2 THEN u ELSE 0};
s3 = {IF d3 THEN -2*alpha*th-gamma ELSE 0} ;
s4 = {IF d4 THEN -2*alpha*th+gamma ELSE 0} ;

}

CONTINUOUS {
th = all*th+al2*thdot+bll*(s3+sd)+b12* (u-taua);
thdot = a2l*th+a22*thdot+b21* (s3+s4) +b22* (u-taua) ;
}

OUTPUT {
y = th;

>> S=mld( 'pendulum',Ts);

gotodemodemos/hybrid/pendulum init.m
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INVERTED PENDULUM: MODEL VALIDATION

¢ Open-loop simulation from initial condition #(0) = 0,6(0) = 0
e Input torque excitation

2Nm if0<t<10s
u(t) = .
0 otherwise

>> u0=2;
>> U=[2*ones(200,1);zeros(200,1)];
>> x0=[0;0];

‘ hybrid‘model (Hominal)
nonlinear model

>> [X,T,D,Z,Y]=sim(S,x0,U);

"Model Predictive C




INVERTED PENDULUM: MPC DESIGN

>> refs.y=1;
>> refs.u=1;
e MPC cost function >> Q.y=1;
4 >> Q.y=0.01;
D lyk = r(£))] +10.01uy| >> Q.rho=Inf;
k=0

>> Q.norm=Inf;
e MPC constraints & € [—Tmax, Tmax) >> =95
>> limits.umin=-10;
L >> limits.umax=10;
>> C=hybcon(S,Q,N,limits,refs);
> c
Hybrid controller based on MLD model S <pendulum.hys> [Inf-norm]

state measurement(s)
output reference(s)

2
1
1 input reference(s)
0 state reference(s)
0

reference(s) on auxiliary continuous z-variables
55 optimization variable(s) (30 continuous, 25 binary)

155 mixed-integer linear inequalities
sampling time = 0.05, MILP solver = 'gurobi

Type "struct(C)" for more details.
>>
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INVERTED PENDULUM: CLOSED-LOOP RESULTS

o Nominal simulation =2 [P2Wg g B Ro X J=SHN(Co S 2001

[¢] input torque
3 10
2
1 0
0
: -10
0 1 2 3 4 0 1 2 3 4

e Nonlinear simulation

CPU time:

51 ms per time step (GLPK)

22 ms per time step (CPLEX)

25 ms (GUROBI)

(Macbook Pro 3GHz Intel Core i7)

"Model Predictive Control" - © 2025 A. Bemporad. All rights reserved. 50/84



EXPLICIT HYBRID MPC



EXPLICIT HYBRID MPC (MLD FORMULATION)

N—-1
ming J(&@) = > 1Qukllo + [ Ruxll

k=0
Tr+1 = Az + Biug + B2di + Bszr + Bs

yr = Czr+ Diug + D26k + D3zp + Ds
subject to Eodr + Eszry <  FEaixp + Fiup + Es

N

¢ Online optimization: solve the problem for a given state z(¢) as the MILP

N—-1

ming E el +ep
k=0

st. GE< W—l—S@

o Offline optimization: solve the MILP in advance for all states x(¢)
multiparametric Mixed-Integer Linear Program (mp-MILP)

"Model Predictive Control" - © 2025 A rights reserve
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MULTIPARAMETRIC MILP

e Consider the mp-MILP

. ¢ E Rnc
ming, ¢, febe + fola g € {0,1}na
st Gele+Gala < W + S@ zde Rm,

o A mp-MILP can be solved by alternating MILPs and mp-LPs

e The multiparametric solution £*(z) is PWA (but possibly discontinuous)

e The MPC controller is piecewise affine in z = x(t)

z-space

Fix+¢g1 if Hix <K

Fyz+gy it Hyr < Ky

(More generally, the parameter vector = includes states and reference signals)

"Model Predictive Control" - © 202

5A. Bemporad. All rights reserve
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EXPLICIT HYBRID MPC (PWA FORMULATION)

e Consider the MPC formulation using a PWA prediction model

N-1
mine J(&,2(t) = 3 1Qulloe + | Run
k=0
Ter1 = Aigyxre + Bigmyur + fir)
= O D, .
subject to Yk ‘ (k) Tk + Di(kyUk + Gi(k)
o = xz(t)

o Method #1: The explicit solution can be obtained by using a combination of
dynamic programming (DP) and mpLP

e Clearly the explicit hybrid MPC law is again piecewise affine, as PWA systems=
MLD systems
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EXPLICIT HYBRID MPC (PWA FORMULATION)

e Method #2: (Bemporad, Hybrid Toolbox, 2003)
(Alessio, Bemporad, 2006) (Mayne, ECC 2001) (Mayne, Rakovic, 2002)

1 Use backwards (=DP) reachability analysis for enumerating
all feasible mode sequences I = {i(0),4(1),...,i(N)}

2 For each fixed sequence I, solve the explicit finite-time
optimal control problem for the corresponding linear
time-varying system (mpQP or mpLP)

3a Case of 1/ oco-norms or convex PWA costs: Compare value

functions and split regions

3b Case of quadratic costs: the partition may not be fully
polyhedral, better keep overlapping polyhedra and compare
online quadratic cost functions when overlaps are detected

e Comparison of quadratic costs can be avoided by lifting the
parameter space (Fuchs, Axehill, Morari, 2015)

"Model Predictive Control” - © 2025 A. Bemporad. Al rights reserved. 54/84



HYBRID MPC EXAMPLE - EXPLICIT VERSION

e PWA system: Closed-loop MPC
_ cosa(t) —sina(t) - 0 u
at+1) = [ sin a(t) cos a(t) :| ®)+ |: 1 ] ®)
y(t) = [O 1 ] z(t)
P z if [1 o]xz(t)>0
= { -z it [1 0]a@¢)<o0

subjectto —1 < w(t) <1
2

e MPC objective: min Z lye — 7(¢)]
k=1
e Open-loop behavior:

L~

= il

go todemo demos /hybrid/b§19 9sim.m

"Model Predictive Control” - © 2025 A. Bemporad. All rights reserved. 55/84



HYBRID MPC EXAMPLE - EXPLICIT VERSION

Polybedalpattan- 5 egens.

0
—0.6928 0.4 —
0 1

i 0

0.6928 —0.4 1 1
4 ok § 3
[0.6928 0.4 1][F] if o —1|[¥]< 1
1
1
(Region #1)

—0.6928 0.4 —1 -1
g | o o1 1< |7
1 i [ 1
0o 0 -1
o -10 10
(Region #2)
—0.4 —0.6928 0 10
0 -1 0 10
i 0 8 1e—006
. 1 z 10
-1 i foeoes —0a 1| [FI<| 1
0 0 1 1
0 0 -1 1
u(x,r) = -1 0o 0 10
(Region #3)
-1 0o 0 0
o 1 o 10
0.4 —0.6928 0 10
H o -1 0 [z 10
-1 L (S <14
o 0 1 1
0 0 -1 1
1 Q 0 1o
(Region #4)
—0.6928 —0.4 1 |
0.4 —0.6928 0 10
. 0 “1 0 |, 10
—0.6928 —0.4 1] [£] if 0 o -1 [F]<
( I7] 0.6028 0.4 -1 (1< 1
0 0 1 §

~1 0
(Region #5)

gototo /demos/hybrid/bm99sim.m
Offline CPU time = 1.51 s (Macbook Pro 3GHz Intel Core i7)

Bemporad. /

Section withr = 0

PWA law = MPC law !
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HYBRID MPC EXAMPLE - EXPLICIT VERSION

e Closed-loop explicit MPC

000 X bm9gexp 8no output & ref
e S View St Fanal Toos e | - 8B P PO ABE O

~ 8B LLp ARBRE B 7

5

L]

Time offset: 0

L

"Model Predictive Control” - © 2025 A. Bemporad. All rights reserved. 57/84




EXPLICIT PWA REGULATOR
o MPC problem: 1’ § "I|’|”’|’|’|mm

min  10[|zxlo + Y 10]zk[loc + [[uk oo

k=0
_ 1
. -1 < w, < 1,k=0,...,.N—1 Q = [V 0]
s.t.
-10 < =z, < 10,k=1,...,N R =1
prediction horizon N = 1 predlct|on hori N =2 prediction horizon N =3

= »—\;i 3 /,
4| ‘ K ’,‘
5 ‘ ’/‘ 8

Semporad. All rights reserved. 58/84




"MaderPredictive Control" - © 20

EXPLICIT HYBRID MPC - TEMPERATURE CONTROL

>> E=expcon(C,range,options);

>> E

Explicit controller (based on hybrid controller C)
3 parameter(s)

1 input(s)

12 partition(s)

sampling time = 0.5

The controller is for hybrid systems (tracking)
This is a state-feedback controller.

Type "struct(E)" for more details.
>>

384 numbers to store in memory

2
min Y [|war — () oo
k=0

T > 25, k=1,2
hybrid model

s.t.

demporad. /

Palyhedral partition - 12 regions

84 &8 8 8

Temperature sst point.

Temperature T, 2 0 Temperature T,

(T, T>) section for Tyef = 30

Poiyhedtl partion - 12 egions
@

a- |

Temparstus T,
Fl

E3
Temperatus T,



EXPLICIT HYBRID MPC - TEMPERATURE CONTROL

OO0 Temp. T2

~ B LRLL HEE B 7

000 IX| heatcool9
| View Simulation Format Tools Help

File

el

Hybrid FAYA System PWA mode

Controler
ode Explicit Fybrid Controller state reference
000 Controller mode

4
»

arca fi6 1 ~ @B LR HEE B

Hdefine E3

fidetine T

Hdefine

Hdefine E3

fHdefine EXPCON_NF 1

static dewsle EXPCON_F[]=(
-1,0,0,0,-1,0,
-1,-1,-1,-1,-1,-1,0,-3,-3,
-3,0,-3,0,0,0,0,0,

generated
C Code 0,0,0,08;
[RRE——
- 101.6,1.6,1.6,-1.5,98.4001,0,100,51.5,
101.6,51.6,48.4,50};
utils/expcon.h  iooic aownie mxvcon_mri=(
0,0,0,-0.00999999,0,-0,0333333,

0.02,0.00999999,-0.02,0,0,-0.0333333,0.03, 0, 00999999,
0,0,-0.02,0.02,0,-1,0.00999999, 0,

[ Time offset: 0
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PARC - CART & BUMPERS EXAMPLE

e MPC problem with prediction horizon N = 9:

N-1
ming, ey, P |k — ||+ 0.25|Fy] :
k=0 2
st. Fy€{-F,0,F} :

PWA model equations

e MILP solution time: 0.37-1.9 s/step (CPLEX) :
(Intel Core i9-10885H CPU @2.40GHz) T "”ﬁ“‘”"'l’ﬁ A‘ \
| i ‘\
oL “;“% “r‘w;
o Data-driven hybrid MPC controllercankeep | | Il |

temperaturein zone fime (5

e Approximate explicit MPC: fit a decision tree on 10,000 samples
(accuracy: 99.7%). CPU time = 73--88 us. Closed-loop trajectories very similar.

61/84
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IMPLEMENTATION ASPECTS OF HYBRID MPC

e Alternatives:

1. solve MIP online

2. evaluate a PWA function (explicit solution)

e Small problems (short horizon N = 1, 2, one or two inputs, 4-6 binary vars):
explicit PWA control law is preferable

- CPU time to evaluate the control law is shorter than by MIP

- control code is simpler (no complex solver must be included in the control
software!)

- more insight in controller behavior

e Medium/large problems (longer horizon, many inputs and binary variables):
online MIP is preferable

¢ Further alternative: collect MIP solutions and fit an approximate explicit form

62/84



MOVING HORIZON ESTIMATION AND FAULT DETECTION



STATE ESTIMATION / FAULT DETECTION

e Goal: estimate the state of a hybrid system from past I/O measurements

e Moving horizon estimation based on MLD models solves the problem

+ measurements MLD model augmented

— estimates

s w X1 by
+ F .o
; i

- statedisturbance £ € R"

T N L - output disturbance ¢ € R?

o Ateach time ¢ get the estimate Z(¢) by solving the MIQP
ming 7|t Z”y t—klt) —y(t = k)[I3 +
s.t. constralnts onZ(t — T+ k|t),g(t — T + klt)

o For fault detection also include unknown binary disturbances ¢ € {0, 1}"#

emporad. Al rights

erved.

63/84



MHE EXAMPLE - THREE TANK SYSTEM

e Canonly measure tank levels hq, ho

e The system has two faults:

- ¢1: leakintank 1 A9
between 20s < t <60 <=
- ¢2: valve V; blocked V;Q
fort > 40s (COSY benchmark problem)
The estimated fault 01 (t-11)
e measured output :
sl AL L=
0.4 / &
. . St b= 03 m
¢ Add logic constraint . ©  The estimated faut 42011 *°
2 ‘ ;
[hy < hy] = 62 =0 01| F\
40 80 80 100 DIJ 20 40 60 80
time time

"Model Predictive Control" - © 2025 A 64/84
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MHE EXAMPLE - THREE TANK SYSTEM

e Canonly measure tank levels hq, ho

e The system has two faults:

- ¢1: leakintank 1 A9
between 20s < t <60 <=
- ¢2: valve V; blocked V;Q
fort > 40s (COSY benchmark problem)
- measured output Estimated fault ¢, (t-1If)
A !
04 / b
o / he=0.3 m| 0
¢ Add logic constraint = 0 Estimated fault ¢(t-11t) &0
1
h1 < hy| = 2 =0 Ul e ae
[ 1= 'U] ¢2 A \.- e
=01 [v]
20 40 60 80 100 0 20 80
|t time

"Model Predictive Control" - © 2025 A. Bemporad. All rights reserved. 65/84




A FEW (HYBRID) MPC TRICKS



MEASURED DISTURBANCES

e Ameasured disturbance v(t) enters the hybrid system

o Augment the hybrid prediction model with the constant state
Th = Ty

e HYSDEL model

INTERFACE {
STATE {
REAL x [-1e3, le3];
REAL xv [-1e3, 1le3];
}

}
IMPLEMENTATION {
CONTINUOUS {
X = A*X + B*u + Bv*xv
XV= XV;

Hybrid MPC Contioller

e Same trick applies to linear MPC
gotodemodemos/hybrid/hyb meas dist.m

"Model Predictive Control" - © 20

A. Bemporad. Al rights reserved.
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REFERENCE TRACKING

e Hybrid MPC formulation for reference tracking

N-1
min > WY (yryr — (1)1 + W Au 3

k=0
s.t.  hybrid dynamics

Aup =up —up—1, k=0,...,.N—1, u_1 =u(t—1)

Umin < Uk < Umax, E=10,...,N —1

Ymin < Yk < Ymax, k= 17"'7N

Atmin < Aug, < Atumax, E=0,...,N —1

e Theresulting optimization problem is the MIQP

min (€, 2(1)) = 56 HE+ [2/ (1) r' (1) ' (1 — D]FE S
() |
st GESWHS| (1) i
u(t — 1) i%:}

e Same trick asin linear MPC

"Model Predictive Control" - © 2025 A. Bemporad. All rights 67/84




INTEGRAL ACTION

e Augment hybrid prediction model with integrals of output tracking errors

€1 = €k + Ts(r(t) — yr)

e Treat set point r(¢) as a measured disturbance (= constant state)

e Add weight on ¢, in cost function

e HYSDEL model:

INTERFACE
STATE(
REAL x [-100,100) ;

REAL epsilon [-1e3, 1e3];
REAL r 1o, 1001; )
OUTPUT ({
REAL y; )
000 1)
IMPLEMENTATION {
CONTINUOUS {
epsilon=epsilon+Ts* (r-(c*x));
r=r;
PR |
OUTPUT{
y=c*x; )}

e Same trick applies to linear MPC

input

1: output Z ref,
2:input

=Ty
=

Hybrid System j—

eps [

E

sum
integrator

eror integral
e,

Hybrid MPC Controller

gotodemodemos/hybrid/hyb integral action.m

"Model Predict

ed

trol" - © 2025 A. Bemporad. All righ
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TIME-VARYING CONSTRAINTS

e Consider the time-varying constraint

output

u(t) < Umax (t)

e Augment the hybrid prediction model
with the constant state

input

Tpy, = @y
Ty = Umax(t)

and output yi' = z*(k) — uy, subject to the constraint y3* > 0,k =0,1,...

e Same trick applies to linear MPC

gotodemodemos/linear/varbounds.m

o Alternative: in HYSDEL simply impose MUST {u <= xu;}

"Model Predictive Control" - © 2025 A. Bemporad. All rights reserve 69/84




REFERENCE/DISTURBANCE PREVIEW

e Measured disturbance v(t) is known M steps in advance

e Augment the model with the following buffer dynamics

M—-1 _  _M-2 M—-1 _

Ty = T Lo v(t)
M-2 _  _M-3 M-2 _

Ty = T Zy = w(t+1)

: with initial condition : :
s = af v = u(t+M-2)
W4y = af 2 = w(t+M-1)

o The predicted state 2™ ! of the buffer is

GM-1 v(t+k) k=0,....M—1
: wt+M—1) k=M,....N—1

o Preview of reference signal (¢t + k) can be dealt with in a similar way

e Same trick applies to linear MPC

"Model Predictive Control" - © 2025 A. Bemporad. All rights reserved. 70/84




DELAYS - METHOD #1

o Hybrid model with delays

x(t+1) = Az(t)+ Byu(t — 1)+ B2d(t) + Bsz(t) + Bs
E2(5(t) + Egz(t) S Elu(t — 7') + E4£C(t) + E5

e Mapdelaysto polesin z = 0:

xk(t)éu(t—k) = xk(t+1)=xk,1(t)7 k=1,...,7

S SRl It B % ri
Tr_1(t+1) _ |00 0 Im..0 zr_1(t) n (.) u(t)—|— (} §(t)+ (.) z(t)—|— 0
zl(é+1) (:) 0 0 o 0 1.1:(,5) Iin (:) (:) (:)
o Apply MPC to the extended MLD system
e Sametrick asinlinear MPC

71/84
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DELAYS - METHOD #2

e Delay-free model:

Z(t + 1) = AZ(t) + Byu(t) + Bad(t) + Bsz(t) + Bs

I(t) £ x(t+7) Ex0(t) + E3z(t) < Equ(t) + E4Z(t) + Es

e Design MPC for delay-free model, u(t) = fmpc(Z(t))

o Compute the predicted state

T(t) = 2(t+71) = AT:r(t)wLTi AY(Byu(t — 1 — j) +Bad(t+5)+Bsz(t+5)+Bs)
=1 N————

'Fous'f '\w‘?ﬁs{

where §(t + 7), (¢ + j) are obtained from MLD inequalities or by simulation

e Compute the MPC control move u(t) = fupc(2(t + 7))

ol" - © 2025 A. Bemporad. All rights reserve 72/84




CHOICE CONSTRAINTS

e Logic constraint: make one or more choices out of a set of alternatives:

- make at most one choice: §; + d2 + 93 < 1
- make at least two choices: 61 + 02 + d3 > 2

- exclusive or constraint: 61 + 2 + 03 =1

e More generally:

N
Z 6; <m choose at most m items out of N
=1

N
Z di=m choose exactly m items out of V
=1

N
Z 0 >m choose at least m items out of NV
=1
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“NO-GOOD" CONSTRAINTS

e Givenabinary vector ¢ € {0, 1}™ we want to impose the constraint

543

e This may be useful for example to extract different solutions from an MIP that
has multiple optima

e The "no-good” condition can be expressed equivalently as

=1 51:0
Soai=d 6 <-1+Z& T:é:d 1}}:

ieT ieF

or

ghts reserved. 74/84




ASYMMETRIC WEIGHTS

o Asymmetric weight: only weight a variable uy, if ux > 0

e We canintroduce a binary variable [§;, = 1] <> [ux > 0] and

Uk if 5k =1
0 otherwise

z, = max{ug,0} = {
then weight z;, instead of uy,
e Better solution: only introduce auxiliary variable z; and optimize
N-1
min (...)+ Z 2
k=0

s.t. zp > ug

e Similar approachwhen || - || or || - ||1 are used as penalties

e Same trick applies to linear MPC

"Model Predictive Control" - © 2025 A. Bemporad. All rights
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GENERAL REMARKS ABOUT MIP MODELING

e The complexity of solving a mixed-integer program largely depends on the
number of integer (binary) variables involved in the problem

e Hence, when creating a hybrid model one has to

Be thrifty with binary variables !

o Adding logical constraints usually helps

o Generally speaking

modeling is an art

"Model Predictive Control" - © 2025 A. Be
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VERIFICATION (REACHABILITY ANALYSIS)



HYBRID VERIFICATION PROBLEM

hybrid process

continuous continuous
disturbances states

binary s binary
disturbances 01)(10)(11) (01 states

B
verification algorithm
d safety

query

set of possible D
initial states

set of possible ‘:]

disturbances

[‘
answer
—
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VERIFICATION ALGORITHM #1

e Query: Is the target set X reachable in IV steps from some initial state
xg € Xoforsomeinputug,...,uny_1 € U?

e The query can be answered by solving the mixed-integer feasibility test

ming 0
st. T4 = Azxy, + Biuy + Bady, + B3z + Bs
Eq6y + Ezzp < Egxy, + Eyug + Es
Syurp, <T, (up€U), k=0,1,...,N—1
Soro < Ty (wo € Xo)
SfSUN < Tf (:L‘N € X/‘)

with respecttof = [xo,...7xN,u0,...,uN71,507...,5N71,ZO,...,ZN71:|

e Other approaches:
- Exploit structure and use polyhedral computation
- Use abstractions (LPs) + SAT solvers
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VERIFICATION EXAMPLE

o MLD model: room temperature control system

= {[%] :10< T, T < 15}

e Set of unsafe states:

Xy
e Set of initial states:

Xo =

{[7.]: 35 <T,T» < 40}
e Set of possible inputs:

U= {Tamb 210 < Ty < 30}
e Time horizon: N = 10 steps

>> [flag,x0,U]=reach(S,N,Xf,X0,umin,umax) ;
"Model Predictive C '
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VERIFICATION EXAMPLE

State

35

30

25

20

15

10

10

16

15

time

U= {Tamb 210 < Tomp < 30}

edictiv

>> umin=20;
>> reach(S,N,Xf,X0,umin, umax) ;
Hybrid Toolbox v.l1.4.2 [February 2, 2020]

Elapsed time is 0.023282 seconds.
Xf is not reachable from X0

>>

U= {Tamb 020 < Toamp < 30}
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VERIFICATION ALGORITHM #2

¢ Query: Is the target set X ; reachable within IV steps from some initial state
xg € Xoforsomeinputug,...,uny_1 € U?

e Augment the MLD system to register the entrance of the target (unsafe) set
Xf = {1} : Af:L' S bf}i

- Add anew variable 5£,with [6}: =1] = [Afziy1 < by]

Af(ACEk + Biug + B2k + Bzzk + B5) < bf -+ M(l - (5£)

N——
\o\%v\
N-1
- Add the constraint Z 6}: > 1(i.e,zr € Xy foratleastonek)
k=0

- Solve MILP feasibility test

¢ Note: the verification problem is a bounded model-checking problem with
continuous and binary variables
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A MORE COMPLEX VERIFICATION EXAMPLE

o Stateswy,x9, 23 € R,x4, x5 € {0,1},inputsuy, us € R,uz € {0,1}

[51 = 1] > [1‘1 < 0]
e Events: [62 =1] & [z2 > 1]
[53:1] <> [333—12 S 1}

e Switched dynamics

. 0.1z1 (k) + 0.5z2(k) if (51(k) A d2(k)) V za(k) true
zlk+1) = { —0.3w3(k) — 21 (k) + u1(k) otherwise

_ —0.8z1(k) + 0.7x3(k) — w1 (k) —ua(k) ifdz(k) V zs(k)true
z2(k+1) = { —0.7z1 (k) — 2z2(k) otherwise
ws(k+1) = { —0.1z3(k) + ua(k) if (83(k) A z5(k)) V (81 (k) A z4(k)) true
3 N x3(k) — 0.5z1(k) — 2ui (k) otherwise

e Automaton
$4(k5 -+ 1) = 01 (k) N 334(k)
es(k+1) = ((za(k)Vas(k) A (G1(k) V 62(k)) V (83(k) Aus(k))
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A MORE COMPLEX VERIFICATION EXAMPLE

e Query: Verify if it possible that, starting from the set X,
Xo={z: —01<uz,23 <01, 290 =0.1, x4, x5 € {0,1}}
the state z(k) € Xy
Xp={z: -1<z1,23<1,05 <23 <1, z4,25 € {0,1}}
atsome k < N, N = 5,under the restriction that Vk < N

x3(k) + z2(k) <0
01(k) V d2(k) V x5 (k )—true
ﬁ.’l?4(k‘)\/l‘5( ) tr

>> [flag,x0,U,xf,X,T,D,Z,Y,reachtime]=reach(S,[1 N],X£f,X0);
gotodemodemos/hybrid/reachtest.m
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A MORE COMPLEX VERIFICATION EXAMPLE

State trajectory

N
o N /
S >> reachtest
1 02 04 0.6 08 Hybrid Toolbox v.1.4.2 [February 2, 2020]
1 ~ —— Elapsed time is 0.038049 seconds.
~—
O ‘\é >> reachtime
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The set X ¢ is reached by z(k) at time
% 0.2 0.4 06 0.8

time (s) ! StepS k == 3, 4
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