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COURSE STRUCTURE

e Hybrid MPC
e Stochastic MPC

e Learning-based MPC

Course page:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html
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HYBRID MODELS



HYBRID DYNAMICAL SYSTEMS

u (k) continuous | . g

— dynamical

10 /Q\ H X system
Coin g hybrid

. /)1)0 | dynamical |

0 system
ol y
uy(k) 1
e Variables are binary-valued e Variables are real-valued
xp € {0,1}™ uy € {0,1}™ T € R™, u, € R™e
e Dynamics = finite state machine ¢ Difference/differential equations
e Logic constraints e Linear inequality constraints
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TECHNOLOGICAL PUSH FOR STUDYING HYBRID SYSTEMS

discrete inputs environment
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continuous
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continuous inputs
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systems control systems systems
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>
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AN EXAMPLE OF "INTRINSICALLY HYBRID" SYSTEM

e Vehicle

continuous dynamical variables
(speed, torque,...)

continuous commands
(brake & gas pedal)

-+

- >discrete command
(R\N,1,2,3,4,5)
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KEY REQUIREMENTS FOR HYBRID MODELS

e Descriptive enough to capture the behavior of the system

- continuous dynamics (physical systems)
- logic components (switches, automata)
- interconnection between logic and dynamics

o Simple enough for solving analysis and synthesis problems

/

{:c’ = Az + Bu T

y = Cz+ Du linear hybrid systems { y =

“Perfection is achieved not when there is nothing more to add,
but when there is nothing left to take away.”

A. de Saint-Exupéry
(1900-1944)
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PIECEWISE AFFINE SYSTEMS

r(k+1) = Ajwaz(k) + Bigyu(k) + figr
y(k) = Cigyr(k) + Digyu(k) + gir)

i(k) st. Higz(k) + Jigu(k) < Kig)

o PWA systems can approximate nonlinear dynamics arbitrarily well
(even discontinuous ones)

z(k+1)
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DISCRETE HYBRID AUTOMATON (DHA)

discrete Event Generator mc(k)
[0 =1] <> [Hze + Ku. < W]
6.(k) o
=1
Switched Affine System
Finite State Machine uk)| |oc(k 112 Tk) + Byuo(k) + f;
7£(k' + 1) = discrete i= i(k‘; ‘ e ' ‘rc(k)
(k) fB(@e(k), ue(k), 0c (k) e —
RO
QJ\‘O z(k)
mode | (k)
Mode Selector )
it B
5.(k) -
- i = fr(we, e, ) )
continuous
z¢ € {0,1}™ = binary state T, € R = real-valued state
ug € {0,1}™¢ = binaryinput U, € R™Me = real-valued input
d. € {0,1}" = eventvariable ie{l,...,s} = currentmode
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SWITCHED AFFINE SYSTEM

discrete

Event zc(k)

e Generator

0e(k) .
=1 25 Switched

SN Affine
System
uc(k) [ 1k
Finite State

Machine

G O iy
Mode Selector mode '(k)
ug(k)

ek =
Se(k) ID

¢ The affine dynamics depend on the current mode i (k):

A3 p > |ze(h)
T

continuous

Tk +1) = Ajyre(k) + Bigyue(k) + ficr

T, € R",u, € R™e
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EVENT GENERATOR

discrete
Event zc(k)
. Generator
de(k) .

Switched

=12
Affine
System
uc(k) 1k
Finite State e (ke
Maching P e
.
) ﬁ % >
z¢(k)
Mode Selector mode '(k)
ug(k)
Se(k)
continuous

e Event variables are generated by linear threshold conditions over continuous
[52(]{;) = 1] AN [Hzxc(k) + Kluc(k) S Wl] Te € Rn”, Ue € R
de € {0,1}7e
o Example: [0.(k) = 1] <> [zc(k) > 0]
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FINITE STATE MACHINE

discrete

Event zc(k)
Generator

0e (k)

Switched

5 =1
SN Affine
System
ue(k) .

A7 p > |ze(R)

Finite State
Machine

Q) Te(k)
Mode Selector mode ,(k)
ug(k)

e The binary state of the finite state machine evolves according to a Boolean
state update function fp : {0, 1} tmetne — [0, 1}

continuous

ze(k +1) = fp(xe(k), ue(k), e (k)) ze € {0,1}™, wy € {0,1}™
5, € {0, 1)

o Example: zo(k + 1) = = (k) V (xe(k) A ue(k))
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MODE SELECTOR

discrete

5e(k)

Event ac(k)

Generator

Switched

=1 2%
D Affine
System
uc(k) [ 1k

ug(k)

Finite State
Machine

| ze(k)

Q) zo(k)
mode |i(k)
Mode Selector

ug(k)
be(k) .'.

The mode selector can be seen
as the output function of the
discrete dynamics

) .
continuous

e The active mode i(k) is selected by a Boolean function of the current binary

i(k) =

e Example:

ik) = |

"Model Predictive Cont

frr(@e(k), ue(k), de (k)

Ty € {0, 1}”"', Up € {0, 1}me
de € {0,1}"

k) b uz/a’,‘g 0 1
ﬁui’(gc))mi"(;))} 0 i=[L] | i=[L] thesystem has3modes
. 0 1
Tla=1[8] [ i=1[1]
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CONVERSION OF LOGIC FORMULAS TO LINEAR INEQUALITIES

e Keyobservation: X; V X, = true 01+ 62 >1,01,02 € {0,1}
¢ We want to impose the Boolean statement
F(Xy,...,X,) =true

e Convert the formula to Conjunctive Normal Form (CNF)

7\(\/Xi\/)zi):true, P]UNJQ{I,,n}

j=1 \ieP; ieN;
e Transform the CNF into the equivalent linear inequalities

Zi 151""21‘ 1(1_51') > 1
er N : , A5 <b, 5 € {0,1}"

: : polyhedron
diep, 0it 2 ien, (1—0;) > 1

Any logic proposition can be translated into integer linear inequalities
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LOGIC — INEQUALITIES: SYMBOLIC APPROACH

e Example:
F(X1, Xo, X3) = [X3 < X1 A Xy]

e Convert Conjunctive Normal Form (CNF):

(seee.g. http://formal.cs.utah.edu:8080/pbl/PBL.php orjust google
“CNF + converter”...)

(X3 VX1 VX)) A (XyV-oXs) A (X2 V—X3)

e Transform into inequalities:

3+ (1—61)+(1-0d2) > 1
i+ (1—-463) > 1
b2+ (1—463) > 1
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LOGIC — INEQUALITIES: GEOMETRIC APPROACH

e Consider the Boolean statement F'( X3, ..., X,,) = true and collect the rows
of the truth table T'(F) of F

The convex hull P = {6 € R™ : A < b} of the rows in T'(F) is the
smallest polytope equivalent to the Boolean statement F'

X | X, X,
00 1

TF): 0| 1 1
(N 0

e Convex hull packages: cdd, 1rs,gqhull,chD,Hull, Porto
CDDMEX package by K. Fukuda included in the Hybrid Toolbox
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LOGIC — INEQUALITIES: GEOMETRIC APPROACH

e Example: F(X1, X2, X3) = [X3 <> X1 A X3] (logic and)

(1L,11)

(0,0,0) (1,0,0)
o Key idea: white points cannot be inside the convex hull of black points

0
0
1
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—01 + 03

o ({0 ) () - {rew | 0

01 + 02 — I3

IN NN

>> V=struct('V',[0 0 0;0 1 0;1 0 0;1 1 1]);
>> H=cddmex( 'hull',V);A=H.A,b=H.B



GEOMETRIC VS SYMBOLIC APPROACH

e The polyhedron obtained via convex hull is the smallest one
e The one obtained via CNF may be larger. Example:

(X1 VX)) A (X1 VX3)A(XeV X3) =true

000 .-

convex hull

spurious vertex
in (0.5,0.5,0.5)

e Note: no other example with 3 vars but
(Xl V Xg) A\ (Xl V X3) A\ (Xg V X3) N (ﬁXl VX9V ﬁXg) =true
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BIG-M TECHNIQUE (IFF)

e Consider the if-and-only-if condition

cX
§=1] < [dze—b <0 e
=1 & laz—b=<0] §5e{0,1}
e Assume X C R™ bounded. Let M and m suchthatVz,. € X

M > dz.—b
m < axz.—0b

e The if-and-only-if condition is equivalent to

{ dzx.—b < M(1-19)

adz.—b > md

e We canreplace the second constraint witha’xz. — b > ¢ + (m — €)d to avoid
strict inequalities, where ¢ > 0 is a small number (e.g., the machine precision)
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COMPUTING THE BIG-M

e If X is apolyhedron, we can use linear programming
m < min{adz.}—b
T, EX

. /
M > lrilelr/{/{ a'z.}—b

o If X isabox, X = [¢, u], we can use the following simpler method

ay = max{a,0}

a- = a4 —a=max{—aqa,0}
m < adl—a u—b

M > du—ad b
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BIG-M TECHNIQUE (IF-THEN-ELSE)

e Consider the if-then-else condition

. € X
fx.—by ifo=1
Z:{ Z’li fbl Iotherwise 0 {01}
27e 2 z€eR

e Assume X C R™< bounded. Let M7, M5 and mq, my such thatVx, € X

My, > diz.—b > my
My > aéxc—bg > Mo

e The if-then-else condition is equivalent to

(m —M3)(1-98)+2z < dazc—b

(mg—M)(1—-0)—2 < —(djz.—b1)
(may—M)d+2z < abx.—bo
(mp —M3)d —z < —(ahxe—bs)

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved 20/57



SWITCHED AFFINE SYSTEM

e The state-update equation of a SAS can be rewritten as Affi:’e“gcsetde .
S
z(k+1) = Zzl(k) zi(k) € R™
i=1
with

. (k) . Am:c(k) +4 B1uc(k) +4 f1 if (51(k) =1

! N 0 otherwise
(k) = Aszc(k) + Bsue(k) + fs  ifds(k) =1

° N 0 otherwise

and with §;(k) € {0, 1} subject to the exclusive or condition

. . Sk > 1
3:(k) = 1orequivalently { i=t
; D 0i(k) <1

i=1
e Outputeq. y.(k) = Ciz.(k) + D;uc(k) + g; admits a similar transformation

21/57
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TRANSFORMATION OF A DHA INTO LINEAR (INJEQUALITIES

X1V X, =TRUE S1+6>>1,

91,62 € {0,1}

Any logic statement

1<y 6+ > (1-6)

f(X) =TRUE i€Py i€EN1

m :

A (vienXivien; =X) -y PO R
e m

. , /.
[6e(k) = 1] & [H'zc(k) < W] /
/

Hizo(k) — W' < Mi(1—5(k))
Hiz (k) — Wi > misi(k)

a1z +bju+ fr

_ 7 + I (i M2)(1—0) + = <
IF [§=1] TH'ET'\;/{T“11+7éU+f1 (\n{;}w&(l—é)—z < —aiz—biu—f1
ELSE z = a9t bout fa (mo —M)d+2 < apz+bout fo
/ | (my — Mp)d~z < —agx —byu—fp
¥ .,
\," v \\_3 Switched
Affine System -
Finite State Mode Selector Event
Machine Generator

B

7

-© 2023 A. Bemporad. All rights reserved
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MIXED LOGICAL DYNAMICAL (MLD) SYSTEMS

e By converting logic relations into mixed-integer linear inequalities
a DHA can be rewritten as the Mixed Logical Dynamical (MLD) system

z(k+1) Am(k) + Biu(k) + B26(k) + Bsz(k) + Bs
y(k) Cx(k) + Diu(k) + D20(k) + Dsz(k) + Ds
E26(k) + Egz(k) < E4$(k‘) + E1u(k) + E5

z € R" x {0,1}", u € R™ x {0,1}"™®
y € RPe x {0,1}P, 5 € {0,1}"®, 2 € R™

e The translation from DHA to MLD can be automatized, see e.g. the language
HYSDEL (HYbrid Systems DEscription Language)

¢ MLD models allow solving MPC, verification, state estimation, and fault
detection problems via mixed-integer programming
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A SIMPLE EXAMPLE OF MLD SYSTEM

PWAsystem!:  z(k+1) = {

Introduce event variable [0(k) = 1] <+ [z(k) > 0] and use big-M technique:

x(k) > m(1—4§(k)) M=-m=10
z(k) < —e+ (M +€)d(k) € > 0“small”
e Sincex(k + 1) = 1.66(k)x(k) — 0.8z (k) + u(k), introduce the aux variable
z(k) < Mé(k)
z(k) = x (k) 2 mo(k) (k) € {0,1
(k) = 8k} () z2(k) < wx(k)—m(l—4(k)) Ok) € 1 }
z(k) > x(k)— M1 —-46(k))

Linear state update: x(k+1) = —-0.8z(k) + 1.62(k) + u(k)

1This is the nonlinear system z:(k + 1) = 0.8|z(k)| + u(k)
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DHA AND HYSDEL MODELS

SYSTEM name {
INTERFACE {
{
REAL xc [xmin,xmax];
BOOL x1; }
{
REAL uc [umin,umax];
N BOOL ul; }
SR {
w| | REAL paraml = 1;}
T,fp\) ,‘(A) }
(I
\E\ IMPLEMENTATION {

{ BOOL d;
o s ol ) REAL z; }

gk —D >

s [P : { x1 = x1 & ~ul; }
I ///“\h; » x. x. u.

\/ A ({d=xc-1<=0; )

> { z ={ IF d THEN 2*xc ELSE -xc }; }

ufh) |

Additional relations
constraining system'’s
variables

xc + uc <= 2;

7 ~(x1 & ul); }

"Model Predictive Control" -
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BOUNCING BALL EXAMPLE

e y=—g

AR5 - Y <0 = () = —(1 - a)i(t)
! a € [0,1]

° Y

: —mg NV

How to model the bouncing ball as a discrete-time hybrid system ?
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BOUNCING BALL — TIME DISCRETIZATION

(k) y(k)—y(k—1)

e Casey(k) > 0 (ball falling): * PN
Ts

{

—g
Y
? v(k+1) = v(k)-Ty
-mg { y(k+1) = y(k)+ Tyv(k+1)
= y(k)+Tyv(k)—T2g /
Cok+1) = —(1-a)v(k)
e Casey(k) < 0(ground level): y(k = ylk—1) =y(k) — ;Sv(k)

1)
Y
vk+1) = —(1-a)vk)
y(k+1) = y(k) - Tov(k)

e We need a binary variable [§(k) = 1] <> [y(k) < 0]
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BOUNCING BALL - HYSDEL MODEL

SYSTEM bouncing_ball {
INTERFACE {
* Description of variables and c
{ REAL height [-10,10];
REAL velocity [-100,100]; }

“onstants

{
REAL g;
REAL alpha; /* O=elastic
REAL Ts; }

}
IMPLEMENTATION {
{ BOOL negative;
REAL hnext;
REAL vnext; }

{ negative = height <= 0; }

{ hnext = { IF negative THEN height-Ts*velocity
ELSE height+Ts*velocity-Ts*Ts*g};
vnext = { IF negative THEN - (l-alpha)*velocity
ELSE velocity-Ts*g}; }
{
height
velocity

hnext;
vnext;}

1}

gotodemodemos/hybrid/bball.m

trol
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BOUNCING BALL - SIMU

>> Ts=0.05; : e
>> g=9.8; : b
>> alpha=0.3; 2
2] \,/\W—WVWV
>> S=mld( 'bouncing ball',Ts); .
0 1 2 3 4 5 6 7 8
>> N=150 ; o Velocity
>> U=zeros(N,0); 5
>> x0=[5 0]1"'; 0
5
>> [X,T,D]=sim(S,x0,U);
0 1 2 3 4 5 6 7 8
1 Event variable 'negative’
0.8
0.6
¢ Note: no Zeno effect in discrete time ! 04
0.2
0
0 1 2 3 4 5 6 7 8

Bemporad. All rights reserved 29/57
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EQUIVALENGE OF HYBRID MODELS



EQUIVALENCE OF HYBRID MODELS

¢ Two hybrid models X1, 5 are equivalent if for all initial states 1 (0) = z2(0)
and input excitations u1 (k) = u2(k), the corresponding trajectories
x1(k) = z2(k) and yy (k) = y2(k), Yk = 0,1, ...

5 21 z1(k), y1(k) \/\
u(k
) 21(0)=1,(0)
22 CUQ(k), y2(k) \/\

30/57
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EQUIVALENCE OF HYBRID MODELS

e MLD and PWA systems are equivalent

Proof: For a given combination (zy, u¢, §) of an MLD model, the state and
output equation are linear and valid in a polyhedron.

Conversely, a PWA system can be modeled as MLD system (see next slide)

o Efficient conversion algorithms from MLD to PWA form exist

e Further equivalences exist with other classes of hybrid dynamical systems, such
as Linear Complementarity (LC) systems

3 A. Bemporad. All rights reserved 31/57
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MODELING A PWA SYSTEM IN MLD FORM

¢ PWA system with bounded states and inputs and s regions

r(k+1) = Ajwaz(k) + Bigyw(k) + fir)
y(k) = Cim(k) + Digyu(k) + gicr)
i(k) = suchthat M )} € Ciny

WithC; = {[Z]: Hyz + Jiu < K;},and C; ﬁCO-:(Z],Vz';éj,i,jzl,...,s
({C;} is a polyhedral partition of the set C = U$_,C;)

e Introduce s binary variables §;,7 = 1, ..., s and the logic constraints
@[& =1] = true Zéi =1
i=1 i=1

were the vector M; of upper-bounds can be computed, e.g., via LP
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MODELING A PWA SYSTEM IN MLD FORM

e Introduce auxiliary real vectors z;, w; defined by if-then-else rules

w; =

o Az:v-&-Blu—i-fz iféizl o CiSC‘i‘DiU-i-gi iféizl
1o otherwise 0 otherwise

and convert the relations above into mixed-integer inequalities

e Finally, write the state update and output equations

x(k+1)

I
N
=

=
N—

v = > wilk)

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved 33/57



MODELING PWA SYSTEMS BY DISJUNCTIVE PROGRAMMING

o A PWA system with bounded states and inputs is equivalent to the disjunction

\“'/ H;x(k) + Jiu(k) < K;
x(k+1) = A;z(k) + Biu(k) + f;

i=1

zo < x(k) < zup
ugy < u(k) < uyp

¢ Introduce s binary variables d; (k), . . ., ds (k) subject to Z 0;(k) =
1=1
¢ Introduce the convex hull relaxation of the disjunction

S

w(k) = vilk), wudi(k) < vi(k) < zup6i(k)

=1
sz o ugpdi(k) < wi(k) < uwpdi(k)
and impose
z(k+1) ZA vi (k) + Byw; (k) + f:0;(k), Hyvi(k) + Jow; (k) < K;0:(k)
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MODELING PWA SYSTEMS WITHOUT AUX CONTINUOUS VARIABLES

e Onlyintroduce s binary variables §;,i = 1, ..., sand set:

mi (1 —6i(k)) <x(k+1)— Ajw(k) — Biu(k) — fi < M (1 —6i(k))

[0i(k) =1] — [z(k+ 1) = Ajz(k) + Biu(k) + fi]

mi (1 —0;(k)) < y(k) — Ciz(k) — Diu(k) — gi < MJ(1 - 0;(k))

[6:(k) =1] = [y(k) = Ciz(k) + Dyu(k) + gi]

Hx(k) + Jiu(k) < K; + M;(1 — 6;(k)) [6:(k) = 1] — [Hia(k) + Jiu(k) < K]
S s

Zéi(k) =1 Pls:(k) = 1] = true

i=1 =t

where m?, M, m!, M! are suitably defined upper and lower bounds
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BOUNCING BALL - PWA EQUIVALENT

Height
>> P=pwa(S); °
4
>> plOt(P) 3 \\
o
>> [X,T,I]=sim(P,x0,U0); 1
0
"o 1 2 3 4 5 6 7 8
0 Velocity
Number of PWA Regions: 2
150 5
=
0
100
-5
50
10
~ o 1 2 3 4 5 & 7 8
i y(k) <0 y(k) >0 ) A mode
50 18
6
100
14
12
7‘50|5 -10 5 o 5 10 15
height 1
0 1 2 3 4 5 6 7 8
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EXAMPLE: ROOM TEMPERATURE CONTROL

" air conditioning

g ——
o

discrete dynamics continuous dynamics
e #1=cold — heater =on dT;
e #2=cold — heater = on unless #1 hot @~ (B Tamb ks (unor—ticoia)
e A/C activation has similar rules i=1,2

gotodemodemos/hybrid/heatcool.m
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SYSTEM heatcool {

INTERFACE {
{ REAL T1 [-10,50];
REAL T2 [-10,50]; }
{ REAL Tamb [-50,50]; }
{
REAL Ts, alphal, alpha2, k1, k2;
REAL Thotl, Tcoldl, Thot2, Tcold2, Uc, Uh; }
}

IMPLEMENTATION {
{ REAL uhot, ucold;
BOOL hotl, hot2, coldl, cold2; }

-~

hotl = T1>=Thotl;
hot2 = T2>=Thot2;
coldl = T1<=Tcoldl;
cold2 = T2<=Tcold2; }

-~

uhot = { IF coldl | (cold2 & ~hotl) THEN Uh ELSE 0 };
ucold = { IF hotl | (hot2 & ~coldl) THEN Uc ELSE 0 }; }

{ Tl = T1+Ts*(-alphal*(T1-Tamb)+kl*(uhot-ucold));
T2 = T2+Ts*(-alpha2*(T2-Tamb)+k2* (uhot-ucold)); }

>> S=mld('heatcoolmodel',Ts); get the MLD model in MATLAB

>> [XX,TT]=sim(S,x0,U0); simulate the MLD model
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EXAMPLE: ROOM TEMPERATURE CONTROL

e MLD model of the room temperature system

z(k+1) = Ax(k)+ Biu(k)+ B2d(k) + Bsz(k) + Bs
y(k) = Cux(k)+ Diu(k) + D26(k) 4+ Dsz(k) + Ds
E26<k) + EgZ(k‘) < E4$(k‘> + Eﬂl(k) + E5

- 2continuous states (temperature T, T5)
- 1 continuous input (room temperature Tymb)
- 2auxiliary continuous vars (power flows tnot, Ucold)
- 6 auxiliary binary vars (4 threshold events + 2 for the OR condition)

20 mixed-integer inequalities

e Inprinciple, we have 26 = 64 possible combinations of binary variables
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EXAMPLE: ROOM TEMPERATURE CONTROL

o PWA model of the room temperature system

r(k+1) = Ajwaz(k) + Bigyw(k) + figr
y(k) = C’L(k‘)x(k) + Dz(k)u(k) + gl(k) >> P=pwa(S);

Section for T, =25.00 C

50

40 h’%
g m
-
2w
g
&

0

T a0 0w a4 & 60

Temperature T, ()
‘ heater on H both off H A/Con ‘

2 continuous states (77, 1)
1 continuous input (T mp)

5 polyhedral regions

(partition does not depend on input)
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EXAMPLE: ROOM TEMPERATURE CONTROL

W heatcoold DIE[%]
file Edt View Smulation Format ook Help
DeEd&E x| 2| » = fioo [Nomal +
state
—

| 1 wmetics B
=
e Hybiid MLD System

Hybrid PWA System PUWA mode

Ready [100% [ [ [ode4s 4

e MLD and PWA models are equivalent, hence simulated states are the same
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USING PWA EQUIVALENCE FOR MODEL ANALYSIS

e Assume plant + controller can be modeled as DHA:

- plant = approximated as PWA system (e.g.: nonlinear switched model)

- controller = switched linear controller (e.g: combination of threshold conditions,
logic, linear feedback laws, ...)

Convert DHA to MLD form, then to PWA form

The resulting closed-loop PWA model reveals how the closed-loop system
behaves in different regions of the state-space

Can analyze closed-loop stability analysis using piecewise quadratic Lyapunov
functions
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OTHER EXISTING HYBRID MODELS

e Linear complementarity (LC) systems

Examples:
z(k+1) = Az(k)+ Biu(k) + Baw(k) mechanical systems,
y(k) = Cx(k)+ Dyu(k) + Daw(k) electrical circuits
v(k) = Eiz(k)+ Esu(k) + Esw(k) + Ey I
0 < wk)Lwk)>0 |
0 \%4

e Min-max-plus-scaling (MMPS) systems

Example:
w(k+1) = My(x(k), u(k), w(k)) discrete-event system
y(k) = My(z(k),u(k), w(k)) k = event counter
0 > M(a(k),uk), w(k))

where My are MMPS functions defined by the grammar
M := x;|o| max(My, Ma)| min(M;, My)| My + M| B3M;

Example: z(k + 1) = 2max(z(k),0) + min(3u(k), 1)

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved 43/57



MODELING HYSTERESIS

7 z=1

z,=0
Z

min T max

Hysteresis between iy < 2.(k) < Zmax

Introduce two binary variables

[5min(k) = 1] A [xc(k) < xmin]
[6max(k> = 1] & [xc(k) > mmax]

Introduce logic state z, € {0, 1} with dynamics

zo(k +1) = (ze(k) A =6min (k) V (-zo(k) A dmax (k)
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IDENTIFICATION OF HYBRID SYSTEMS



HYBRID SYSTEM IDENTIFICATION

e Ahybrid model of the process may not be available from physical principles

Therefore, a model must be either
- estimated from data (model is unknown)
- or hybridized (model is known but nonlinear)

If one linear model is enough: easy problem (SYS-ID TBX)

If switching sequence known: easy, just identify one linear model per mode

If modes & dynamics must be identified simultaneously, we need hybrid system
identification (or piecewise affine regression)

x(k+1)

In industrial MPC most effort is spent
in identifying (multiple) linear prediction
models from data
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LEARNING PWA MODELS FROM DATA

Estimate from data both the parameters of the affine submodels
and the partition of the PWA map

Example: Let the data be generated by the PWARX system

[70.4 1 1.5] ¢k + e o §
X X'X&K,\’ Xxf(x %
if[4 -1 10]¢p <0 g 2RX . L s
X)&X /X(xx‘/’ 7:' X X )f, ?\(
[0,5 1 —0.5 | ok +en ex g xS0 SeX o X
*oxx X X o ok *
yL = _ ) ¢ «
I PY Fop St
5 1 —6 xxif X ;x X x <%o< Xx;
[70.3 0.5 71.7] bk + €k TR Sk L IV S
. ;X%”@ x u\t % s x
if[—s 1 6]¢>k<0 xox XX a x ¥x
XX XxgT % x
S5t x X X X,

with gf)k = [yk,1 Uk—1 ].]I, |uk| < 5,and |6k| < 0.1
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PWA IDENTIFICATION PROBLEM

Estimate from data both the parameters of the affine submodels
and the partition of the PWA map

Example: Let the data be generated by the PWARX system

{—0.4 1 15| ép +ex
if[4 —1 10|¢p <0
[0.5 1 05| dp +ex

(41 10
if <0
51 —6 or <

[—6.3 0.5 —1.7}¢>k+ek
if:—5 1 6}¢k<0

Yk

with qf)k = [yk—l Uk—1 ].],, |uk| S 5,and |€k| S 0.1
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PWA REGRESSION PROBLEM

¢ Problem: Given input/output pairs {z(k),y(k)},k = 1,..., N and number s of
models, compute a piecewise affine (PWA) approximationy ~ f(x)

f(2)
Fiz(k) +¢q1 ifHiz(k) < Ky =
v(k) =4
Foz(k) +gs ifHez(k) < K
K T \__7--» z
o) =[] e =[]

o Need to learn both the parameters { F;, ¢;} of the affine submodels and the
partition { H;, K} of the PWA map from data (offline learning)

e Possibly update model+partition as new data are available (online learning)

e Any ML technique can be applied that leads to PWA models, such as
(leaky)ReLU-NNs, decision trees, softmax regression, KNN, ...
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APPROACHES T0 PWA IDENTIFICATION

e Mixed-integer linear or quadratic programming

o Partition of infeasible set of inequalities

e K-means clustering in a feature space

e Bayesian approach

o Kernel-based approaches

e Hyperplane clustering in data space

e Recursive multiple least squares & PWL separation

¢ Piecewise affine regression and classification (PARC)
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PWA REGRESSION ALGORITHM

1. Estimate models {F;, g;} recursively. Lete; (k) = y(k) — F;x(k) — g; and only
update model i(k) such that

i(k) «+ arg min,_; ei(k)’Aglei(k) + (z(k) — ci)' R-_l(a:(k) —¢)

K3

ow(’_/s’h’_’\? ?rcé'\cfhow error ?roy.'\w\'(w Yo cendrod
of wodel of Cluster 4

using recursive LS and inverse QR decomposition

This also splits the data points z(k) in clusters C; = {z(k) : i(k) = i}
2. Compute a polyhedral partition { H;, K;} of the

regressor space via multi-category linear separation

¢(x) = max {wjw -}

i=1,...,s
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PWA REGRESSION EXAMPLES

o |dentification of piecewise-affine ARX model

] - (32 ] [1ae=8) + [ bt [1aeo)
2] + max { [ 520 26.95 ] [Z;E’; D]
+ 8892 1G]] + 3], (81} +eoli),

e Quality of fit: best fit rate (BFR) =max{1 — Mﬁ}z =12

||yo,i—yo.«i\|2
Yo = Mmeasured, § = open-loop simulated, § = sample mean of y,

N = 4000] N = 20000| N = 100000 RLP = Robust linear programming
(offline) RLP 96.0 % 96.5 % 99.0 %
y1| (Offline) RPSN 96.2 % 96.4 % 98.9 %
(Online) ASGD| 867 % 95.0 % 96.7 % RPSN = Piecewise-smooth Newton method
(offine) RLP 96.2 % 96.9 % 99.0 %
ya| (offine) RPSN | 96.3 % 96.8 % 99.0 %
(online) ASGD | 87.4 % 95.2% 964 % ASGD = Averaged stochastic gradient descent

BFR on validation data, open-loop validation

. . e . N = 4000{ N = 20000 N = 100000
¢ CPU time for computing the partition: OMne)RLP | 03085 32275 T12.4355
; (Offline) RPSN | 0.016 5 0086 03655
(i7 2.40-GHz Intel core) (Online) ASGD| 0,013 5 00235 0.067 5

"Model Predictive Control" -

51/57



PWA REGRESSION EXAMPLES

¢ |dentification of linear parameter varying ARX model

(p) = PWA function of p

[yl(m] B [a1,1<p<k>> al,z(mk))] [yl(km] a
b(p) has quadratic and sin terms

ya(k) | — |Laz,1(p(k)) a2 2(p(k)) | [y2(k—1)
b1,1(p(k)) b1,2(p(k)) ] [w1(k—1)
[52,1@(1«)) 52,2<p<k>>] (6] +eo®)

Y1 Y2
: % | 84%
° uality of fit (BFR): PWA regression 87
Q y ( ) parametric LPV* | 80% | 70 %

*

. . 1
¢ Validation data (open-loop):
08 | 05
06 F
204 + 0
02
0
-0.5
) S S S SR SN S S—!
110 120 130 140 150 160 170 180 190 200
time (samples) 1
-1 0.5 0 0.5 1
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IDENTIFICATION OF HYBRID SYSTEMS WITH LOGIC STATES

o |dentification of a hybrid model with logic states

(k) < 0.98V (k) = 4.01V

Vour(k) <2V (k) < 198V

true system identified system

Quality of fit: BFR=96.64 % (validation)
CPU time for identification: 78 ms
(2000 samples, MacBook Pro 2.8 GHz)
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PARC - PIECEWISE AFFINE REGRESSION AND CLASSIFICATION

e New Piecewise Affine Regression and Classification (PARC) algorithm

e Training dataset:
- feature vector z € R™ (categorical features one-hot encoded in {0, 1})
- target vector v, € R™¢ (numeric),va; € {wy;, ... ,wl:'} (categorical)
o PARC iteratively clusters training data in K sets and fits linear predictors:
1. fitv. = ajz + b; by ridge regression (=¢2-regularized least squares)
2. fitvg; = whr, h. = argmax{al};;, 2 + bl};} by softmax regression

3. fit aconvex PWL separation function by softmax regression

D(2) = w Pz 447 j(2) = min {arg ) nlaaxK{wjz + ’yj}}
j=1,...,
e Datareassigned to clusters based on weighted fit/PWL separation criterion

e PARC is a block-coordinate descent algorithm = (local) convergence ensured
3 A. Bemporad. All rights reserved 54/57
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PARC - PIECEWISE AFFINE REGRESSION AND CLASSIFICATION

e Simple PWA regression example:

- 1000 samples of y = sin(4x1 — 5(x2 — 0.5)%) + 222 (use 80% for training)
- Look for PWA approximation over K = 10 polyhedral regions

Nonlinear function PARC (K = 10) N PARC (K = 10)

e Code download: P http://cse.lab.imtlucca.it/~bemporad/parc/
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PARC - CART & BUMPERS EXAMPLE

e Example: moving cart and bumpers +
heat transfer during bumps.

Spring and viscous forces are nonlinear.

e Categorical input F € {—F,0, F'} and
categorical output ¢ € {green, ,red}

e Continuous-time system simulated for 2,000 s,
sample time = 0.5 s (=4000 training samples)

e Feature vector z, = [y, Yk, Tk, F| ) for swich

I
e Targetvector vy = [Yx+1, k1, Thr1, i ” ”WWWHMWWWM

Hybrid model learned by PARC (K = 5 regions)

time (s)
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PARC - CART & BUMPERS EXAMPLE

e Open-loop simulation on 500 s test data:

position [m]

temperature [°C]

|

witc h

o

4 1\

i

200 400 0 200 400
9 time (s)
continuous-time system discrete-time PWA model

e Model fit is good enough for MPC design purposes (see later ...)
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