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Course structure

 Basic concepts of model predictive control (MPC) and linearMPC

 Linear time-varying and nonlinearMPC

• Quadratic programming (QP) and explicitMPC

• HybridMPC

• StochasticMPC

• Learning-basedMPC

Course page:

http://cse.lab.imtlucca.it/~bemporad/mpc_course.html
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Quadratic Programming (QP) solvers for MPC



Embedded Linear MPC and Quadratic Programming

• MPC based on linear models requires solving aQuadratic Program (QP)

min
z

1

2
z′Qz + x′(t)F ′z +

1

2
x′(t)Y x(t)

s.t. Gz ≤ W + Sx(t)
z =













u0

u1

...

uN−1













z*

(Beale, 1955)

A rich set of goodQP algorithms is available today

• Not all QP algorithms are suitable for industrial embedded control
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MPC in a production environment
Key requirements for deployingMPC in production:

m
in

1

2
x
0 Qx

+
c
0 x

s.t
.

Ax
≤
b

1. speed (throughput)

– worst-case execution time less than sampling interval

– also fast on average (to free the processor to execute other tasks)

2. limitedmemory and CPU power (e.g., 150MHz / 50 kB)

3. numerical robustness (single precision arithmetic)

4. certi昀椀cation of worst-case execution time

5. code simple enough to be validated/veri昀椀ed/certi昀椀ed

(library-free C code, easy to check by production engineers) for (i=0;i<nx;i++) {

v[i]=x[i];

}

h=v[0];

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved. 4/99



Embedded solvers in industrial production

• MultivariableMPC controller

• Sampling frequency = 40Hz (= 1QP solved every 25ms)

• Vehicle operating≈1 hr/day for≈360 days/year on average

• Controller running on 10million vehicles

~520,000,000,000,000 QP/yr
and none of them should fail.
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Solution methods for QP

• Most used algorithms for solving QP problems:

– active setmethods

– interior-pointmethods

– gradient projectionmethods

– alternating directionmethod ofmultipliers

(ADMM)

– …

minz
1

2
z′Qz + x′F ′z

s.t. Gz ≤ W + Sx

Quadratic Program (QP)

z*

• A useful performance comparisons of many solvers can be found at

http://plato.la.asu.edu/bench.html

• Hybrid toolbox: >> x=qpsol(Q,f,A,b,VLB,VUB,x0,solver)
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KKT optimality conditions for QP
• Quadratic programming problem

minz
1

2
z′Qz + x′F ′z

s.t. Gz ≤ W + Sx

Ez = f

• Karush-Kuhn-Tucker (KKT) conditions:

Qz + Fx+G′λ+ E′ν = 0

Ez = f

Gz ≤ W + Sx

λ ≥ 0

λ′(Gz −W − Sx) = 0

• Necessary and suf昀椀cient conditions for optimality (Q ⪰ 0)

William Karush
(1917–1997)

Harold W. Kuhn
(1925–2014)

Albert W. Tucker
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Gradient projection method
(Goldstein, 1964) (Levitin, Poljak, 1965)

• Optimization problem:
min
z∈Z

f(z)
f : Rs → R

Z ⊆ R
s

• f convex andwith Lipschitz continuous gradient

∥∇f(z1)−∇f(z2)∥ ≤ L∥z1 − z2∥, ∀z1, z2 ∈ Z

• Gradient projection algorithm:

zk+1 = PZ

(

zk − 1

L
∇f(zk)

)

z0 = initial guess

• Z = convex set with an easy projectionPZ(z) = argminv∈Z ∥v − z∥22

Example: Z = {z ∈ R
s : z ≥ 0} → PZ(z) = max{z, 0} (component-wise maximum)

• Convergence rate:
f(zk)−f∗ ≤ L

2k
∥z0−z∗∥

• Special case of proximal gradient algorithm (or forward-backward splitting)
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Gradient projection for box-constrained QP
• Convex box-constrainedQP

min 1

2
z′Qz + x′F ′z

s.t. ℓ ≤ z ≤ u

• Since ∥∇f(z1)−∇f(z2)∥2 = ∥Q(z1 − z2)∥2 ≤ λmax(Q)∥z1 − z2∥2 we can
choose anyL ≥ λmax(Q)

Examples: L = λmax(Q),L =
√
∑m

i,j=1
|Qi,j |2 (Frobenius norm)

• The gradient projectionmethod for box-constrainedQP is

zk+1 = max{ℓ,min{u, zk− 1

L
(Qzk+Fx)}}

• IfQ ≻ 0, then f is strongly convex with parameter λmin(Q) and

∥zk − z∗∥22 ≤
(

1− 1

cond(Q)

)k

∥z0 − z∗∥22 linear convergence
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Dual gradient projection for QP
• Consider the strictly convexQP and its dual

min 1

2
z′Qz + x′F ′z

s.t. Gz ≤ W + Sx

min 1

2
y′Hy + (Dx+W )′y

s.t. y ≥ 0

withH = GQ−1G′,D = S +GQ−1F . TakeL ≥ λmax(H)

• Apply proximal gradientmethod to dual QP: (Combettes,Waijs, 2005)

yk+1 = max{yk− 1

L
(Hyk+Dx+W ), 0} y0 = 0

• The primal solution is related to the dual solution by

zk = −Q−1(Fx+G′yk)

• Convergence is slow: the initial error f(z0)− f(z∗) reduces as 1/k
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Accelerated gradient projection method
(Nesterov, 1983) (Beck, Teboulle, 2008)

• The accelerated (or fast) gradient projection iterates the following

sk+1 = zk + βk(z
k − zk−1) extrapolation step

zk+1 = PZ

(
sk+1 − λk∇f(sk+1)

)

• Possible choices for βk (with β0 = 0) are for example

βk =
k − 1

k + 2
, βk =

k

k + 3
,











βk = αk

αk−1

− αk

αk+1 = 1

2
(
√

α4
k + 4α2

k − α2
k)

α0 = α−1 = 1

• Thanks to adding the “momentum term” sk the initial error f(z0)− f(z∗)

reduces as 1/k2

• Fast gradient projectionmethod for box-constrainedQP:

sk+1 = zk + βk(z
k − zk−1)

zk+1 = max{ℓ,min{u, sk+1 − λk(Qsk+1 + Fx)}}
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Fast gradient projection for (dual) QP
(Patrinos, Bemporad, 2014)

• The fast gradientmethod is applied to solve the dual QP problem

min
z

1

2
z′Qz + x′F ′z

s.t. Gz ≤ W + Sx

K = Q−1G′

J = Q−1F

L ≥ λmax(GQ−1G′)

βk = max{ k−1

k+2
, 0}

wk = yk + βk(y
k − yk−1)

zk = −Kwk − Jx

sk = 1

L
Gzk − 1

L
(W + Sx)

yk+1 = max
{
wk + sk, 0

}

while k<maxiter
beta=max((k-1)/(k+2),0);
w=y+beta*(y-y0);
z=-(iMG*w+iMc);
s=GL*z-bL;

y0=y;

% Termination
if all(s<=epsGL)

gapL=-w'*s;
if gapL<=epsVL
return

end
end

y=w+s;
k=k+1;

end

• Very simple to code
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theoretical

experimental

Fast gradient projection for (dual) QP
• Termination criteria: when the following two conditions aremet

ski ≤ 1

L
ϵG, i = 1, . . . ,m primal feasibility

−(wk)′sk ≤ 1

L
ϵf optimality

the solution zk = −Kwk − Jx satis昀椀esGiz
k −Wi − Six ≤ ϵG and, ifwk ≥ 0,

f(zk)− f(z∗) ≤ f(zk)− q(wk)
︸ ︷︷ ︸

dual fcn

= −(wk)′skL ≤ ϵf

• Convergence rate: f(xk)− f(x∗) ≤ 2L

(k + 2)2
∥z0 − z∗∥22

• Tight bounds onmaximum number of iterations

• Can be useful to warm-start active-set methods (Bemporad, Paggi, 2015)

• Extended tomixed-integer quadratic programming (MIQP) (Naik, Bemporad, 2017)
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Restart in fast gradient projection

• Fast gradient projectionmethods can be sped up by adaptively restarting the

sequence of coef昀椀cients βk (O’Donoghue, Candés , 2013)

• Restart conditions:

– function restartwhenever

f(yk) > f(yk−1)

– gradient restartwhenever

∇f(wk−1)′(yk − yk−1) > 0

See also (Krupa, 2021)
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Solving QPs in fixed-point arithmetics

• How about numerical robustness ?

• Fixed-point arithmetics is very attractive for embedded control:

– computations are fast and cheap

– hardware support in all platforms

• Drawbacks of 昀椀xed-point arithmetics

– Accumulation of quantization errors

– Limited range of numbers (numerical over昀氀ow)
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Gradient projection in fixed-point arithmetics
(Patrinos, Guiggiani, Bemporad, 2013)

• Asymptotic feasibility

• Asymptotic optimality

• Design guidelines

(precision)

max
i

gi(zk) ≤
2LD2

k + 1
+ Lvϵ

2
z + 4Dϵξ

f(zk)−f⋆ ≤ L

2(k + 1)
(∥y⋆∥2+∥y0∥2)+δ

p ≥ log2
m
√
n

√

ε
LV

+ n
m

(

2D
LV

)2

−
√

n
m

2D
LV

− 1

f(zk)-f* max constraint violation

p=2

p=4

p=6 (gdouble	precision)

p=2

p=6

p=4
-1

-10

-100

0.01

0.1

1

10

iterationsiterations

0
x 104 x 104

• Design guidelines for required #integer bits to avoid over昀氀ow also available
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Hardware tests: floating vs fixed point
(Patrinos, Guiggiani, Bemporad, 2013)

• 32-bit Atmel SAM3X8E ARMCortex-M3 processing unit

(84MHz, 512 kB of 昀氀ashmemory and 100 kB RAM)

昀椀xed point
vars/constr. CPU time (ms) Code (kB)

10/20 22.9 15
20/40 52.9 17
40/80 544.9 27
60/120 1519.8 43

昀氀oating point
vars/constr. CPU time (ms) Code (kB)

10/20 88.6 16
20/40 220.1 21
40/80 2240 40
60/120 5816 73

Operations are about 4x faster in fixed point than in floating point
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ADMM
(Gabay,Mercier, 1976) (Glowinski, Marrocco, 1975) (Douglas, Rachford, 1956) (Boyd et al., 2010)

• Alternating DirectionsMethod ofMultipliers for QP
min 1

2
z′Qz + c′z

s.t. ℓ ≤ Az ≤ u

zk+1 = −(Q+ ρA′A)−1(ρA′(vk − sk) + c)

sk+1 = min{max{Azk+1 + vk, ℓ}, u}
vk+1 = vk +Azk+1 − sk+1

ρv = dual vector

while k<maxiter
k=k+1;
z=-iM*(c+A'*(rho*(v-s)));
Az=A*z;
s=max(min(Az+v,u),ell);
v=v+Az-s;

end

(7 lines EML code)

(≈40 lines of C code)

• Matrix (Q+ ρA′A)must be nonsingular

• The factorization of matrix (Q+ ρA′A) can be done at start and cached

• Very simple to code. Sensitive tomatrix scaling (as gradient projection)

• Used inmany applications (control, signal processing, machine learning)
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Regularized ADMM for quadratic programming
(Stellato, Banjac, Goulart, Bemporad, Boyd, 2020)

• Robust “regularized” ADMM iterations:

zk+1 = −(Q+ ρATA+ ϵI)−1(c− ϵzk + ρAT (vk − zk))

sk+1 = min{max{Azk+1 + vk, ℓ}, u}
vk+1 = vk +Azk+1 − sk+1

• Works for anyQ ⪰ 0,A, and choice of ϵ > 0

• Simple to code, fast, and robust

• Only needs to factorize

[
Q+ ϵI A′

A − 1

ρ
I

]

once

• Implemented in free osQP solver http://osqp.org
(Python interface:≈ 1,700,000 downloads)

• Extended to solvemixed-integer quadratic programming problems

(Stellato, Naik, Bemporad, Goulart, Boyd, 2018)
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Preconditioning (scaling)

• First-order methods can be very sensitive to problem scaling

• Preconditioning required to improve convergence rate (Giselsson, Boyd, 2015)

• Jacobi scaling of dual problem: (Bertsekas, 2009)

min
z

1

2
z′Qz + x′F ′z

s.t. Gz ≤ W + Sx

min 1

2
y′Hy + (Dx+W )′y

s.t. y ≥ 0

y = Pys, P = diag
(

1√
Hii

)

H = −GQ−1G′

min 1

2
y′s(PHP )ys + (Dx+W )′Pys

s.t. ys ≥ 0

• Equivalent to scale constraints in primal problem:
1√
Hii

Giz ≤ 1√
Hii

Wi

• Primal solution: z∗ = −H−1((PG)′y∗s + f)
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Scaling example

• AFTI-F16 example

• MPC setup: N = 10,Nu = 2.

Feasibility & optimality thresholds = 10−2

input constraints only
AFTI max average

NS S NS S

GPAD 287 153 28 21
ADMM 1458 456 148 111
PQP 2396 2119 152 138
DRSA 441 278 57 32
FBN 6 7 3 2

input + output constraints
AFTI2 max average

NS S NS S

GPAD 1605 498 668 92
ADMM 3518 1756 741 208
PQP 631075 49472 16293 3581
DRSA 3142 901 473 160
FBN 118 32 7 4

number of iterations (NS=Not Scaled, S=Scaled)

PQP = Projection-free parallel QP (Di Cairano, Brand, Bortoff, 2013)
DRSA =Accelerated Douglas-Rachford Splitting (Patrinos, Stella, Bemporad, 2014)
FBN = Forward-Backward Newton (Stella, Themelis, Patrinos, 2017)
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ODYS QP solver
• General purposeQP solver designed for industrial production

min
z

1

2
z′Qz + c′z

s.t. bℓ ≤ Az ≤ bu

ℓ ≤ z ≤ u

Ez = f

• Implements a proprietary state-of-the-art method for QP

• Completely written inANSI-C andMISRA-C 2012 compliant

• Fast, robust (also in single precision), low-memory requirements

• Optimized version forMPC available (≈ 50% faster)

• Licensed to several automotiveOEMs and Tier-1 suppliers

• Certi昀椀able execution time
odys.it/qp
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More on requirements for embedded optimization

• Need to distinguish between of昀氀ine and online computations

– of昀氀ine: double precision (MATLAB/Python/Julia) on a PC (arbitrarily complex)

– online: single-precision/昀椀xed-point on aµ-processor (please simple!)

• One can often trade off throughput vs. memory

• Numerical robustness of online computations is important. The solver must

performwell in single precision (or even 昀椀xed-point) arithmetics

• Limited linear algebra (online) (e.g., matrix-vector products at most)

• Dense problems, no need for sparse linear algebra

• Suboptimal solutionsmay be ok. Feasibility more important than optimality

• Typical problem size: 10÷50 variables, 10÷100 constraints
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Can we solve QP’s using least squares ?

The least squares (LS) problem is probably the most

studied problem in numerical linear algebra

z∗ = argmin ∥Az − b∥22

InMATLAB: >> z=A\b (one character !)

Adrien-Marie Legendre
(1752–1833)

Carl Friedrich Gauss
(1777–1855)

Nonnegative Least Squares (NNLS)

(Lawson, Hanson, 1974)

minz ∥Az − b∥22
s.t. z ≥ 0

Bounded-Variable Least Squares (BVLS)

(Stark,Parker, 1995)

minz ∥Az − b∥22
s.t. ℓ ≤ z ≤ u
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Active-set method for NNLS
(Lawson, Hanson, 1974)

• Active-set method to solve the NNLS problem min
z≥0

∥Az − b∥22, A ∈ R
m×n

1. P ← ∅, z ← 0;

2. w ← A′(Az − b);

3. ifw ≥ 0 orP = {1, . . . ,m} then go to Step 10;

4. i← argmini∈{1,...,m}\P wi,P ← P ∪ {i};

5. yP ← argminzP ∥((A
′)P)

′zP − b∥22,

y{1,...,m}\P ← 0;

6. if yP ≥ 0 then z ← y and go to Step 2;

7. j ← argminh∈P: yh≤0

{

zh
zh−yh

}

;

8. z ← z +
zj

zj−yj
(y − z);

9. I ← {h ∈ P : zh = 0},P ← P \ I ; go to Step 5;

10. end.

The algorithm maintains the
primal vector z feasible and
keeps switching the active
set until the dual variablew
is also feasible.

The key step 5 requires
solving an unconstrained LS
problem. An LDL', Cholesky,
or QR factorization of
(A′)P can be computed
recursively

very simple to solve (750 chars in Embedded MATLAB)
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Solving QP’s via nonnegative least squares
(Bemporad, 2016)

• Complete the squares and transformQP to least distance problem (LDP)

min
z

1

2
z′Qz + c′z

s.t. Gz ≤ g

Q = Q′ ≻ 0

Q = L′L

u ≜ Lz + L−T c

min
u

1

2
∥u∥2

s.t. Mu ≤ d

• An LDP is equivalent to the nonnegative least squares (NNLS) problem

(Lawson, Hanson, 1974)

min
y

1

2

∥

∥

∥

∥

∥

[

M ′

d′

]

y +

[

0

1

]
∥

∥

∥

∥

∥

2

2

s.t. y ≥ 0

M = GL−1

d = b+GQ−1c

• If the residual r∗ =
[

M ′

d′

]

y∗ + [ 01 ] = 0 then the original QP is infeasible.

Otherwise set

z∗ = −
1

1 + d′y∗
L−1M ′y∗ −Q−1c
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Relation between NNLS problem and dual QP
• Note that the NNLS reformulation of theQP is not the dual QP:

dual QP

min
λ

1

2
λ′(MM ′)λ+ d′λ

s.t. λ ≥ 0

can be unbounded if primal QP
is infeasible

NNLS problem

min
y

1

2
y′(MM ′ + dd′)y + d′y

s.t. y ≥ 0

always bounded by − 1

2

(cost = − 1

2
if primal QP is

infeasible)
(d = W +Dx)

• If primal QP is feasible:

λ∗ =
1

1 + d′y∗
y∗
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total number of active-set iterations

as a function of ϵ

ϵ

Robust QP solver based on NNLS
(Bemporad, 2018)

• QP solver based onNNLS is not very robust numerically

• Key idea: Solve a sequence of QP via NNLSwithin proximal-point iterations

zk+1 = argminz
1

2
z′Qz + c′z + ϵ

2
∥z − zk∥

2
2

s.t. Az ≤ b

Gx = g

• Numerical robustness: Q+ ϵI can be arbitrarily well conditioned !

• Choice of ϵ is not critical

• EachQP is heavily warm-started andmakes very few active-set changes

• Recursive LDLT decompositions/rank-1 updates exploited for max ef昀椀ciency
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Solving QP’s via NNLS and proximal point iterations
(Bemporad, 2018)

single precision arithmetic

30 vars, 100 constraints
(Macbook Pro 3 GHz Intel Core i7)

• Extended to solveMIQP problems (Naik, Bemporad, 2018)
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Primal-dual interior-point method for QP
(Nocedal,Wright, 2006) (Gondzio, Terlaki, 1994)

• The Karush-Kuhn-Tucker (KKT) optimality conditions for the convexQP

minx
1

2
x′Qx+ c′x

s.t. Ax ≤ b Q = Q′ ⪰ 0

Ex = f

are

rQ = Qx+ c+ E′y +A′z = 0 x = primal vars
rE = Ex− f = 0 y = dual vars (eq. constr.)
rA = Ax+ s− b = 0 s = slacks (ineq. constr.)
rS = [z1s1 . . . zmsm]′ = 0 z = dual vars (ineq. constr.)
z, s ≥ 0

• In a nutshell, interior-pointmethods use Newton’s methodwith line search to

solve the above nonlinear system of equations

• The complementary slackness constraint is replaced by zisi = µ and µ → 0
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Primal-dual interior-point method for QP
(Nocedal,Wright, 2006) (Gondzio, Terlaki, 1994)

• Each interior-point iteration requires solving a linear system of the form










Q E′ A′ 0

E 0 0 0

A 0 0 I

0 0 S Z





















∆x

∆y

∆z

∆s











=











−rQ

−rE

−rA

−rS











Z = diag z

S = diag s

• We can eliminate some variables and solve instead






Q E′ A′Z

E 0 0

A 0 −S













∆x

∆y

∆z̃






=







−rQ

−rE

Z−1rS − rA







or even
[

Q+A′ZS−1A E′

E 0

][

∆x

∆y

]

=

[

−rQ +A′S−1(rS − ZrA)

−rE

]

• InMPC the structure xk+1 = Axk +Buk can be heavily exploited to

factorize/solve the linear systems ef昀椀ciently (Rao,Wright, Rawlings, 1998) (Wright, 2018)
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Active-set vs interior-point methods

• Active-set (AS) is simpler to implement than interior-point (IP) method

• IP needs advanced linear algebra operations during iterations, AS does not

• Linear systems tend to become ill-conditioned at convergence

• AS converges in a 昀椀nite number of steps (withinmachine precision),

IP is an iterativemethod that only converges asymptotically

• IP provides good solutions within 10-15 IP iterations (usually ...)

AS iterations increase when both vars and constraints increase

• IP faster than AS in QPs (say >500 vars & constraints) IP well exploits sparse

linear algebra

• Number of AS iterations can be exactly certi昀椀ed for givenQPmatrices

(see later ...)

(see more in Nocedal-Wright's book, pp. 485 and 592-593)
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Lossless reduction of MPC problem variables
(Bemporad, Cimini, 2021)

• Linear (parameter-varying)MPC = constrained least squares problem

minz
1
2∥A(θ)z − b(θ)∥22

s.t. C(θ)z = e(θ)

G(θ)z ≤ g(θ)

z =







u0

x1

...
uT−1

xT






, θ =

[

x(t)
r(t)
...

]

• Standard condensing: eliminate xk ,

only keep uk as optimization variables

• LQ prestabilizer: apply uk = Kkxk + vk

and condense

• QR factorization: C ′ = [Q1 Q2]
[

R1

0

]

z = Q2(θ)s+ z̄(θ) ∈ R
T (nx+nu)

s ∈ R
Tnu = new variables

numerically very robust
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Lossy reduction of MPC problem variables
(Bemporad, Cimini, 2021)

• Control horizon often used to reduce # vars

• Idea: linear PCA to reduce tom < Tnu

vars

– collect optimal solutions s∗k forM given

values of θk , removemean s̄

– compute Singular Value Decomposition

S =
[

s∗1 − s̄ . . . s∗M − s̄

]′

= UΣV ′

– keep only 昀椀rstm principal directions

Φ = [V1 . . . Vm]

– new optimization vector v ∈ R
m

s = Φv + s̄

• Complexity / solution quality tradeoff

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
10

-10

10
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10
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suboptimality
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optimizer error
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m
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1

#10
-8 constraint violation
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Lossy reduction of MPC problem variables
(Bemporad, Cimini, 2021)

• The optimal basisΦ is an average over all θk

• K-SVD: a new “K-means”-like algorithm to

cluster θ1, . . . , θM inK sets and get

corresponding basesΦ1,…,ΦK

• K-SVD converges in a 昀椀nite number of
steps to a local minimum of

min
J,{Φj ,φ

j
0
}K
j=1

M
∑

i=1

min
v

∥s∗i − ΦJ(i)v − φ
J(i)
0 ∥22

s.t. φ
j
0 =

1

Mj

∑

i∈Ij

s
∗
i , j = 1, . . . ,K

• K neural one-to-all classi昀椀ers trained to

separate the resulting clusters
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Tj

Tf

CAf

CAT

F

A  B

Lossy reduction of MPC problem variables
(Bemporad, Cimini, 2020, arXiv)

• Example: LPV-MPC control of CSTR

• M=10,000 samples,K = 10 clusters

310 320 330 340 350 360 370 380

Tr [K]

2

3
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6

7

8

C
A

[k
g
m

o
l/

m
3
]

performance value MPC setting
Jexact,20 319.68 Nu = 20 = T , exact
Jexact,10 319.69 Nu = 10, exact
Jexact,4 319.93 Nu = 4, exact
Jexact,3 320.17 Nu = 3, exact
Jexact,2 567.86 Nu = 2, exact
Jsvd 328.33 Nu = 3,m = 2 (single SVD)
Jksvd 320.17 Nu = 3,m = 2 (K-SVD)

a = exact (n=3)

b = single SVD (m=2)

c = K-SVD (m=2)

d = exact (n=2)
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YES !

MPC without online QP

prediction model

model-based optimizer

set-points outputsinputs

measurements

r(t) u(t) y(t)

optimization 

algorithm

process

(aecdiagnostics.com)

• Canwe implement constrained linearMPC

without an online QP solver ?
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Online vs offline optimization

min
z

1

2
z′Qz + x′(t)F ′z+

1

2
x′(t)Y x(t)

s.t. Gz ≤ W + Sx(t)
z =









u0

u1

...

uN−1









• Online optimization: given x(t) solve the problem at each time step t

(the control law u = u∗
0(x) is implicitly de昀椀ned by theQP solver)

Quadratic Programming (QP)

• Of昀氀ine optimization: solve theQP in advance for all x(t) in a given range to 昀椀nd

the control law u = u∗
0(x) explicitly

multi-parametric Quadratic Programming (mpQP)
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Multiparametric programming problem

Given the optimization problem

minz f(z, x) x ∈ R
n

s.t. g(z, x) ≤ 0 z ∈ R
s

and a setX ⊆ R
n of parameters x of interest, determine:

• the set of feasible parametersX∗ ⊆ X of all x ∈ X for which the problem

admits a solution (i.e., g(z, x) ≤ 0 for some z)

• the value function V ∗ : X∗ → R associating the optimal value V ∗(x) to each

x ∈ X∗

• An optimizer function z∗ : X∗ → R
s providing a solution for each x ∈ X∗
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Multiparametric quadratic programming (mpQP)

min
z

1

2
z′Qz + x′F ′z+

1

2
x′Y x

s.t. Gz ≤ W + Sx z =









u0

u1

...

uN−1









, W ∈ R
q

• Objective: solve theQP off line for all x ∈ X to get the optimizer function z∗,

and therefore theMPC control law u(x) =
[

I 0 . . . 0
]

z∗(x) explicitly

• Assumptions: f(z, x) = 1
2 [

z
x ]

′
[

Q F
F ′ Y

]

[ zx ] is jointly convex wrt [
z
x ] and is

strictly convex wrt z

[

Q F

F ′ Y

]

⪰ 0 always satis昀椀ed if mpQP comes from anMPC problem

Q = Q′ ≻ 0 always satis昀椀ed if weight matrixR ≻ 0
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minz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

Linearity of mpQP solution
(Bemporad,Morari, Dua, Pistikopoulos, 2002)

• Fix a point x0 inside the parameter setX

• Solve aQP and 昀椀nd z∗(x0) and Lagrangemultipliers λ∗(x0)

• Identify the set I(x0) of indices of active constraints at z∗(x0)

Giz
∗(x0) = Wi + Six0, ∀i ∈ I(x0) I(x0) ⊆ {1, . . . , q}

Giz
∗(x0) < Wi + Six0, ∀i ̸∈ I(x0)

• Consider now generic x, z, λ and the KKT optimality conditions for theQP

Qz + Fx+G′λ = 0

λi(G
iz −W i − Six) = 0, ∀i = 1, . . . , q

λ ≥ 0

Gz −W − Sx ≤ 0
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Linearity of mpQP solution
• Impose the combination I(x0) of active constraints:

G̃z − W̃ − S̃x = 0, Ĝz − Ŵ − Ŝx < 0 ⇒ λ̂ = 0

where “~” means collecting the indices in I(x0) and “^” the remaining ones

• FromQz + Fx+G′λ = 0we get z = −Q−1(Fx+ G̃′λ̃)

• Substitute into G̃z − W̃ − S̃x = 0 and get

λ̃(x) = −(G̃Q−1G̃′)−1(W̃ + (S̃ + G̃Q−1F )x)

• Substitute λ̃ and, assuming the rows of G̃ linearly independent, get

z(x) = Q−1
[

G̃′(G̃Q−1G̃′)−1(W̃ + (S̃ + G̃Q−1F )x)− Fx
]

In some neighborhood of x0, λ and z are explicit af昀椀ne functions of x

(Za昀椀riou, 1990)
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CR0

x0"	

X

Multiparametric QP algorithm
• Impose primal and dual feasibility

Ĝz(x) ≤ Ŵ + Ŝx primal feasibility
λ̃(x) ≥ 0 dual feasibility

linear inequalities in x

• Remove redundant constraints and get the critical regionCR0

CR0 = {x ∈ X : Ĝz(x) ≤ Ŵ + Ŝx, λ̃(x) ≥ 0}

= {x ∈ X : A0x ≤ b0}

• For all parameters x inCR0, z(x), λ̃(x), λ̂(x) ≡ 0 is the optimal solution, as all

KKT conditions are satis昀椀ed

• For any parameter x outsideCR0, I(x0) cannot be the optimal combination, as

the KKT conditions cannot be satis昀椀ed (z(x) or λ̃(x) is infeasibile)
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Multiparametric QP solver #1
(Bemporad,Morari, Dua, Pistikopoulos, 2002)

CR0

x0R1

R2

RN

R3

X

R4

CR1

• 

Method #1: SplitX and proceed iteratively

CR0 = {x ∈ X : A0x ≤ b0}, b0 ∈ R
n0

Ri = {x ∈ X : A0,ix > b0,i, A0,jx ≤ b0,j , ∀j < i}

X = CR0 ∪R1 ∪ . . . ∪Rn0

• The above splitting is only used as a search procedure

• After each recursion, one less combination of active constraints is available

• As themaximum total number of combinations is
q

∑

h=0

(

q

h

)

= 2q , the procedure

stops after at most 2q recursions (q=number of constraints)

• SomeCR’s can be foundmultiple times, duplicates must be removed
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(Spjøtvold, 2008)

Multiparametric QP solvers
• Method #2: the active set of a neighboring region is obtained as follows:

CR0CR0CR0

(Tøndel, Johansen, Bemporad, 2003)

– add constraint #i if the common facet

comes from Ĝi(x) ≤ Ŵ i + Ŝix

(maintain feasibility of z∗(x))

– remove constraint #i if the common

facet comes from λ̃j(x) ≥ 0 (maintain

optimality of z∗(x))

• Method #3: step out by ϵ outside each facet, solve QP,

get new region, iterate (Baotic, 2002)

The facet-to-facet property is required

(Spjøtvold, Kerrigan, Jones, Tøndel, Johansen, 2006)

• Method #4: implicit enumeration of optimal active set combinations

(Gupta, Bhartiya, Nataraj, 2011)
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Properties of mpQP solution
(Bemporad,Morari, Dua, Pistikopoulos, 2002)

Theorem

Assume Q ≻ 0,
[

Q F
F ′ Y

]

⪰ 0. Then

• the set of feasible parametersX∗ is a convex polyhedron

X∗ = {x ∈ R
n : z∗(x) exists}

• the optimizer function z∗ : X∗ → R
s is continuous and piecewise af昀椀ne

z∗(x) = argminz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

• the value function V ∗ : X∗ → R is convex, continuous, piecewise quadratic, and
(even C1 if no degeneracy occurs)

V ∗(x) = 1
2x

′Y x+minz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx
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Proof of theorem
1)X∗ is a convex polyhedron

X∗ = {x ∈ R
n : ∃z such thatGz ≤ W+Sx}

• X∗ is the projection of the convex polyhedron

{[ zx ] : [G −S ] [ zx ] ≤ W}

onto the x-space. HenceX∗ is convex polyhedron

• Convexity can be also proved algebraically:
– Let xα = αx1 + (1− α)x2 ∈ X∗, x1, x2 ∈ X∗,α ∈ [0, 1]

– Let zα ≜ αz∗(x1) + (1− α)z∗(x2). Vector zα satis昀椀es the constraints

Gzα = αGz
∗(x1) + (1− α)Gz

∗(x2)

≤ α(W + Sx1) + (1− α)(W + Sx2) = W + Sxα

– Therefore xα ∈ X∗, ∀x1, x2 ∈ X∗, ∀α ∈ [0, 1].
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x

V*(x)

Proof of theorem

2) V ∗ is a convex function of x

• Since zα satis昀椀es the constraints

Gzα ≤ W + Sxα

by optimality of V ∗(xα) and convexity of J(z, x) =
1
2 [

z
x ]

′
[

Q F
F ′ Y

]

[ zx ]

V ∗(xα) ≤ J(zα, xα) = J(αz∗(x1) + (1− α)z∗(x2), αx1 + (1− α)x2)

≤ αJ(z∗(x1), x1) + (1− α)J(z∗(x2), x2)

= αV ∗(x1) + (1− α)V ∗(x2)
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Proof of theorem

3) Continuity of z∗ and V ∗ with respect to x

• Let z∗(x) = Lix+Mi when x ∈ CRi

• z∗ is linear and therefore continuous on the interior of eachCRi

• Take x on the boundary between two regions, x ∈ CRi ∩ CRj

• By construction, bothLix+Mi andLjx+Mj satisfy the KKT conditions

• By strict convexity of the optimization problem (Q ≻ 0), the optimizer is

unique, soLix+Mi = Ljx+Mj , ∀x ∈ CRi ∩ CRj

• This proves continuity of z∗ also across boundaries of critical regions

• As V ∗ is the composition of continuous functions,

V ∗(x) = 1
2z

∗(x)′Qz∗(x) + x′F ′z∗(x) + 1
2x

′Y x, it is also continuous
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Multiparametric convex programming

minz f(z, x)

s.t. gi(z, x) ≤ 0, i = 1, . . . , p

Ax+Bz + d = 0

V*  (x)

x1

x2

General result (Mangasarian, Rosen, 1964)

• If f , gi are jointly convex functions of (z, x), thenX∗ is a convex set

and V ∗ is convex wrt x

• If f , gi are also continuouswrt (z, x) then V ∗ is also continuous wrt x

V ∗ andX∗ may not be expressible analytically. Approximate solutions can be

derived (Bemporad, Filippi, 2003)
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Explicit MPC solution
(Bemporad,Morari, Dua, Pistikopoulos, 2002)

• Corollary: since themultiparametric solution

z∗(x) = argminz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

of a strictly convexQP is continuous and piecewise af昀椀ne,

the linear MPC law is continuous & piecewise af昀椀ne too

z
∗

=













u0

u1

.

.

.

u∗

N−1













u∗

0(x) =















F1x+ g1 if H1x ≤ K1

...
...

Fnr
x+ gnr

if Hnr
x ≤ Knr It’

s ju
st 

a w
hile

 loo
p!
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252 regions 39 regions

Complexity reduction

• We are interested only in the 昀椀rst components of the optimizer z∗

z(x) ≜
[

u
′
0
(x) u′

1(x) . . . u′
N−1(x)

]

• Regions where the 昀椀rst component of the solution is the same can be joined if

their union is convex (Bemporad, Fukuda, Torrisi, 2001)

• Optimal mergingmethods exist

(Geyer, Torrisi, Morari, 2008)
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redundant

non redundant

P
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"	

"	

Aix
∗
− bi > 0

<latexit sha1_base64="uaL+GkKrpyxI1z0LjwFSJbbw1Y8=">AAABpXicZY/LTsJAFIZP8Yb1QlV2biYSIzGRtGx0ZUA3bkww4ZZQbKbDAScM02ZmariEd3Grb+TbWC4b5F99Of85yXfCWHBtXPfXyuzs7u0fZA/to+OT05xzdt7UUaIYNlgkItUOqUbBJTYMNwLbsUI6CgW2wuHzom99otI8knUzibE7ogPJ+5xRk44CJ+93bEKqAR+/396FAX90bb8bOAW35C5DtsFbQ6GSh2VqgTP1exFLRigNE1TrmRa8h3pu+4nGmLIhHeCs+hQYHMcRl2aj6CSm/9CdcRknBiWbk+u06yeCmIgslEmPK2RGTFKgTHHDGWEfVFFm0sfsVNb7r7YNzXLJc0veW7lQKa6sIQuXcAVF8OAeKvACNWgAgyl8wTf8WDfWq1W3mqvVjLW+uYCNWMEf0FJv6Q==</latexit><latexit sha1_base64="uaL+GkKrpyxI1z0LjwFSJbbw1Y8=">AAABpXicZY/LTsJAFIZP8Yb1QlV2biYSIzGRtGx0ZUA3bkww4ZZQbKbDAScM02ZmariEd3Grb+TbWC4b5F99Of85yXfCWHBtXPfXyuzs7u0fZA/to+OT05xzdt7UUaIYNlgkItUOqUbBJTYMNwLbsUI6CgW2wuHzom99otI8knUzibE7ogPJ+5xRk44CJ+93bEKqAR+/396FAX90bb8bOAW35C5DtsFbQ6GSh2VqgTP1exFLRigNE1TrmRa8h3pu+4nGmLIhHeCs+hQYHMcRl2aj6CSm/9CdcRknBiWbk+u06yeCmIgslEmPK2RGTFKgTHHDGWEfVFFm0sfsVNb7r7YNzXLJc0veW7lQKa6sIQuXcAVF8OAeKvACNWgAgyl8wTf8WDfWq1W3mqvVjLW+uYCNWMEf0FJv6Q==</latexit><latexit sha1_base64="uaL+GkKrpyxI1z0LjwFSJbbw1Y8=">AAABpXicZY/LTsJAFIZP8Yb1QlV2biYSIzGRtGx0ZUA3bkww4ZZQbKbDAScM02ZmariEd3Grb+TbWC4b5F99Of85yXfCWHBtXPfXyuzs7u0fZA/to+OT05xzdt7UUaIYNlgkItUOqUbBJTYMNwLbsUI6CgW2wuHzom99otI8knUzibE7ogPJ+5xRk44CJ+93bEKqAR+/396FAX90bb8bOAW35C5DtsFbQ6GSh2VqgTP1exFLRigNE1TrmRa8h3pu+4nGmLIhHeCs+hQYHMcRl2aj6CSm/9CdcRknBiWbk+u06yeCmIgslEmPK2RGTFKgTHHDGWEfVFFm0sfsVNb7r7YNzXLJc0veW7lQKa6sIQuXcAVF8OAeKvACNWgAgyl8wTf8WDfWq1W3mqvVjLW+uYCNWMEf0FJv6Q==</latexit><latexit sha1_base64="F2ryIY5D27GOPD9bj9M5uyzveXc=">AAABpXicZY/LSsNAFIZP6q3GW7zs3AwWsQiWpBtdSasbN0KF3qCpYTI9rUMnMyEzkV7ou7jVN/JtTDWb2n/1cf5z4DthLLg2rvttFTY2t7Z3irv23v7B4ZFzfNLWKk0YtpgSKumGVKPgEluGG4HdOEEahQI74fhx2XfeMdFcyaaZxtiP6EjyIWfUZKPAOfN7NiH1gE9er2/CgN+7tt8PnJJbcX9D1sHLoQR5GoEz8weKpRFKwwTVeq4FH6Be2H6qMaZsTEc4rz8EBiex4tKsFL3UDO/6cy7j1KBkC3KZdcNUEKPIUpkMeILMiGkGlCXccEbYG00oM9ljdibr/Vdbh3a14rkV76VaqpVz7SKcwwWUwYNbqMETNKAFDGbwAZ/wZV1Zz1bTav+tFqz85hRWYgU/exZvlQ==</latexit>

Ajx
∗
− bj < 0

<latexit sha1_base64="KjW0RzSqaV8bl2JRQ3t0/1pdTZE=">AAABpXicZY/LTsJAFIbPeMV6q8rOzURiJCaSlo0uXIBu3Jhgwi2hOJkOBxwY2qYzNVzCu7jVN/JtLJcN8q++nP+c5Dt+pKQ2jvNLtrZ3dvf2MwfW4dHxyal9dl7XYRILrIlQhXHT5xqVDLBmpFHYjGLkQ19hwx88z/vGJ8ZahkHVjCNsD3kvkF0puElHzM56LYvSMuuP3m/vfNZ/dCyvzeycU3AWoZvgriBXysIiFWZPvE4okiEGRiiu9VQr2UE9s7xEY8TFgPdwWn5iBkdRKAOzVrQS031oT2UQJQYDMaPXaddNFDUhnSvTjoxRGDVOgYtYGimo+OAxFyZ9zEpl3f9qm1AvFlyn4L4Vc6X80hoycAlXkAcX7qEEL1CBGgiYwBd8ww+5Ia+kSurL1S2yurmAtRD2B9Bbb+k=</latexit><latexit sha1_base64="KjW0RzSqaV8bl2JRQ3t0/1pdTZE=">AAABpXicZY/LTsJAFIbPeMV6q8rOzURiJCaSlo0uXIBu3Jhgwi2hOJkOBxwY2qYzNVzCu7jVN/JtLJcN8q++nP+c5Dt+pKQ2jvNLtrZ3dvf2MwfW4dHxyal9dl7XYRILrIlQhXHT5xqVDLBmpFHYjGLkQ19hwx88z/vGJ8ZahkHVjCNsD3kvkF0puElHzM56LYvSMuuP3m/vfNZ/dCyvzeycU3AWoZvgriBXysIiFWZPvE4okiEGRiiu9VQr2UE9s7xEY8TFgPdwWn5iBkdRKAOzVrQS031oT2UQJQYDMaPXaddNFDUhnSvTjoxRGDVOgYtYGimo+OAxFyZ9zEpl3f9qm1AvFlyn4L4Vc6X80hoycAlXkAcX7qEEL1CBGgiYwBd8ww+5Ia+kSurL1S2yurmAtRD2B9Bbb+k=</latexit><latexit sha1_base64="KjW0RzSqaV8bl2JRQ3t0/1pdTZE=">AAABpXicZY/LTsJAFIbPeMV6q8rOzURiJCaSlo0uXIBu3Jhgwi2hOJkOBxwY2qYzNVzCu7jVN/JtLJcN8q++nP+c5Dt+pKQ2jvNLtrZ3dvf2MwfW4dHxyal9dl7XYRILrIlQhXHT5xqVDLBmpFHYjGLkQ19hwx88z/vGJ8ZahkHVjCNsD3kvkF0puElHzM56LYvSMuuP3m/vfNZ/dCyvzeycU3AWoZvgriBXysIiFWZPvE4okiEGRiiu9VQr2UE9s7xEY8TFgPdwWn5iBkdRKAOzVrQS031oT2UQJQYDMaPXaddNFDUhnSvTjoxRGDVOgYtYGimo+OAxFyZ9zEpl3f9qm1AvFlyn4L4Vc6X80hoycAlXkAcX7qEEL1CBGgiYwBd8ww+5Ia+kSurL1S2yurmAtRD2B9Bbb+k=</latexit><latexit sha1_base64="5fXbw0ir3AutZnAPy2YKp7Hmrk8=">AAABpXicZY/LTsJAFIZP8Yb1Vi87NxOJkZhIWja6cAG6cWOCCbeE4mQ6HHBgmDadqeES3sWtvpFvY9FukH/15fznJN8JIim0cd1vK7exubW9k9+19/YPDo+c45OmDpOYY4OHMozbAdMohcKGEUZiO4qRjQOJrWD0uOxb7xhrEaq6mUbYHbOBEn3BmUlH1DnzOzYhVTqcvF7fBHR479p+lzoFt+T+hqyDl0EBstSoM/N7IU/GqAyXTOu5lqKHemH7icaI8REb4Lz6QA1OolAos1J0EtO/686FihKDii/IZdr1E0lMSJbKpCdi5EZOU2A8FkZwwt9YzLhJH7NTWe+/2jo0yyXPLXkv5UKlmGnn4RwuoAge3EIFnqAGDeAwgw/4hC/rynq26lbzbzVnZTensBKL/gB7H2+V</latexit>

Removing redundant inequalities via LP
• A variety of multiparametric quadratic programming solvers is available

(Bemporad et al., 2002) (Baotic, 2002) (Tøndel, Johansen, Bemporad, 2003) (Jones, Morari, 2006)

(Spjøtvold et al., 2006) (Patrinos, Sarimveis, 2010) (Gupta, Bhartiya, Nataraj, 2011)

• Most computations are spent in removing

redundant inequalities

• This is usually done by solving a linear program

(LP) per facet:

0 ≥ maxx Aix− bi

s.t. Ajx ≤ bj , ∀j ̸= i
Aix ≤ bi is redundant

(ifmaxx Aix− bi = 0 the inequality isweakly redundant)
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Removing redundant inequalities via NNLS
(Bemporad, 2015)

• Key result: A polyhedronP = {u ∈ R
n : Au ≤ b} is nonempty

iff the partially NNLS problem

(v∗, u∗) = argminv,u ∥v +Au− b∥22
s.t. v ≥ 0, u free

A j
u ≤

b j

Aiu ≤ bi

redundant
non 

redundant

Au ≤ b

has zero residual ∥v∗ +Au∗ − b∥22 = 0

• Checking emptyness of facetPi = {x : Aix = bi, Ajx ≤ bj} via NNLS is

about 10x faster than by linear programming

n q NNLS LP
2 20 0.0006 0.0046
4 40 0.0019 0.0103
10 100 0.0111 0.0554
16 160 0.0357 0.1959

random polyhedra ofRn with q = 10n inequalities

NNLS = compiled EmbeddedMATLAB code

LP = compiled C code (GLPK)

CPU time = seconds (MacBook Pro 3.1 GHz i7)
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Multiparametric QP based on NNLS
(Bemporad, 2015)

• Other polyhedral operations can be solved also by NNLS (check full dimension,

Chebychev radius, union, projection)

• NewmpQP algorithm based onNNLS + dual QP formulation to compute active

sets and deal with QP degeneracy

• Comparable CPU timewrt other existingmethods:

– Hybrid Toolbox (Bemporad, 2003)

– MPT Toolbox 2.6 (w/ default opts)

(Kvasnica, Grieder, Baotic, 2004)

(Herceg, Kvasnica, Jones, Morari, 2013)

q m Hybrid Tbx MPT NNLS

4 2 0.0174 0.0256 0.0026
4 6 0.0827 0.1105 0.0126
12 2 0.0398 0.0387 0.0054
12 6 1.2453 1.3601 0.2426
20 2 0.1029 0.0763 0.0152
20 6 6.1220 6.2518 1.2853

• Included inMPC Toolbox since version R2014b

(Bemporad,Morari, Ricker, 1998-present)
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Double integrator example

• Model and constraints:

{

x(t+ 1) = [ 1 1
0 1 ]x(t) + [ 01 ]u(t)

y(t) = [ 1 0 ]x(t)

−1 ≤ u(t) ≤ 1
• Objective:

min

∞∑

k=0

y2k+
1

100
u2
k

uk = Kxk, ∀k ≥ Nu, K = LQR gain

Nu = N = 2
(
∑1

k=0 y
2
k + 1

100u
2
k

)

+ x′
2 [ 2.1429 1.2246

1.2246 1.3996 ]
︸ ︷︷ ︸

solution of algebraic
Riccati equation

x2

• QPmatrices (cost function normalized bymax singular value ofH)

H = [ 0.8365 0.3603
0.3603 0.2059 ] , F = [ 0.4624 1.2852

0.1682 0.5285 ]

G =

[
1 0
−1 0
0 1
0 −1

]

, W =

[
1
1
1
1

]

, S =

[
0 0
0 0
0 0
0 0

]
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Double integrator example - Explicit solution

Nu = 2

u(x) =







[−0.8166 −1.75 ]x if

[
−0.8166 −1.75
0.8166 1.75
0.6124 0.4957
−0.6124 −0.4957

]

x ≤

[
1
1
1
1

]

(Region #1)

1 if [ 0.3864 1.074
0.297 0.9333 ]x ≤

[
−1
−1

]
(Region #2)

1 if
[
−0.297 −0.9333
0.8166 1.75
0.9712 2.699

]

x ≤
[

1
−1
−1

]

(Region #3)

[−0.5528 −1.536 ]x+ 0.4308 if
[
−0.9712 −2.699
0.3864 1.074
0.6124 0.4957

]

x ≤
[

1
1
−1

]

(Region #4)

− 1 if
[
−0.3864 −1.074
−0.297 −0.9333

]
x ≤

[
−1
−1

]
(Region #5)

− 1 if
[

0.297 0.9333
−0.8166 −1.75
−0.9712 −2.699

]

x ≤
[

1
−1
−1

]

(Region #6)

[−0.5528 −1.536 ]x− 0.4308 if
[
−0.3864 −1.074
0.9712 2.699
−0.6124 −0.4957

]

x ≤
[

1
1
−1

]

(Region #7)

go to demo linear/doubleintexp.m (Hybrid Toolbox)
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(is the number of regions 昀椀nite forNu → ∞ ?)

Double integrator example - Explicit solution

Nu = 3 Nu = 4 Nu = 5

Nu = 6
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Hybrid Toolbox for MATLAB
(Bemporad, 2003-today)

Features:

• Hybrid models: design, simulation, veri昀椀cation

• MPC of linear systemsw/ constraints and hybrid systems

• Explicit linear and hybrid MPC

(multi-parametric programming)

• Simulink library

• C-code generation of explicit MPC controllers

• Interfaces to several QP/LP andMixed-Integer

Programming solvers

• Polyhedral computation functions

http://cse.lab.imtlucca.it/~bemporad/hybrid/toolbox

Initally supported by FordMotor Company

≈10,000+ downloads

≈1.5 downloads/day
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Hybrid Toolbox - Simulink library
linear MPC based on

on-line QP (M-code)

explicit linear MPC 

(C-code)

MLD dynamics

(M-code)

PWA dynamics

(M-code)

explicit hybrid MPC 

(C-code)

hybrid MPC based on

on-line MIP (M-code)
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Double integrator example - Hybrid Toolbox
Ts=1; % sampling time
model=ss([1 1;0 1],[0;1],[0 1],0,Ts); % prediction model

limits.umin=-1; limits.umax=1; % input constraints

interval.Nu=2; % control horizon
interval.N=2; % prediction horizon

weights.R=.1;
weights.Q=[1 0;0 0];
weights.P='lqr'; % terminal weight = Riccati matrix
weights.rho=+Inf; % hard constraints on outputs, if present

Cimp=lincon(model,'reg',weights,interval,limits); % MPC

range=struct('xmin',[-15 -15],'xmax',[15 15]);
Cexp=expcon(Cimp,range); % explicit MPC

x0=[10,-.3]';
Tstop=40; % simulation time
[X,U,T,Y,I]=sim(Cexp,model,[],x0,Tstop);
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MPC Toolbox
(Bemporad,Morari, Ricker,≥2014)

• @explicitMPC object
>> mpcobj = mpc(plant, Ts, p, m);
>> empcobj = generateExplicitMPC(mpcobj, range);
>> empcobj2 = simplify(empcobj, 'exact')
>> [y2,t2,u2] = sim(empcobj,Tf,ref);
>> u = mpcmoveExplicit(empcobj,xmpc,y,ref);

• Very simple and robust online PWA evaluation function

i=0; imin=0; vmin=Inf; flag=0;
while found && i<nr

i=i+1;
v=max(pwafun(i).H*th-pwafun(i).K);
if v<=0

found=true; flag=1;
else

if vmin>v
vmin=v; imin=i;

end
end

end
x=pwafun(imin).F*th+pwafun(imin).G;
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Applicability of explicit MPC

• Consider the following generalMPC formulation

min
z

N−1∑

k=0

1

2
(yk − r(t+ k))′S(yk − r(t+ k)) +

1

2
∆u′

kT∆uk

+ (uk − ur(t+ k))′V (uk − ur(t+ k))′ + ρϵϵ
2

subj. to xk+1 = Axk +Buk +Bvv(t+ k), k = 0, . . . , N − 1

yk = Cxk +Duk +Dvv(t+ k), k = 0, . . . , N − 1

umin(t+ k) ≤ uk ≤ umax(t+ k), k = 0, . . . , N − 1

∆umin(t+ k) ≤ ∆uk ≤ ∆umax(t+ k), k = 0, . . . , N − 1

ymin(t+ k)− ϵVmin ≤ yk ≤ ymax(t+ k) + ϵVmax, k = 1, . . . , N

x0 = x(t)

• Everythingmarked in red can be time-varying in explicit MPC

• Not applicable to time-varyingmodels andweights
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Explicit MPC example - MIMO system

• LinearMIMO system y(t) = 10
100s+1

[
4 −5
−3 4

]
u(t), sampled with Ts = 1 s

• Input constraints
[
−1
−1

]
≤ u(t) ≤ [ 11 ]

• MPC tuning: N = 20,Nu = 1, stage cost ∥yk − r(t)∥22 +
1
10∥∆uk∥

2
2

output y(t), reference r(t) inputu(t)

go to demo

linear/mimo.m
(Hybrid Toolbox)
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Explicit MPC example - MIMO system

-100 -80 -60 -40 -20 0 20 40 60 80 100

x-space

1
6

2

3

5

7

8

9

4

Section of the polyhedral partition in the
x-space obtained for u(t− 1) = [ 00 ]

and r(t) = [ 0.630.79 ]
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?

Point location problem

Which is the region the current x(t) belongs to ?

Approaches:

• Store all regions and search linearly through them

• Exploit properties of mpLP solution to locate x(t) from value function

(also extended tompQP) (Baotic, Borrelli, Bemporad,Morari 2008)

• Organize regions on a tree for logarithmic search (Tøndel, Johansen, Bemporad, 2003)

• FormpLP, recast as weighted nearest neighbor problem

(logarithmic search) (Jones, Grieder, Rakovic, 2003)

• Exploit reachability analysis (Spjøtvold, Rakovic, Tøndel, Johansen, 2006)

(Wang, Jones, Maciejowski, 2007)

• Use bounding boxes and trees (Christophersen, Kvasnica, Jones, Morari, 2007)
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Complexity of multiparametric solutions

• Number nr of regions = # optimal combinations of active constraints:

– mainly depends on the number q of constraints: nr ≤

q
∑

h=0

(

q

h

)

= 2q

(this is a worst-case estimate, most of the combinations are never optimal!)

– also depends on the number s of free variables

– weakly depends on the numbern of parameters (states + references)

states/horizon N = 1 N = 2 N = 3 N = 4 N = 5

n=2 3 6.7 13.5 21.4 19.3
n=3 3 6.9 17 37.3 77
n=4 3 7 21.65 56 114.2
n=5 3 7 22 61.5 132.7
n=6 3 7 23.1 71.2 196.3
n=7 3 6.95 23.2 71.4 182.3
n=8 3 7 23 70.2 207.9

average on 20 random SISO systemsw/ input saturation #	co
nstr

aint
s

#	states

#	regions
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x
*

r
*

Suboptimal MPC - Interpolation/extrapolation methods

• Possible “holes” may appear in mpQP solution due to

polyhedral computations, or after eliminating “昀氀at” regions

(=small Chebychev radius r∗)

• Safe PWA evaluation function implemented inMPC Toolbox:

set u(x) = Fix+ gi with

i = argmin βi(x), βi(x) = max
j

{Hj
i x−K

j
i } least violation

• Other approaches exist that enumerate of昀氀ine theLmost visited regions, store

the corresponding gains, then interpolate or extrapolate online

(Pannocchia, Rawlings,Wright, 2007) (Christophersen, Zeilinger, Jones, Morari, 2007)

(Alessio, Bemporad, 2008) (Jones, Morari, 2010) (Kvasnica, Fikar, 2010)
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Suboptimal solutions - Interpolation methods
(Alessio, Bemporad, 2008)

exact solution (99 regions) L=3 most visited regions stored input trajectory

• Weighted interpolation approach: set βi(x) = max{maxj{H
j
i x−Ki}, 0} and

u(x) =







Fix+ gi if βi(x) = 0 (x belongs to region #i)
(

L
∑

i=1

1

βi(x)

)−1 L
∑

i=1

1

βi(x)
(Fix+ gi) otherwise

• Saturation of u(x)might be enforced to ensure hard input constraints
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Suboptimal solutions - Other approaches

• Relax KKT conditions (e.g., remove λ̃(x) ≥ 0) and solvempQP suboptimally

(Bemporad, Filippi, 2003)

• Change cost function (e.g., minimum time) (Grieder, Morari, 2003)

• Use orthogonal trees to approximate solution

(Johansen, Grancharova, 2003) (Liang, Heemels, Bemporad, 2011)

• Use griddingmethods from dynamic programming
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Suboptimal solutions - Function regression

• ApproximateMPC laws by any supervised learning method for regression

– CollectM samples (xi, ui) by solvingMPC optimization problem for each xi

– Fit approximatemapping û(x) on the samples

– Check performance / feasibility/ prove closed-loop stability (if possible)

• Possible function regression approaches:

– Lookup tables (linear interpolation, inverse distance weighting, …)

– Neural networks (Parisini, Zoppoli, 1995) (Karg, Lucia, 2018)

– Hybrid system identi昀椀cation / PWA regression (Breschi, Piga, Bemporad, 2016)

– Nonlinear systems identi昀椀cation (Canale, Fagiano,Milanese, 2008)

– Decision trees, random forests, support vector machines,K-nearest neighbors, ...

• Approachworks for linear/nonlinear/stochastic/hybridMPC
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Semi-explicit MPC
• Semi-explicit MPC: use binary classi昀椀cation to learn the optimal active set of a

parametric QP for warm start (Klauco, Kalúz, Kvasnica, 2019)

• Learn optimal binary variables δ∗(x) of parametricMIQP/LP, then solveQP/LP

online, or warm-startMIP solver (Masti, Bemporad, 2019)

• Example: hybridMPC of formicrogrid optimization

microgrid

model

binary variable 

parameterization

online

optimizer

LPMILP

15,725MILP solutions used to train δ∗(x)

Average CPU time (s)

simulation number

MILP

RF7 = Random Forest (depth=7)

DT7 = Decision Tree (depth=7)

RB = Rule-Based algorithm

decision tree and random forest classi昀椀ers reduce CPU time by≈ 96÷98%

with limited performance degradation (Masti, Pippia, Bemporad, De Schutter, 2020)
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Suboptimal solutions - PWAS approximation
• Approximate a given linearMPC controller by using canonical Piecewise Af昀椀ne

functions over simplicial partitions (PWAS)

(Julian, Desages, Agamennoni, 1999)

û(x) =

Nv
∑

i=1

wkϕk(x) = w′ϕ(x)

approximate MPC law

Weights wk optimized of昀氀ine to

approximate a givenMPC law

http://www.mobydic-project.eu/
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Suboptimal solutions - PWAS approximation
• PWAS functions can be directly implemented on FPGA /ASIC

• Example: MPC ofMIMO system

{

xk+1 = [ 1.2 1
0 1.1 ]xk + [ 0 1

1 1
]uk

yk = [ 1 1
1 0

]xk

with constraints on u and y (N = 5,Nu = 5)

昀椀t p latency [ns] latency [ns]
criterion serial parallel

7 170 31
L2 15 210 43

31 238 45
63 272 46
7 170 31

L∞ 15 210 43
31 238 45
63 272 46

– latency = time to evaluate approximate

MPC law on line (Xilinx Spartan 3 FPGA)

– p = # partitions per state dimension

– Exact explicit MPC (52 regions):

383 ns (avg), 486 ns (max)

– Function evaluation is extremely fast !

• Closed-loop stability can be proved (Bemporad, Oliveri, Poggi, Storace, 2011)

(Rubagotti, Barcelli, Bemporad, 2012)

• Main limitation: curse of dimensionalitywith respect to state dimension
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Hardware (ASIC) implementation of explicit MPC

1

107.5 MHz
= 9.3 ns

http://www.mobydic-project.eu/
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Example: AFTI-F16 aircraft
Linearizedmodel:


































ẋ =

[

−0.0151 −60.5651 0 −32.174
−0.0001 −1.3411 0.9929 0
0.00018 43.2541 −0.86939 0

0 0 1 0

]

x+

[

−2.516 −13.136
−0.1689 −0.2514
−17.251 −1.5766

0 0

]

u

y =
[

0 1 0 0
0 0 0 1

]

x

• Open-loop unstable, poles are

−7.6636,−0.0075± 0.0556j, 5.4530

• Sampling time: Ts = 0.05 sec (+ ZOH)

• Constraints: ±25◦ on both angles

Explicit MPC: 8 parameters, 51 regions

Section with x = [0 0 0 0]′ ,u = [0 0]′

go to demo linear/afti16.m (Hybrid Toolbox)
see also afti16.m (MPC Toolbox)
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Example: DC Servomotor

V

R

J
M

J
L

µ
M

µ
L

T

rb
M

b
L

µ
s

T
r

e

• N = 10,Nu = 2

• W y = [ 0.1 0
0 0 ]

• −220 ≤ u ≤ 220V

• −78.5398 ≤ y2 ≤ 78.5398Nm

Explicit MPC: 7 parameters, 101 regions

Section with x1 = x4 = 0,u = 0, r = [0 0]′

go to demo linear/dcmotor.m (Hybrid Toolbox)
see also mpcmotor.m (MPC Toolbox)
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Explicit MPC for dry-clutch engagement
(Bemporad, Borrelli, Glielmo, Vasca, 2001)

• Control objectives:

– small friction losses

– fast engagement

– driver comfort

• Constraints:

– clutch force

– clutch force derivative

– minimum engine speed

• Model during slip phase (ωe > ωv):

Ieω̇e = Tin − beωe − Tcl

Ivωv = Tcl − bvωv − Tl

Tcl = kFn sign(ωe − ωv)

• Model when clutch is engaged (ωe = ωv = ω):

(Ie + Iv)ω̇ = Tin − (be + bv)ω − Tl

Ie engine inertia
ωe crankshaft rotor speed
Tin engine torque
be crankshaft friction coe昀케cient
Tcl torque transmitted by clutch
Iv vehicle inertia
ωv clutch disk rotor speed
bv clutch viscous coe昀케cient
Tl equivalent load torque
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Explicit MPC for dry-clutch engagement
• Linear model during slip + disturbancemodels

ẋ1 = −
be
Ie
x1 +

Tin

Ie
− k

Ie
u x1 = ωe

ẋ2 =
(

−
be
Ie

+ bv
Iv

)

x1 −
bv
Iv
x2 +

Tin

Ie
+ Tl

Iv
−

(

k

Ie
+ k

Iv

)

u x2 = ωe − ωv

T̈in = 0 unknown ramp u = Fn

Ṫl = 0 unknown constant

• Model sampled and converted to discrete time (Ts = 10ms)














x1(t+ 1)

x2(t+ 1)

Tin(t+ 1)

Tl(t+ 1)

u(t)















=















0.9985 0 0.0500 0 −0.0049

−0.0011 0.9996 0.0500 0.0129 −0.0062

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1





























x1(t)

x2(t)

Tin(t)

Tl(t)

u(t− 1)















+















−0.0049

−0.0062

0

0

1















∆u(t)

• Control objective

min
∆u0,...,∆uNu−1

N−1
∑

k=0

Qx2
2,k +R∆u2

k + x′
NPxN

• Constraints: 0 ≤ ∆u ≤ 80N, 0 ≤ u ≤ 5000N, x1 ≥ 50 rad/s, x2 ≥ 0
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Explicit MPC for dry-clutch engagement

go to demo dryclutch/dryclutch.m (Hybrid Toolbox)
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Explicit MPC for dry-clutch engagement

• Simulation results

tuning τ∗ Fn(τ
∗) [N] Ed [kJ] ẋ2(τ

∗) [rad/s2]
1 0.57 2333 6.676 230
2 0.76 2515 9.777 109
3 0.83 2572 10.838 62

MPC tuning #1 is chosen,

corresponding toQ = 2,

R = 1,N = 10,Nu = 1
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Explicit MPC for dry-clutch engagement
• Explicit MPC law (+linear observer):

∆u =



















































































[−0.003786 0.5396 0.1703 0.006058 0.04411 ]x if
[

−4.732e−05 0.006745 0.002129 7.572e−05 0.0005513
0.003786 −0.5396 −0.1703 −0.006058 −0.04411

]

x

[−0.02101 ]u+ [ 0 −0.5409 ] r +
[

−0.0002626
0.02101

]

u+
[

0 −0.006762
−0 0.5409

]

r ≤ [ 10 ]

(Region #1)

80 if [ 4.732e−05 −0.006745 −0.002129 −7.572e−05 −0.0005513 ]x

+ [ 0.0002626 ]u+ [ 0 0.006762 ] r ≤ [−1 ]

(Region #2)

0 if [−0.003786 0.5396 0.1703 0.006058 0.04411 ]x

[−0.02101 ]u+ [ 0 −0.5409 ] r ≤ [ 0 ]

(Region #3)

Ë
e
	[rad/s]

Ë
v
	[
ra
d
/s
]

section forTin = 110Nm, Ṫin = 250Nm/s,Tl = 4.8Nm,

Fn = 2000Nm, r = [0 0]′

Alternative: use explicit hybrid MPC

based on switchingmodel

(slippingmode, engagedmode)
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Explicit MPC for idle speed control
(Di Cairano, Yanakiev, Bemporad, Kolmanovsky, Hrovat, 2011)

• Main goal: regulate engine speed at idle

• Process model:

– 1 output (engine speed)

– 2 inputs (air昀氀ow, spark advance)

– input delays

• Objectives and constraints

– regulate engine speed at constant rpm

– saturation limits on air昀氀ow and spark

– lower bound on engine speed≥ 450 rpm

• Problem suitable forMPC design

(Hrovat, 1996)

Ford pickup truck, V8 4.6L gasoline engine

centrifugal governor

(Watt, 1788)
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baseline controller (linear)

explicit MPC

set-point

Load	torque	(power	steering)

peak reduced by 50% convergence 10s faster

Explicit MPC for idle speed control
(Di Cairano, Yanakiev, Bemporad, Kolmanovsky, Hrovat, 2011)

• Sampling time = 30ms

• Explicit MPC implemented in dSPACE

MicroAutoBox rapid prototyping unit

• Observer tuning asmuch important as

tuning ofMPCweights !
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?

Complexity of multiparametric solutions
• The number of regions is (usually) exponential with the

number of possible combinations of active constraints

• Toomany regionsmake explicit MPC less attractive, due tomemory (storage of

polyhedra) and throughput requirements (time to locate x(t))

When is explicit MPC preferable to online QP (=implicit MPC) ?
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Complexity certification for active-set QP solvers
(Cimini, Bemporad, 2017)

• Consider a dual active-set QPmethod for solving theQP

z∗(x) = argminz
1
2z

′Qz + x′F ′z

s.t. Gz ≤ W + Sx

• What is the worst-case number of iterations over x to solve theQP ?

• Key result: The number of iterations to solve theQP is a piecewise constant

function of the parameter x

−20 −10 0 10 20
−20

−10

0

10

20

θ
2

x1

x2 0
1

2 3

4

5

We can exactly quantify how

many iterations (昀氀ops) the QP

solver takes in the worst-case !
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Complexity certification for active-set QP solvers
(Cimini, Bemporad, IEEE TAC, 2017)

• Examples (fromMPC Toolbox):

inv. pend. DC motor nonlin. demo AFTI 16
# vars 5 3 6 5

# constraints 10 10 18 12

# params 9 6 10 10

Explicit MPC
# regions 87 67 215 417
max 昀氀ops 3382 1689 9184 16434
max memory (kB) 55 30 297 430
Implicit MPC
max iters 11 9 13 16
max 昀氀ops 3809 2082 7747 7807
sqrt 27 9 37 33
max memory (kB) 15 13 20 16

explicit MPC online QP
is faster is faster

• Further improvements are possible by combining explicit and online QP

QP certi昀椀cation algorithm currently used in production
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MPC for torque control of PMSM
(Cimini, Bernardini, Levijoki, Bemporad, 2021)

• MPC of Permanent Magnet Synchronous Motor

• Goal: control motor torque

• Nonlinear isotropic PMSMmodel approximated

by linear model @ω(t) = ω0:

ẋ =
d

dt

[

id(t)

iq(t)

]

=







−
R

L
ω0

−ω0 −
R

L







[

id(t)

iq(t)

]

+







1

L
0

0
1

L







[

ud(t)

uq(t)

]

+





0

−
λ

L



ω(t)

y(t) =

[

id(t)

τ(t)

]

=

[

1 0

0 Kt

] [

id(t)

iq(t)

]

d = direct, q = quadrature

• Voltage/current constraints:

(polyhedral approximation)
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MPC for torque control of PMSM
• Linear MPC formulation, solved byODYS QP

• Platform: TI F28335Del昀椀no 32-bit DSP

150MHzCPU, single precision

• Complexity certi昀椀cation algorithm guarantees

2431 昀氀ops is the worst-case (=6QP iters)

• Memory occupancy: 13 kB

(≤ single-access RAMblock of 34 kB)

• Sampling time = 0.3ms⇒

real-time QP is 100% feasible
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Certification of KR solver
(Cimini, Bemporad, 2019)

• TheKR algorithm is a simple and effective solver for box-constrained QP.

All violated/active constraints form the new active set at the next iteration

(Kunisch, Rendl, 2003) (Hungerländer, Rendl, 2015)

• Assumptions for convergence are quite conservative, and indeedKR can cycle

We can exactlymap howmany iterations KR takes to converge (or cycle)

# of iterations 1 2 3 4 5 6

regions where KR fails

0 1 2 3 4
−2

−1

0

1

2

Example 1 Example 2 Example 3

Explicit MPC
max 昀氀ops 324 1830 5401
max memory [kB] 3.97 15.9 89.69

Dual active-set
max 昀氀ops + sqrt 580 + 5 1922+ 13 3622+ 24
max memory [kB] 8.21 8.63 8.90

KR algorithm
max 昀氀ops 489 1454 2961
max memory [kB] 3.19 3.39 3.51
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MPC regulation of a ball on a plate
• Goal: Regulate the position of a ball

on a plate

• Experimental system@ETHZurich

• Inteface: Real-TimeWorkshop +

xPC Toolbox

Target Ball & Plate

inputs

measurements

"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved. 91/99



Ball & plate: specifications

• Constraints:

– plate angular position: ±17 deg (soft)

– ball position on plate: ±30 cm (soft)

– input voltage: ±10V (hard)

• platform: PC Pentium 166

• sample time: 30ms

• predictionmodel: LTI model, 7× 2 states

• MPC tuning:

– prediction horizonN = 50

– control horizonNu = 2

– weight on position error: (W y)2 = 5

– weight on input rate:W∆u = 1

y

³

´

x

³’

´’

·
³
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Ball & plate: explicit MPC solution
• PWApartitions: 22 regions (x-axis), 23 regions (y-axis)

6

1 16

x-axis: sections atαx = 0, α̇x = 0, ux = 0, rx = 18, rα = 0

• Region #1: LQR controller

• Region #6: saturation at -10 V

• Region #16: saturation at +10 V
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Ball & plate: implementation

• Solvemp-QP and implement explicit MPC
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Ball & plate: experiments



"Model Predictive Control" - © 2023 A. Bemporad. All rights reserved. 95/99



Ball & plate: experiments

Ball and plate experiment in LEGO, using explicit MPC andHybrid Toolbox



(Daniele Benedettelli, Univ. of Siena, July 2008)

• sampling frequency: 20 Hz

• camera used for position

feedback

• explicit MPC coded using

integer numbers
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Multiparametric QP in portfolio optimization
(Markowitz, 1952) (Best, Grauer,Management Science, 1991)

• Markowitz portfolio optimization:

minz z′Σz

s.t. p′z ≥ x

[ 1 1 ... 1 ] z = 1

z ≥ 0

zi = fraction of total money invested in asset i

pi = expected return of asset i

Σij = covariance of assets i, j

x = expectedminimum return of portfolio

• Objective: minimize variance (=risk)

• Constraint: guarantee aminimum expected return x
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Multiparametric QP in portfolio optimization
(Bemporad, NMPC plenary, 2008)

• Solution of mpQP problem

minz z′Σz

s.t. p′z ≥ x

[ 1 1 ... 1 ] z = 1

z ≥ 0
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Comparing different solution methods for MPC

Which solutionmethod to prefer for embeddedMPC ?

Explicit Implicit (=olicit (=on-line Q QP)

MPC active 
set

interior 
point

gradient
projection

proximal 
Newton

ADMM PQP

speed (small probs)

speed (large probs)

worst-case estimates

numerical arithmetics

off-line computations

solution quality (feas/opt)

data memory

control code

best for problem size small medium large medium medium medium small

small  f   6 vars,   15 constraints,    8 states/references

medium c  20 vars,   80 constraints,   50 states/references

large  g 500 vars, 3000 constraints, 2000 states/references

very rough 
classification:
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