Model Predictive Control: Basic Concepts
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Model Predictive Control (MPC)
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A model of the process is used to predict the future evolution
of the process to optimize the control signal
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Receding horizon philosophy

e At time ¢: solve an optimal control R Yus

problem over a finite future horizon
of IV steps:

Predicted outputs
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2 =@(t); =0y N—=1

 e—

e Only apply the first optimal move ()

e At time t+1: Get new measurements, repeat the optimization. And so on...

Advantage of repeated on-line optimization: FEEDBACK!
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Receding Horizon - Examples

e MPCis like playing chess !

e “Rolling horizon” policies are

also used frequently in finance

© 2009 by A. Bemporad

T T e
N 4 . SO0 !
LAY T {’/,' ) il {"/-,
. V. ~ N

[ =10 27 <10 27
! - — ‘— —
'\ -9 3~ -9 3~
\ 8 S S 43
- ‘ N “; N

(0 ¥ b 4 b /
\l}'z"lﬁ q ‘(.'k"z"l?‘\‘q

Controllo di Processo e dei Sistemi di Produzione - A.a. 2008/09

4194



Receding Horizon - Examples

- prediction model how vehicle moves on the map : \ :

—Rue Gramn

- constraints drive on roads, respect one-way roads, etc.
- disturbances mainly driver’s inattention ! COMEOMm e ST

x = GPS position

- i desired location .
set point u = navigation commands
Please select a route type 0:07
- cost function minimum time =
. . * Fastest route
minimum distance, etc. C Shortest route
¢ Avoid motorways
- receding horizon mechanism " Walking route
(" Bicycle route
event-based e lelted Speed

(optimal route re-planned when path is lost) m
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Good Models for (MPC) Control

Note: computational complexity and theoretical properties (e.g.
stability) depend on chosen model/objective/constraints

Good models for MPC:

 Descriptive enough to capture the most significant
dynamics of the system

1413
TRADE ©

e Simple enough for solving the optimization problem

““‘Make everything as simple as possible, but not simpler.”
— Albert Einstein
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MPC in Industry

e History: Computer control (“Manual” MPC)

Fluid catalytic cracking (FCC) is
the most important conversion
process used in petroleum
refineries. It is widely used to
convert the high-boiling
hydrocarbon fractions of
petroleum crude oils to more

Fluid Catalytic Cracking valuable gasoline, olefinic gases
(courtesy of Shell / M. Morari) and other products

(http://en.wikipedia.org/wiki/Catalytic_cracking)
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MPC in Industry

e History: 1979 Dynamic Matrix Control (DMC) by Shell
(Motivation: multivariable, constrained)

e Present Industrial Practice
® linear impulse/step response models

| AspenTech’s installed base
of model predictive control
| TP represents over 50% of the
-~

e sum of squared errors
objective function

world’s applications.

e executed in supervisory mode

New Generation Controller
DMCplus is the “new generation™ optimization technology and thus also

multivariable control product devel- tor AspenTech’s plant-wide optimiza

e Particularly suited for problems with

e many inputs and outputs
e constraints on inputs, outputs, states
e varying objectives and limits on variables

(e.g. because of faults)
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MPC in Industry

Hierarchy of control system functions:

Unit 1 - Conventional

Conventional Control Structure

Unit 2 - Model Predictive
Control Structure

Plant-Wide

ptimization

Unit 1 DCS- PID Controls

ITY

-_—_—_—_—_-_-_—_—_—_-_—_—_—_—_—_—_—_—_—_—_—_—_—‘w_ A

]

Unit 2 Local Optimizer

Model Predictive Control
(MPC)

S==

Unit 2 DCS-PID Controls

00 ®

Global Steady-State
Optimization

(every day)

Local Steady-State
Optimization
(every hour)

Basic Dynamic
Control
(every second)
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MPC in Industry

Area Aspen Honeywell Adersa” Invensys SGS* Total

Technology Hi-Spec
Refining 1200 480 280 25 1985
Petrochemicals 450 80 20 550
Chemicals 100 20 3 21 144
Pulp and paper 18 S0 68
Air & Gas 10 10
Utlity 10 4 14
Mining /Metallurgy 8 6 7 16 37
Food Processing 41 10 51
Polymer 17 17
FFurnaces 42 3 45
Aerospace/Defense 13 13
Automotive 7 7
Unclassified 40 40 1045 26 450 1601
Total 1833 696 1438 125 450 4542
First App. DMC:1985 PCT:1984 IDCOM:1973

IDCOM-M:1987 RMPCT:1991 HIECON:1986 1984 1985

OPC:1987
Largest App. 603 x 283 225 x 85 3112

(snapshot survey conducted in mid-1999) (Qin, Badgewell, 2003)

“For us multivariable control is predictive control ”’

Tariq Samad, Honeywell (IEEE Control System Society, President) (1997)
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MPC in Industry

Results from a recent survey (November 7, 2005) about the use of MPC techniques /
real-time optimization in a set of US industries:

Do you see your use of MPC accelerating,

Industrial area of respondents to the survey: staying constant, or declining?

Pharmaceuticals ¥ 0.7 % .
Machinery | 0.7 % Decreasing
Food & Beverage 0.7 %
Aerospace 07 % '
Automotive 1 1.5% | Constant 28.8 %
Mining 1 R= 1.57%
Cement & Glass 2.2%
Metals 2.2%
Plastics & Rubber 12.9% | \ \ \ \ \
Electronics | P 5.1% 0 20 40 60 80 100
Power 1 P 5.1%
Pulp & Paper | = 5.1% Does your company use MPC?
Other —|11.0% |
Oil & Gas 15.4 % r
........ - | No 19.0 %
Chemicals 20.6 %
Refining 24.3%
© > 10 15 20 25 30 35 | Routinely 35.2 %
45.8 %
courtesy: @ 0] 10 20 30 40 50 60 70
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Model Predictive Control Toolbox

e MPC Toolbox 3.0 (Bemporad, Ricker, Morari, 1998-today):
— Object-oriented implementation (MPC object)

— MPC Simulink Library

— MPC Graphical User Interface MATLA B S

The Language of Technical Computing
KHUgE O, 8

— RTW extension (code generation) Version 7.7.0.6834 (R20080)
July 11, 2008
[XPC Target’ dSpace7 etC.] License Number. unknown

— Linked to OPC Toolbox v2.0.1

Copyright 1884-2008, The MathWorks, Inc. Protected by
U.S. patents. See www.mathworks.com/patents. MATLAB and Simulink are registered
trademarks of The MathWorks, Inc. See www.mathworks comfrademarks for a list of
additonal trademarks. Other product or brand names may be trademarks or registered
trademarks of their respective holders.

+ ) The MathWorks™

Only linear models are handled

http://www.mathworks.com/products/mpc/
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MPC Simulink Library

ﬁ mpc_afti16
Fle Edt Yew Simulation Format Tools Help

D 2E& o IRV o R B [5 |Nomal Y HEAE ) wED

o = foceBu
y & Cx+Du

To Wordspace

State-Space

-

Outputs/References

MPC Contioller

S

To Wodkspace1

MPC Controller

e Single MPC and multiple swicthed MPC blocks supported

mv

Multiple
MPC

awitch
mo
ref

md

K
K
K
K

Multiple MPC Controllers

e Reference/disturbance preview and time-varying limits supported
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MPC Graphical User Interface

B Control and Estimation Tools Manager
Fle MPC Help
S S HdP—=
i Workspace
=@ MPCdesign
- Bk Plant models Overall

Faster resporse
IR oo | v o
= E@Scenarios
o Scenariol

Model and Horizons | Constraints = Wesght Tuning | Estimation (Advanced)

Input weights

Name Description Rate Weight
MV1 0
MY2 0

Output weights

Name Description
MO1
Mo2

MPC task "NPCdesign" created.
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MPC Tuning Advisor

J MPC Tuning Adwvisor for Task - MPCdesign
Scenano in design. Scenario1

Qutput Weights

Name Performance Weight
10

Sensitivity
-2.208

Controller in design: mpcafti

Selecta performance function: SN

Tuning Direction
Increass

Current Tuning
5

10

0.9202

Decreass

12

Input Weights

Name Performance Weight
0

Sensitivity
-9.682-005

Tuning Direction
Increase

Current Tuning
0

0

0.01158

Decrease

0

Input Rate Weights

Name Performance Weight
1e-010

Sensitivity
0.001367

Tuning Direction
Decrease

Current Tuning
le-010

le-010

-0.0005747

Increase

Baseline Performance: 166.7

Analyze

Current Tuning Performance: 125.4

Tuning Advisor is Modal | Restore Baseline Weights

Update Controler in MPC Tool

Close

Help
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Hybrid Toolbox for MATLAB

Features: (Bemporad, 2003-2009)

* Hybrid models: design, simulation, verification

e Control design for linear systems w/ constraints
and hybrid systems (on-line optimization via QP/MILP/MIQP)

e Explicit MPC control (via multi-parametric programming)

e C-code generation

e Simulink library

MATLAB

Campryege 1A 008 Thee MatvWets e Prodevind by
US paterts See wew mathwonta compatents. MATLAD and Senaind are regrtessd

e e T 2450+ download requests

since October 2004

http://www.dii.unisi.it/hybrid/toolbox
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Basics of Constrained Optimization
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Mathematical Programming

' max  f(x)
majln f(il?) ( S.t. g(x) <O )
s.t. g(x) <O

pe RS, F | R%—8, gi IR =R

L] - 91(-771 ----- l’n)

X T Tn
f(.l“) — f(.’L‘l, e ,:L‘.,,,) r = :2 g(T) - 92( 1; =5 n)

LIn | gm(x1 , Tn)

In general, problem is difficult to solve

=) use software tools
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Optimization Software

e Taxonomy of most known solvers, for different classes of
optimization problems:

http://www-fp.mcs.anl.gov/otc/Guide/SoftwareGuide/

e Network Enabled Optimization Server (NEOS) for remotely
solving optimization problems:

http://neos.mcs.anl.gov/neos/solvers/

e Comparison on benchmark problems:
http://plato.la.asu.edu/bench.html

e Good open-source optimization software

http://www.coin-or.org/
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Cconvex sets

A set S € X is convex if for all z1,2o € S

A1+ (1 —XMNaxp e S, for all A € [0,1]

Convex set Nonconvex set
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Convex function

A function f:S — R is convex if S is convex and

T+ (153D < o) + (VS

-~ ll/z1, x5 € S, A € [0,1]

r1 A1+ (1 —XNxzo x5
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Convex Optimization Problem

minimize f(x)
subject to xz € C

fand C convex

 Very efficient numerical algorithms exist
» Global solution attained
e Extensive useful theory
e Often occurring in engineering problems

e Tractable in theory and practice

Excellent reference textbook: “Convex Optimization” by S. Boyd
and L. Vandenberghe http://www.stanford.edu/~boyd/cvxbook/
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Polyhedra

e A convex polyhedron is the intersection of a finite
set of halfspaces of R¢

e A convex polytope is a bounded convex polyhedron

e Hyperplane representation: Ax < b
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Linear Program

. /
min f £r George Dantzig
s.t. Az <b, z € R® o)
A VA Standard form:

< / min f'x
s.t. Az =5
\“\ T 2 O, T E R'n»

L)
!

f’a: constant

Slack variables

N N
Zaja:jgb — Zaja:j—l—s:b,SZO
=1 7=1
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Linear Program

trasformation e . T

from max to min: HidiNe &= — (mq,!n —C a:)

Change inequality N

direction: Z giix; > by = Z —a;iz; < —b;

It is always possible to formulate LP problems
using “min” and “<” inequalities
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Quadratic Program

1
min Ea:/P:c + f'x

s.t. Az<b, z € R"

e Convex optimizationif P > 0

e Hard problemif P % o
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Mixed-Integer Linear Program

min flz + d'o
s.t. Ax+ Bd <c
xeR"™ 6e{0,1}"

e Some variables are continuous, some are discrete (0/1)
* |[n general, it is a NP-hard problem

e Rich variety of algorithms/solvers available
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Modeling languages

e MOSEL, associated with commercial package Xpress-MP

e OPL (Optimization Programming Language), associated with
commercial package llog-CPLEX

e AMPL (A Modeling Language for Mathematical Programming)
most used modeling language, supports several solvers

e GAMS (General Algebraic Modeling System) is one of the first
modeling languages

e LINGO, modeling language of Lindo Systems Inc.

e GNU MathProg, a subset of AMPL associated with the
free package GLPK (GNU Linear Programming Kit)

e FLOPC++ open source modeling language (C++ class library)

e CVX matlab-based modeling language (from Stanford)

 YALMIP another matlab-based modeling language
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Linear MPC
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Unconstrained Optimal Control

* Linear model: r(t+1) = Az(t) + Bu(t) r € R", u e R™
y(t) = Cux(t) y € R
e Goal: find  «™(0), uw*(1), ..., u*(N —1)
N—1
J(2(0),U) = Y [:c’(k)Qa:(k) -+ u’(k)Ru(k)]—I—az’(N)Pa:(N)
k=0

U=[(0) v/(1) ... «/(N—-1)]

w*(0), u*(1), ..., u*(IN — 1)istheinput sequence that steers the
state to the origin “optimally”
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[computation of cost function]

Q
Q@ o o o]
0 @ 0 0
J(z(0),U) = z'(0)Qz(0) + !.-1:’(1) ' (2) ... Z’(N—-1) 2/(N) } ¥ A e B0
0... 0 Q O
i o 0 ... 0 P I
igg ‘R O 01 wu(0)
: . ;"11.’(0) u'(1) ... W (N — 1)J 0 R 0 "“‘(zl)

z(N —1)

2(N) 0w 0 B |Lu(N=1))

—_ \ ;-E j
S
2(1) | T B JE) 07 w(0) |
;1:(.2) _ A.B B ' O w(l) n A2 +(0)
e(V)| | AN-1B aN-23 . B||wN-1)] |aA
! . }

J(x(0),U) ' (0)Qz(0) + (SU + Tx(0))'Q(SU + Tz(0)) + U'RU

1 B - 1 e
5U’g(R + 5'QS)U + 2/(0) 2T'QS U + 5gg’(O) 2(Q + T'QT) =(0)

g F Y4
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Unconstrained Optimal Control

J(z(0),U) = %U’HU + 2/ (0)FU + %x'(O)Yx(O)

U=['(0) +(1) ... «/(W-=-1)]

The optimum is obtained by zeroing the gradient

Vi J(2(0),U) = HU + F'z(0) = 0

u*(0) batch least
.
and hence i = gl) — _H—lp’m(g) squares
u*(N —-1)

Alternative approach: use dynamic programming to find U*

(Riccati iterations)
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Constrained Optimal Control

e Linear model: {

e Constraints:

x(t+ 1)

Axz(t) + Bu(t)
Cz(t)

y(1)

Ymin < y(t) < ymax

{ Umin < u(t) < Umax

z e R"* weR™

y € RP

e Constrained optimal control problem (quadratic performance index):

min

u(0),...,u(N—1)

S.L.

N-1

> |2 (B)Qx(k) + v/ (k) Ru(k)| + 2/ (N) Px(N)

k=0

Umin < ulk) < umax, k=0,...,

P— /

© 2009 by A. Bemporad
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Constrained Optimal Control

e Optimization problem:

s.t. GU < W + Sz(0) (linear)

Convex QUADRATIC PROGRAM (QP)

e U2 [u(0) ... W/(N=1) €R® s2 Nm, is the optimization vector

e H=H >0, and H, F, Y, G, W, S depend on weights Q, R, P,
upper and lower bounds umin, Ymax, Ymin, Ymax, and model matri-
ces A, B, C
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Linear MPC Algorithm

- Predicted
- outputs y(t+k]t)
| (Mulated

Inputs u(t+k)

At time t: L i

v

e Get/estimate the current state x(7)

e Solve the QP problem

'T; N é( I"HU + 2/ (t)FU

s.t. GU < W + Sz(t)

T e— EE—

and let U={u"(0),...,u"(N-1)} be the solution
(=finite-horizon constrained open-loop optimal control)

o Apply only «(¢) = «*(0) and discard the remaining optimal inputs

e Repeat optimization at time 7+1. And so on ...
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Unconstrained Linear MPC

e Assume no constraints O bt
Predicted outputs
e Problem to solve on-line: ' | |
0 © v ' ~ | = — Manipulated “t+k
_ Inputs |
1 b t+1 t+ N
min J(z(t),U) = 3 U'HU + z'(t) FU
e Solution: VyJ(x(t),U) = HU + F'z(t) =0

—— U* = —H 1F2(t)

> uw(@)=—=[I0 ... OJH 'Fxz(t) £ Kz(t)

e

Unconstrained linear MPCis nothing else than a standard
linear state-feedback law !
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Double Integrator Example

1 11 o]
e System: y(T) — éu(T) — z(t+1) = 0 1 z(t) + [ 1 ] u(t)
t sampling + ZOH y(t) = |1 O|=()
T=1s )
e Constraints: -1 <u(r) <1
- 1
e Control objective: min Z yQ(k) + 10112(1;)> + z'(2) [Cl) 9] z(2)
k=0
e Optimization problem matrices:
_[42 2 =0 . |4 6
= 2 2.2]’r_[6 2]'}_[6 12]
i 1 6 | B T "0 O cost: ;1"1/1’—{-.:"(1)/”1'+;r’(f)\'.r(f)
L —1 0 W — 1 o O O constraints: GU < W + Sz(t)
=Hle I (¥F*"=""|1|"*==|@0 ©
| 0 -1 | | 0 O |
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Double Integrator Example

-'Figlle No. 1 EJ@'

File Edt View Insert Tools Window Help

Deda "Ar/ 2OD

10

(A ]
'
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)
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'
)
'
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'

'

'

'

'

'

'

1

o

position, velocity

time
1
B N RO AN SRR
05
1 -4
0 10 20 30 40 5 0 5 10
time position
go to demo /demos/linear/doubleint.m (Hyb-Tbx)

see alsompcdoubleint.m  (MPC-Tbx)
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Double Integrator Example

e Add a state constraint: es5(k) >—1, k=1

e Optimization problem matrices:

42 2 9% i0 4 6
HE=H 5 2.2] ﬁ_{6 2] Y_[6 12]
| =5 | 1 g 1|
1 0 1 0 0
G=1|-1 0 |. w=]1 S=10 0

0 1 1 0 0
0 -1 1 0 0

1 1
cost: 21"//1' + 2'(t) FU + 2.1-’(/))'.,-(1)

constraints: GU < W 4+ Sz(t)
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Double Integrator Example

‘B Figure No. 1 = @[%]

File Edit View Insert Tools MWindow Help

D@8 YA~/ 2OD

10

position, velocity

0 5 10 15 20 25 30 35 40
time
0.5--------/\; ------- S bomenees -
: ! ! 0
! ! : =
20— 2
= - - : @
: E : > 05
05[-------- S eneneees eeneees .
-1 ‘ -1
0 10 20 30 40 -5

time
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Linear MPC - Tracking

e Objective: make the output y(t) track a reference signal r(t)

e |dea: parameterize the problem using input increments

Au(t) =ut) —u(t—1)] = u(t) =u(t—1) 4+ Au(t)

o Extended system: let x (¢ )=u(t

_1)

x(t+1) = Az(t)+ Bu(t—1) + BAu(t)
ru(t+1) = z,(t) + Au(t)
(| z@t+1) ]  [A B[ z@) Bl .
[:zru(t - 1)} o | O / } [:zzu(t)} T [ / } Au(t)
o = [0 o[ 2

Again a linear system with states x(t), z,(¢) and input Au(t)
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Linear MPC - Tracking

e Optimal control p

roblem (quadratic performance index):

min
AU

subj. to

'\xl W¥(y(k + 1) = r(D))]|* + W2 Au(k)|?
- IRl B = lle=iD)]
umin < u(k) < umax, k=0,...,. ]

Aupmin < Au(k) < Aumax, k=0, ..., =]
Ymin < y(k) <ymax, k=1,...,. V

e Note: ||[Wz||? = (Wz)(Wz) =2/ (WW)z=2'Qz

—

optimization
vector:
Au(0) |
A lr p— A'U.( 1 )
| Au(N—-1)

same formulation as before (W=Cholesky factor of weight matrix Q)

e Optimization problem:

Convex
Quadratic
Program (Q

© 2009 by A. Bemporad

min J(AU, z(t)) = LAUHAU + [2/(t) r'(t) o' (t — 1)]FAU
[ z(t) |
P) st. GAU<W+S/| r@)
] u(t — 1) |
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Linear MPC - Example

¢ Plant: G(S) — 1 Step Response

s24+0.4s+1

<
)

(

|

|

e Sampling time: Ts = 0.5 sec.

Time (sec.)
e Model: SR = 1.5;97 70.3094J'r(1)+ {065] u(8)
< -
y(t) = |0.2294 0.1072 | (1)
go to demo linear/example3.m (Hyb-Tbx)
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Linear MPC - Example

 Performance index: lﬂ\
Y 7
9 , | - ’.\'
JUt) 2 5 [yt + k + 1]t) — 7(1)]? + 0.04Au(t) ,»
k:O ‘. Time (sec.)
e Closed-loop MPC:
f input =)&) output =08

lemorpp ABR B A -

Time offset: 0 Time offset: 0

go to demo linear/example3.m (Hyb-Tbx)
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Linear MPC - Example

e Constraint 0.8 < u(t) < 1.2 (amplitude)
DE e\l e Sers) T AVAS—
lem (oo ABB B A& & e@E (oL ABB B A& &

0

1] outpu SEx]
lam (oL ABB D& &

0

Time offsel:

Time offsel;
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Anticipative Action

N-1

AU

min Z IWY¥(y(k + 1) — r(t + k4 1|)||? + WA Au(k)||?

 Future reference samples (partially)
known in advance (anticipating action):

" o) REAEE) 1T E= 0y Ny
I(t + kll) o { T(t + j\‘r’_> if k> N,y

% Oulputs/References Q.E
8B ORP HABEE BA S

_w —— 2aa

&0 ,0,0135 AZEE B4«
15 :
' i
0

go to demo mpcpreview.m

e Reference not known in advance

(causal):

r(t+ klt) =r(t), Vk >0

EN Oulputs/References S|=[%)

SB LR2P ARBE DA R

(MPC-Tbx)
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Measured and Unmeasured Disturbances

Manipulated Variables u(k)

Measured Disturbances v(k) y(k) Outputs

ny(k)| Disturbance d(k),

Model Unmeasured

Disturbances

Lxdao

Az(k) + Byu(k) + Byv(k) + Bgd(k)

Linear model { z(k+ 1)

optimization rq(k+1) = Azy(k) + Bng(k)
d(k) = Czq(k) + Dng(k).

(n (k) = white Gaussian noise, n (t+k|t)=0 over the prediction horizon)

more details about disturbance models [ater on....
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Soft Constraints

e To prevent QP infeasibility, relax output constraints:

N-1
min 3 (WYt + k4 1) — r@)2 + WA A + pee?
” k=0
Ymin — €Vmin S J(t + A'It) S Ymax + ¢ \ max, k = Lss saulN

— “panicn Variable Z — [AU,(O) A'l.l,,(l) .o A’I.I./(:'\"’ i 1) (],

Pe > WY H'Au

Vi, V. = vectors with entries >0 (the larger the entry, the
relatively softer the corresponding constraint)

e Infeasibility can be due to:

— modeling errors

— disturbances
— wrong MPC setup (e.g., prediction horizon is too short)
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Delays — Method 1

e Linear model w/ delays: x(t+1) = Az(t) + Bu(t — 1)
y(t) = Cz(t)
e Map delays to poles in z=0:
() 2u(t—k) = z(t+1)=z_1(t) T T
. x A B 0 O 0 r | 0 |
LT O O I‘”l O O T O
z-_1|(+1) = [0 O Im 0 t-——1 | () + | O | u(t)
1.1 O 0O O O O ) r1 I'm

e Apply MPC to the extended system
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Delays — Method 2

e Linear model w/ delays: r(t+1) = Az(t) 4+ Bu(t— 1)
y(t) = Cz(t)
e Delay-free model: T(t+ 1) = AZ(t) + Bu(t)
z(t) £ z(t + 1) y(t) = Cz(t)
e Design MPC for delay-free model: u(t) = fmpc(z())

e Compute the predicted state
T—1
z(t) =z(t+71)=A"z(t) + Y AIBu(t—1-j)

\ mjzo
e Compute MPC action accordingly: * 1

 For better closed-loop performance
| one can predict z(t+7) with a much
' more complex model than (A,B,C)!

2%_ == == . ..

u(t) = fmpc(Z(t+ 7))
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VIPC vs. Conventional Control

Single input/single output control loop w/ constraints:

equivalent performance can be obtained with other
simpler control techniques (e.g.: PID + anti-windup)

HOWEVER

MPC allows (in principle) UNIFORMITY
(i.e. same technique for wide range of problems)
— reduce training

— reduce cost
— easier design maintenance

Satisfying control specs and walking on water is similar ...

both are not di

© 2009 by A. Bemporad

1cult if frozen'!
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MPC Features

e Multivariable constrained “non-square” systems
(i.e. #inputs and #outputs are different)

e Delay compensation

e Anticipative action for future reference changes

e “Integral action”, i.e. no offset for step-like inputs

Price to pay:

e Substantial on-line computation

e For simple small/fast systems other techniques dominate
(e.g. PID + anti-windup)

e New possibilities for MPC: explicit piecewise linear forms
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MPC Theory

e Historical Goal: Explain the success of DMC

e Present Goal: Improve, simplify, and extend industrial algorithms

e Areas:
e Linear MPC: linear model
e Nonlinear MPC: nonlinear model
e Robust MPC: uncertain (linear) model
e Hybrid MPC: model integrating logic, dynamics,
and constraints
* |ssues:
- Feasibility
— Stability (Convergence)
— Computations
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Feasibility

N-—1
min STIWYy(t + k4 11t) — r@)17 + WA Au(k)||?
| k=0
QUADRATIC
Aum,n S Au(f - A) < Aumax A = O. .., N—1
Ymin <K Yt 4+ klt) <ymax, k=1,...,N

e Feasibility: Guarantee that the QP problem is feasible at all sampling times ¢

e Input constraints only: no feasibility issues !

e Hard output constraints:

e When N<oo there is no guarantee that the QP problem
will remain feasible at all future time steps ¢

e N=o0 m==> infinite number of constraints !

¢ Maximum output admissible set theory: N<oo is enough
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Stability

N-1

min b [:E/(/C)Q:l?(k) + u./(kt)f{-u(kt)] + 2/ (N)Px(N)
u(0),...,u(N—-1) =0
s.t. umin <u(k) <umax, k=0,...,N—1
Umin < y(k) <ymax, E=1,...,N

Q=Q'>0,R=R ~0,P*>0

e Stability is a complex function of the MPC parameters
N, ’ Q} R} R Uiping Umazr Ymins Ymaz

o Stability constraints and weights on the terminal state can be imposed over
the prediction horizon to ensure stability of MPC

55/94
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Convergence Result

Theorem 1 Consider the linear system

r(t+1) = Axz(t) + Bu(t)
y(t) = Cux(t)
and the MPC control law based on
N-1
rr}i_n.](U, Bt)) = o {:1:'(L + k|)Qx(t + k|t) + v/ (t + k) Ru(t + kt)}
k=0
subj. to Ymin S y(t o & k) < Ymaxzx
Umin S U(t + k) S Umax
z(t+ N|t) =0

Assume that the optimization problem is feasible at time t = 0. Then, for all
s 0 0,

limxz(t) =0,
limu(t) =0,
—0o0

and the constraints are satisfied at all time instants t > 0.

(Keerthi and Gilbert, 1988)(Bemporad et al., 1994)

Proof: Use value function as Lyapunov function
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Convergence Proof

e Let U denote the optimal control sequence @t {u;(0),...,u;j(N —1)}
e Let V() = J(U;,z(t))=value function ™= |yapunov function

e By construction, U; = {u;(1),...,u;(N — 1),0} is feasible @t 4+ 1, and
hence

V(t+1) = JU*sp1, 2+ 1)@.1(241,3:@ 4T =
=V(t) —2'(t)Qx(t) — v (t) Ru(t)

e V(t) is decreasing and lower-bounded by 0 = IV = lim; o V(E) =
V(t+1) —V(t) — 0, which implies z/(t)Qz(t), v (t) Ru(t) — O

e Since R,Q >0, u(t),z(t) — 0

Global optimum is not needed to prove convergence'!
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Convergence Result (a little more general)

Theorem 1 Consider the linear system

x(t+1) = Az(t) + Bu(t)
y(t) = Cz(t)
and the MPC control law based on
N-1
minJ(U,z(t)) = 3 {/'(t + k)Qy(t + klt) + /' (t + k) Ru(t + k) }
k=0
subj. to Ymin S y(t i l‘) < Ymax

Umin S u(t + k) S Umax
Assume that the optimization problem is feasible at time t = 0. Then, for
either N — oo or with the extra constraint x(t+ N|t) =0, for all R > 0, Q > 0,

limy(t) =0,
L—00
limu(t) =0,
{—00

1
while fulfilling the constraints. Moreover, provided that (Q2C, A) is a detectable
pair, llim 2(l)= @.

(Keerthi and Gilbert, 1988)(Bemporad et al., 1994)

Proof: Use value function as Lyapunov function
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Convergence Proof

e Assume we set the terminal constraint z(¢t + N|t) =0

e Let U denote the optimal control sequence @t {u;(0),...,uj(N —1)}

4

e Let V() = J(U,z(t))=value function mmplyapunov function

e By construction, U; = {u;(1),...,u;(N — 1),0} is feasible @t 4+ 1, and
hence

V(t+1) = JU 1, 2(t + 1))@/(?11,:1:(1% + 1)) =
= V(t) —y' ()Qy(t) — u'(t) Ru(t)

e V(t) is decreasing and lower-bounded by 0 = IV = lim;_~ V(E) =
V(t+1) — V() — 0, which implies ¥/ (t)Qy(t), v (t) Ru(t) — O

e Since R >0, u(t) — 0

e Assume for simplicity that ¢ =1 (i.e., y(t) = xz(t)) and @ > 0. Then

also z(t) = 0. "gopal optimum is not needed to prove convergence!
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Convergence Proof

If:Q ' >0 and/or C=£.1-

e ForallVk=0,...,n—1, we have

k—1
1 ! -
lim o/ (t+R)Qu(t+k) = lim [|Q2C(AFz()+ Y. ABu(t+k—1-j))|? =0
7=0

1
e As u(t) — 0, also Q2CA*z(t) — 0, and hence ®z(t) — 0, where © is the
1
observability matrix of (Q2C, A).

1
o If (Q2C, A) is observable, this also implies z(t) — O.

1
e If (Q2C, A) is only detectable, through a canonical decomposition one can
observe that, as u(t) — 0O, unobservable modes go to zero spontaneously.

© 2009 by A. Bemporad Controllo di Processo e dei Sistemi di Produzione - A.a. 2008/09 60/94



Convergence Proof

e Similar argument for infinite prediction horizon N = oc:

— Let U denote the infinite optimal control sequence @t {u;(0),u; (1) ...}
— Let V(t) = J(U}, z(t))=value function (= Lyapunov function)

— Because constraints were checked up to t+k = oo, U1 = {u;(1),u;(2),...}
Is feasible @t + 1 by construction.

— Hence

Vi+1)=JU 41,2+ 1)) < JUp,z(t 4+ 1)) =
=V (t) — ' (£)Qy(t) — u'(t) Ru(t)

— Repeat same arguments as before
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Stability Constraints

1. No constraint, infinite output horizon: Nl =T
(Keerthi and Gilbert, 1988) (Rawlings and Muske, 1993)

2. End-point constraint: z(t+ N|t) =0
(Kwon and Pearson, 1977) (Keerthi and Gilbert, 1988)

3. Relaxed terminal constraint: z(t + N|t) € Q2
(Scokaert and Rawlings, 1996)

4. Contraction constraint: lz2(t = 1[0)]| Selz®)|;, a<1

(Polak and Yang, 1993) (Bemporad, 1998)

All the proofs in (1,2,3) use the value function V (t) = mUin J(U, 1)
as a Lyapunov function
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Predicted and Actual Trajectories

e Even assuming perfect model & no disturbances:

=T

(t+2)

/ !
' (t+11t) ) =x(t+1)-

_________________

0] t

predicted open-loop trajectories may be
different from actual closed-loop
trajectories

e Special case: for infinite horizon, open-loop trajectories and losed-loop
trajectories coincide. This follows by Bellman’s principle of optimality.

optimal state z*(¢)

¥ 1)

JU \U}

N -
J
0 T
optimal input u*(t)
/__\\\
0 T

© 2009 by A. Bemporad

Richard Bellman
(1920 - 1984)
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Input and Output Horizons

subj. to

N-1

STOIWY(yt 4+ k+ 1[t) — r(W) )12 + (W2 Au(t)||?
k=0

umin < u(t + k) <wumax, k=0,...,N —1

Aumin < Au(t+ k) < Aumax, k=0,..., Ny —1

AU(, + /1) — O /*: - J\"'(/. . W a A‘,\;’ p—" 1

e Input horizon N, can be shorter than output horizon N

e N,<N =less degrees of freedom, and hence:

— Loss of performance
— Decreased computation time (QP is smaller)
— Feasibility still maintained (constraints are still checked up to N)

© 2009 by A. Bemporad
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MPC and LQR

e Consider the MPC control law:

man(U,t) = gj,(t —|— N|t>PZC(t _I_ Nlt)+ JacopoFraﬁcesco B

U Riccati (1676 - 1754)
N-1
S &/ (¢ + k)Qa(t + Klt) + o/ (t + F)Ru(t + &)}
k=0

R=R >0, Q=Q" >0, and P satisfies the Riccati equation

P=APA—-APB(B'PB+ R) 'BPA+Q

(Unconstrained) MPC = LQR

W

© 2009 by A. Bemporad Controllo di Processo e dei Sistemi di Produzione - A.a. 2008/09 65/94



MPC and LQR

e Consider the MPC control law:

rr;in.](U, t) = 2'(t+ T|t)Px(t + T|t)+

N-1
Y {:z:'(t + k|)Qx(t + k|t) + ' (t + k) Ru(t + Af)}
k=0
subj. to Ymin S y(t 'l‘lf) < Ymaz, k=1,...,N
Umin S 'U'(lf -+ k) S Mnng: B— OpueopiV— 1 ;ai‘zg;‘i’(':g;';c_e;c;)
u(t+ k) = Kxe(t+ k|t), k= Ny,...,N —1

R=R >0, Q=Q" >0, and P, K satisfy the Riccati equation

K =-(R+ B'PB)"1B'PA
P =(A+ BK)P(A+ BK)+ K'RK + Q

* |n a polyhedral region around the origin the MPC control law is equivalent to
the constrained LQR controller with weights Q,R

MPC ~ ConStrainEd LQR ,_ A(Chmielewski, Manousiouthakis, 1996)
M —— ' * (Scokaert and Rawlings, 1998)

e The larger the horizon, the larger the region where MPC=LQR
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Double Integrator Example

1 3
o System: |y(t) = —211,(t) = z(t+1) = |45 |z + [ ] u(t)

S .

sampling + ZOH i(t) = | L0 |2(t)
T=1s )
e Constraints: -1 <u(t) <1
T — 2 L .55 S :
e Control objective: min Z y<(t) + u“(t) §} u(k) {Krpot(k), VEk > N =2
t=0 100 ; 2\
— > LQ gain

1
> (Z y? (k) L
k=0

e Optimization problem

Ep  0.8365 0.3603 e 0.4624 1.2852 (cost function was normalized by
] 0.3603 0.2059 |’ 0.1682 0.5285 max svd(H))
a4 O | i O G
y PP _1 O B 1 ~ O O
G = 0 1 . — BE S = 0 0
0O -1 | ok2 | 0 £ |
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Example: AFTI-16

~

o | . . —.0151 —60.5651 0 - T % e 0k
Linearized model: +— |—0001 -—1.3411  .9929 0 e
| 00018 43.2541 —.86939 0 |
| O 0 1 0o |
F_2516 —=12186
< = 1680 —2514
=17251 =1 5766]*
PR g .
1 0 0]
S I 1

Inputs: elevator and flaperon angle

Outputs: attack and pitch angle

Sampling time: T, = .05 s (+ zero-order hold)
Constraints: max 25° on both angles

Open-loop response: unstable
(open-loop poles: —7.6636, —0.0075 + 0.05563, 5.4530)

go to demo /demos/linear/aftilé.m (Hyb-Tbx)
aftilé.m (MPC-Tbx)
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© 2009 by A. Bemporad

Example: AFTI-16

B Outputs References sE]

lam o MEE B¢

15
10
A
=
B 05 1 15 2

Time offset: 0

flnputs ®[@[%)
leam opp ABE| B ¢

30

20
10

0
-10

-20
-30
0

Time offset: 0

m Outputs References Q@m
leam o e MEE B¢

15

10
5
0
B 05 1 15 2

Time offset: 0

flnputs
@B L o0 HEBE B/

30

20
10
0

-10

-20

-30
0

Time offset: 0

N!I = 10: Nu — 3,

iy, =110,20}, WWs5,=1.01,.01},

Umin = —25°, umax = 25°

Ny= 101 Nu=3,

w, = {100, 10}, ws, = {.01,.01},

Umin = —25°, umax = 25°
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Example: AFTI-16

m Outputs References m m Inputs Q‘@@
lamopr ABE B ¢

N, =10, N, = 3,

- wy = {10,10}, ws, = {.01,.01},
fz | umin = —25°, umax = 25°,

L Y1,min = —0.5°, y1max = 0.5°

10

-20

-30
0

Time offset: 0

Time offset: 0
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Example: AFTI-16

Unconstrained MPC (=linear controller, ~ LQR)
+ actuator saturation +=25°
@ Outputs/References [:JW B H@@

@ PR L MEE PAY|[am PP o aEE @A Yv= 10 Mu=3,
wy = {10,110}, wg,, = {.01,.01},

41

UNSTABLE !!!

Saturation needs to be considered in the control design !
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Saturation

e Saturation needs to be considered in the control design

: _ y
linear v=Kx f plant
controller /\
sat
e MPC takes it into account automatically (and optimally)
MPC v=f(x)=u f plant
controller

sat
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Tuning Guidelines

N-—1
min Y WG+ kA 101 — rO)]P + WA Au(o)]
/ k=0
subj. to umin <u(t+k) <umax, k=0,...,N—-1
AUm”'] SAU([“"A) <Allmax l\ —O....,]\ru—l
ymin < y(t + k|t) <ymax, k=1,...,N
Au(t+k)=0, k=N,,...,N—1

Weights: the larger the ratio Wv<ll/A« the more aggressive the controller
e Input horizon: the larger IV, the more “optimal” but the more complex the controller
e Output horizon: the smaller /V, the more aggressive the controller

o Limits: controller less aggressive if Au are small

min? Aumax

Always try to set NV, as small as possible !
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Scaling

¢ Humans think infinite precision ...
e Computers do not!

e Numerical difficulties may arise if variables assume very small or very large values

Example: y, < [-1e-4,1e-4] (V)
y, € [-1e4,1e4] (Pa)

use instead: y, € [-0.1,0.1] (mV)
y, € [-10,10] (kPa)

e Ideally all variables should range in [-1,1]. For example, one can replace y

With Y[y, nax
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Observer Design in MPC
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Observer Design for MPC

r(t - u(t) y(t)
() -| Optimizer —|  Plant —. Measured
Reference outputs
[
z(t)
. Observer -
state estimate

e Full state x(¢) may not be available
e Even if available, noise should be filtered out

e State of prediction model may be different from plant model (%)
(e.g.: model reduction, identification)

we heed to use a state observer

© 2009 by A. Bemporad Controllo di Processo e dei Sistemi di Produzione - A.a. 2008/09 76/94



Model for Observer Design

u(k) MVs (Manipulated Variables) >
/U(k) MDs (Measured Disturbances) > PI a n t CVs (Controlled Variables) > k
d I (Unmeasur)ed y’LL( )
Outputs
nd(k) Unmeasured d(k) m O e
» disturbance SViDe >
Yvhite ngise model (Unmeasured
Innovations Disturbances)
Zm(K)
nm(k') Measurement m( ]{j) + k
: . > noise ™ E—— ym( )
white noise e Cic] MOs
innovations (Measured Outputs)
unmeasured disturbance model measurement noise model
{ c.l.(l(k. + 1) J— 4'T¢l'(l(ll') e B,l([(/l') { :E,”(,{.' + 1) prm— 4’7{3_‘:-’”(13) + B’l”l(l\')
d(k) = Czq(k) + Dngy(k) m(k) = Czm(k) + Dnm(k)

e Note: meas. noise model not needed for optimization !
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Observer Design

e Measurement update

- z(k|k) - Z(klk—1)

ra(klk) | = | Zg(klk —1) | + M [ym(k) — ym(k)]
Em(klk) | | Bm(klk—1)

e Time update

r(k+ 1lk) = Az(klk) + Buyu(k) + Byv(k) + Bdc—vfd(k‘k)
zo(k + 11k) = Azg(k|k)
Em(k+ 1lk) = Az(k|k)

§7n(k) — C’-n”z,i’ﬁ(k'kT = 1) + Dmnv(k) +
deé*’i’d(k‘k — 1)+ C’i,-,l(k\k —11)

* NOTE: separation principle holds ! (under certain assumptions)

(Muske, Meadows, Rawlings, ACC94)
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Kalman Filter Design

e Full model for designing observer gain M

[ z(k+1) (A B;C O] [ (k) ] F B i
zyk+1)| = |0 A O zq(k) |+ | O |u(k)+
| om(k+ 1) | 0 0 A||lzm(k)]| | O] _
[ ByD 0 | B |
B |ng(k)4+ |0 |nn(k)+ | 0 | nu(k)
0 | | Bl 0 |
' [ x(k) ]
ym(k) = |[Cm DgnC C| | za(k)
L I él'-'ln(k) |

v(k) +

- Dmn‘l!(k) + Dnz”-'(l(k) + Dm“-m(k)

e n4(k): represents source for modeling errors

e n, (k): represents source for measurement noise

Rudolf Emil
Kalman

(1930-)

e n,(k): white noise on all inputs u added for solvability of the Riccati equation
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Integral Action in MPC

(and not only in MP(C)
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Output Integrators

> Yy
v(k) | Plant
(k) [ d(k) | MOCET Y,  Zn(K)

innovations

nz(k ) R Output

Integrators

white noise
innovations

N, (k) [ wessurement .
> noise —*‘»@—» ym( k)

white noise model

innovations m( k)

* Introduce output integrators as additional disturbance models

e Under certain conditions, observer + controller provide zero offset in
steady-state
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Integrators and Steady-State Offsets

* More generally, add integrators on states + outputs:

(x(k+1) = Az(k)+ Byu(k)+ u(k) - Yu(k) ‘
Byv(k) + Byd(k) v(k) | Plant ]

model | , (k)
R dk+1) = d(k) . :C/ >

'Um(/f) . C-'vm-'r(/f-) + I)z‘m'l.?(/if)+ nl(k) Output d(k)
D(],”d(k) white noise Integrators |

innovations

L

‘l%”l Diﬂ@

\

u€R™, ym €RP, z€R"

e Use the above model + meas.noise model to design an observer
(e.g. Kalman filter)

e Main idea: observer makes ym — (Cm@ + D,,,d) — O (estimation error)
MPC makes CmZ + Dg,d — 7 (predicted tracking error)
= the combination makes Ym — T (actual tracking error)

_—

e Explanation: D ,,,d compensates model mismatch in steady-state
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Error feedback

e Idea: add integrals of measured outputs as additional states (similar to linear

state-feedback case)

e Extended prediction model:

[ 2(k+1) | A O
gk + 1) = |C 1
_r(k 1)_ O O
y(k) = {(ﬁ 0

e Implementation:

0 | [x(k)]
—1 q(k)
I || r(k)
x(k)
0| | q(k)
- r(k) |

q(k + 1) = q(k) + [y(k) —r(k)]

u(k) = fmpc (

e Explanation: if closed-loop asymptotically stable = g(k) — cost.

and hence y(k) — r(k)

© 2009 by A. Bemporad

[ 2(k) |
q(k)

r(k) |

|

20 B 6o

u(k)
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Reference Governor
e |dea: Apply MPC as the set-point generator to linear feedback loops

(e.g.: PID) (Bemporad, 1997)
actual control
reference input constrained
outputs
r(k) Q w(k) et u(k) 3 = (k)
desired — ‘
reference | Reference Feedback Plant y(k) ~ r(k)
Governor measured outputs
Primal System

estimated plant state + controller state

e Separation of problems:

- Local feedback designed for stability, disturbance attenuation, good tracking,
without taking care of constraints

- Actual reference w(t) generated on-line by an MPC algorithm to take care of constraints

o min |lw — ||
Objective: w . _
S.t. constraints + closed-loop dynamics
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MPC frequency analysis (inactive constraints)

e Unconstrained MPC gain + linear observer = linear dynamical system
(= 2 d.o.f. dynamic controller)

e Closed-loop MPC analysis can be performed using standard
frequency-domain tools (e.g. Bode plots for sensitivity analysis)

u(t)

Plant

z(t)

Yult)

______________________________________________________________

______________________________________________________________

r(t)

In MPC Tbx: ss (mpc) or tf (mpc) return the LTI discrete-time form of the linearized

(=no constraints) MPC object

© 2009 by A. Bemporad Controllo di Processo e dei Sistemi di Produzione - A.a. 2008/09 85/94



Controller matching problem

(Di Cairano, Bemporad,

e Given the controller u=Kz, find weights Q,R, P fortli¢/ MPC problem
such that

—[T0...0]|H'F =Ky,

L —— S

that is, the MPC controller coincides with K ;, when the constraints
are not active

e QP matrices: H = (R +S'QS), F=7'0S

B 0 = O 88 .

_ | AB B .0 IR CK )

N IUHU +2/()F'U + 22(t)Ya(t 5= : : e 3 || 2| B e

P gl e N LAN—LE AV=2B .. B 88 602
subj. to GU < W 4 Sz(t), ) ) B

— v R0, = ©

- 7= |4 R=[08 0

| AN | 0 o 501 R
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Controller matching problem - Example

e Open-loop process: |y(k) =18y(k—1)+1.2y(k—2)+u(k —1)

e Constraints: —24 <wu(k) <24

e Desired controller (PID): K;=0.248, Kp =0.752, Kp = 2.237

T2~y - 1))

S

u(k) = —(Kzf(k) + Kpy(k) -
I(k) = T(k — 1) + Ty (k)

] . - 6.401 0.064 —0.001 0.020 -
* State-space form: « __ | 0.064 6605 0.006 0.080
. Q" = | -0.001 0.006 6.647 —0.020
:118:—;% . 0.019 0.080 —0.020 6.378
(k-
x(k) | Z(k—-1) R~=1
u(kz— 1) controller
D e | 147 2ag 95 mae
basedon | 7" = | 8539 33713 19.85 26.75
inverse LQR 2201.4.:120.4..26.75: 106:6.
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Controller matching problem - Example

output y(k) output y(k)

20 T T 20

10-/ 10/

0_

o_

10 —-10|

-20 ' -20

input u(k)

40 T T 40

20

0_

20

A0 i

-60

vohicd PTD woe/d app/y  add output constraint y(k)=-5
matched MPC

Note: it’s not trivially a saturation of PID controller. In this case
sat(PID) leads to instability
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Example: MPC of a DC Servomotor
R

\ 6. Tr

€
v A 2 T o
o L
b H JL )—3
Symbol | Value (MKS) | Meaning
Lg 1.0 ' shaft length
dg 0.02 shaft diameter
Jg negligible | shaft inertia
Jrr 0.5 | motor inertia |
Bag 0.1 motor viscous friction coefficient
R 20 | resistance of armature
K 10 - motor constant
P 20 gear ratio
kg 1280.2  torsional rigidity
Jyr 20.J ' nominal load inertia
B, 25 - load viscous friction coefficient
go to demo /demos/linear/dcmotor.m (Hyb-Tbx)
mpcmotor.m (MPC-Tbx)
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DC Servomotor - Model

R
\HM Tr
V e DW (98 T 0.

Q
l
S

L
0 1 0 0 | s
kg _BL kg 0 0
— 'l[ ']/J /)']/ + ‘/r
W = 0O O 0 1 L O
kg 0 kg 3\/+A2/H [_;‘7[_
! pJnr p=dng g | - AWM -

Step Response
9L=1000]J; €p REspont
T p— k() O —ILQ O]I

p

=

0 5 . 10 1
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DC Servomotor: Specs
R

\HM T,
V e ZW 8 T 0
e T——

Q

e Finite shear strength of steel shaft (7,4, = 50 N/mm?)
= |T'| £ 78:5398 N

e DC voltage limits |[V| <220V

e Sampling time: Ts = .1 s (4 zero-order hold)
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DC Servomotor: Exercise

Design a model predictive controller for tracking an angle reference
step signal ». Assume that only the position 6; is measured.

e Try unconstrained MPC (no voltage and torque constraints) for
tracking r = g rad. Tune the controller to fulfill voltage and torque
constraints. What happens if you change the reference signal to
r =7 ftad. ¢

e [une a constrained MPC for r = % rad. What happens if you

change the reference signaltor = wrad ? And r(t) = 27 sin(0.4t) rad
?

e [ry different numbers of control moves M and prediction horizons
P. What happens for increasing M 7 For increasing P 7?2 What
happens if P/M are too small ? Look for the smallest M which
provides a reasonably good performance.
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DC Servomotor: MPC

=[=x)

SE LR ARB B ¢

Cog| (3 s[>}

Time offset: 0

Time offset: 0

r(t) = 90 deg

N = 10

Wy — {100}
Umin = —220 V

Ymin

Umax

=3

— 05 Wy = O
= 220"\
— {o0,78.5398} Nm
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DC Servomotor: MPC

Do8)| |

eE Lo ABE B/

8/
-100

-200
0

Time offset: 0

g (@ =Ex)

Time offset: 0

N =10
Rl =5 —220)]

Ymin

Umax

=3
— 05 Wy = O

= 220 V
= {00, 78.5398} Nm
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