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Ek(t, x(t))xk + Fk(t, x(t))uk ≤ hk(t, x(t)) k = 0,1, . . . , N − 1
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�k(yk, uk, r(t+ k), t, x(t)) �k = quadratic function of yk, uk
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s.t. G(t)U ≤ W (t)

�
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Barcelona Demo Case: Benefits Evaluation

• Matlab tool with GUI for:
• Building network description (topology, limits, prices)
• Decomposing network to groups
• Performing optimization
• Comparing flow and tank level trajectories for legacy and

MPC control strategies
• evaluating benefits (pumping and water costs)

• Developed for water networks, directly applicable also to gas

WIDE3

• Developed for water networks, directly applicable also to gas
distribution networks

Network object details view. Costs evaluationNetwork separation to groups

Network topology

Honeywell.com!!!!

Barcelona Demo Case: Benefits Evaluation

• Benefits evaluated on 3 days historic data set

• Benefits evaluation is complicated by water accumulation
(different final accumulation for different control strategies)

• To get comparable data MPC was forced to fill tanks to the
same final levels as in historical data (sub-optimal)

• ~20% direct cost savings (pumping and water sources)

• Indirect savings by smooth MV’s operation -> leakage 50
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communication.

transition between optimal regimes of disconnected and in-
terconnected networks and finally optimal control for valve
in manual. Green lines are optimum flows for disconnected
networks and blue lines are optimum flows for connected
networks (on the whole interval).
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7. CONCLUSION

Distributed MPC or more generally dual decomposition
of optimization problems can be used to reduce size and
computational requirements of large scale convex non-
differentiable optimization problems. The distribution can
be especially efficient for systems with obvious structure,
such as systems interconnected by mass flows / energy
flows / etc. Well designed distributed optimization can
then have superior performance to centralized computa-
tion even on a single controller.
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WIDE toolbox: Networked Control System

• Purpose:
- model, analyze and synthesize control of a linear time invariant 

plant over a network.

• Modeling approaches: 
- Discretized NCS model
- Hybrid NCS model. 

NCS Editor

3 WIDE Toolbox for Matlab

-

• Modeled effects
- varying transmission intervals
- varying delays
- communication constraints

WIDE toolbox: Large Scale Model Management

• Large Scale example:
- Plant: N boiler to single heater

! % M: boilers + heater state space models

! % sums steam flows from boilers to header

• Water Network example:
- Import file structure:

! Tank##,<tank name> /  Node##
! d,<demand name>
! s,<source name>
! +,<outlet pump/valve name>,<destination tank name>
! -,<inlet pump/valve name>,<source tank name>

- mod = WNmodel('BCN_network’)
- plot(mod);
- mod.eps(6);

8 WIDE Toolbox for Matlab

! % sums steam flows from boilers to header
! sum1 = 

sumblk('SF','SF1','SF2','SF3','SF4','SF5’)
! sum1.Name = 'SFsum’;

- LSmodel(M,sum1,{'FF','SD'},{'ph','SF’} 
(standard construction with cell array of ss
model);

- connect( M{1}, M{2}, M{3}, M{4}, M{5},   
M{6}, sum1, {'FF','SD'}, {'ph','SF'} 
);(connect function with individual models);

- LSmodel( M{1}, M{2}, M{3}, M{4}, M{5}, 
M{6}, Q, inputs, outputs ) (numeric indexing 
of inputs and outputs);

- mod.eps(6);

- step(mod6_gr6);

WIDE toolbox: Decentralized/Hierarchical 
MPC

• DHiMPC example:
- Plant model:

- HiMPC( sys, dec, Xcon, DeltaX, 
coupledCons);

• decLMI example:
- Plant: randomly unstable with 

communication structure;

- decLMI(Net, A, B, Qx, Qu, X0, xmax, 

11 WIDE Toolbox for Matlab

- computeMOARS(); plotMOARS();

- computeDeltaR(50); plotDeltaR();

- decLMI(Net, A, B, Qx, Qu, X0, xmax, 
umax, Mc);

- solve_centralized_lmi()
- solve_dec_ideal_lmi();
- solve_dec_lossy_lmi();
- solve_dec_lossy_lmi();
- Results over 50 simulations:Dc

^ $I-6=-J=(&O+,&*1J=6<&.+X2=+-.&+2&;(*3()J(,&D53&G#DD&
H33*b!!653:X6.(%.66%12656%63!

9:%&;+,<%2)(+$&,+/)-=-&%!-b&)+.(=62FC
53-J6=63K&-2-=K565C&=62(-,&<+23,+=&5K23H(565

9>+2%/)!"$"#%!%$&)+O&=-,F(:5<-=(&5K53()5
R)+.(=&,(.1<36+2C&<,(-3(&51J)+.(=5C&%%%U

^?"&")"(@*'-'&'+$&O,+)&*HK56<-=&];>
R4(=+5&)+3(5C&Z:;(2?-h5&2+.(5U

^AB:)-'!*/"&'+$&RF(2(,-3(&4,1(46)(&<+.(U
9>CD)(+$&,+/b&.(<(23,-=6?(.C&H6(,-,<H6<-=C&
2(3X+,Y:-X-,(

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

;3+<H-536<&780

De



!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD Df

;3+<H-536<&5K53()5
! L$(.2$1("#$%&#'(;&#>'/.-(3/"8-8#$-(.:-%(>/(%2R/$(:$3/&(;3)$5*0(3*8

! >./;4*("#$%&#'(2;;&#2"=/-(3#($#%(.#3/'(:$"/&%28$%1(,#$'1(2--:./(%=2%(8-(
>#:$3/30(2$3(;/--8.8-%8"2''1("#$-83/&(%=/(7#&-%("2-/

! ?*.)704*()1+.2$'4(;&#D83/(2338%8#$2'(8$H#&.2%8#$(2>#:%(:$"/&%28$%1

Need to include stochastic models in control problem formulation

K"*&L+)53#%-)K$#

-#"($+

K3!$#

&$;3*&

/,;3*%="*!$#B3(!")*

? ? ? ? ?

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

;3+<H-536<&7+.(=&8,(.6<36I(&0+23,+=&R;780U

G#

3.-0*0#$+1*/#$"1)456*78/*)0-+!(2)290:;-01+2/-..0:20
,%(!"1$)8:.012..8<)-09=:=+-0->2)=:826.0*640/;22.-0:;-0
?<-.:@01+0$%+20*/:826

;&#"/--
.#3/'A>2-/3(
#;%8.8I/&

&/H/&/$"/ #:%;:%8$;:%

$#(-:'#$#EH-

r,t0 u,t0 y,t0

-%#"=2-%8"8%1
w,t0



!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

;3+<H-536<&7+.(=&8,(.6<36I(&0+23,+=

GD

!(\$'1(2;;'1(%=/(X&-%(#;%8.2'(.#D/(u*(t)9(38-"2&3(u*(t]^), u*(t]_), ...

!(5%(%8./(t]^C(W/%($/7(./2-:&/./$%(x(t+1)9(&/;/2%(%=/(#;%8.8I2%8#$F(
(((((((((((((((((((((((5$3(-#(#$(`(

!(5%(%8./(  tC(-#'D/(2(4*.)704*()1.&*(+0'1).3*5.'(;&#>'/.(#D/&(2(X$8%/(H:%:&/(((
(((=#&8I#$(#H(N(-%/;-C

x(t)(M(;&#"/--(-%2%/

u(t)(M(.2$8;:'2%/3(D2&-

y(t)(M("#$%&#''/3(#:%;:%

w(t))L)E&+(?#E&'()$'E&"%;#1(2E

min
u

Ew




N−1�

k=0
�(yk − r(t+ k), uk)





s.t. xk+1 = f(xk, uk, wk)

yk = g(xk, uk, wk)

umin ≤ ut+k ≤ umax

ymin ≤ yk ≤ ymax, ∀w
x0 = x(t)

x(t+1) = A(w(t))x(t)+B(w(t))u(t)+E(w(t))

w(t) ∈ {w1, . . . , ws} pj(t) = Pr[w(t) = wj]
s�

j=1
pj(t) = 1

πih = Pr[z(t+1) = zh | z(t) = zi], i, h = 1, . . . ,M

pj(t) =






e1j if z(t) = z1
... ...
eMj if z(t) = zM

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

Q62(-,&53+<H-536<&780&X!&.65<,(3(&.6531,J-2<(

GG

!(?8$/2&(-%#"=2-%8"(;&/38"%8#$(.#3/'

!(K8-"&/%/(38-%:&>2$"/

!(*&#>2>8'8%8/-(pj(k)("2$(=2D/(%=/8&(#7$(31$2.8"-F(aS2.;'/C()2&R#D("=28$

z1 z2

!11

!22

!12

!21

!(K8-"&/%/(38-%&8>:%8#$-("2$(>/(/-%8.2%/3(H&#.(=8-%#&8"2'(32%2(,2$3(232;%/3(#$A'8$/0



J(u,w) �
N−1�

k=0
�(yk − r(t+ k), uk)

min
u

Ew [J(u,w)]

min
u,α

�

α+
1

1− β
E[max(J(u,w)− α,0)]

�

min
u

Ew [J(u,w)] + ρVar [J(u,w)]

min
u

{max
w

J(u,w)}

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

0+53&O12<36+25&O+,&;780&3+&)626)6?(

GL

!9%&$)*$2(&$5@.5+03)$

!@&23/#N(>/%7//$($%&$)*$21&$5@.5+03)$1A15(46

!+#$38%8#$2'(62':/A2%Ab8-R(,B,0>0

!2&9J(K#00('*+L'M(-#N*+56668

M(.8$8.8I/(/S;/"%/3('#--(7=/$(%=8$E-(E#(7&#$E(,"#$D/S(8H(J("#$D/S(B0

p(w)

J
"Mcde

H;/E1-+1&+O'&E1&J

#

J(u,w)≥#

de

performance

C:(3D+0%

M.8$8.8I/(7#&-%("2-/(;/&H#&.2$"/

average loss

risk
/S;

+62b

.8$(.2S

!(W#2'C(/$-:&/(./2$A-Y:2&/("#$D/&E/$"/((((((((((((((((((((((((((((((((((((((((((((((,H#&(H=00

!@=/(/S8-%/$"/(#H(2(-%#"=2-%8"(?12;:$#D(H:$"%8#$(

minEw



x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk





E[x�(t)x(t)] = 0

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

Q62(-,&53+<H-536<&780&O+,)1=-36+2

! */&H#&.2$"/(8$3/S

GP

!(aS8-%8$E(f)*+(2;;&#2"=/-C

!N(E+P#--#$+Q+"&-1'(+56658

!G:E&3+)#+0(+.#E(*+"#$%&'()*+>0($&*+566R8

!.'/$S-*+566T8

!?&:9;$(E*+?(EE&E*+U&:N('/H(J/-*+566V8

!WE&*+X/00/($-*+566Y8

!W0)#O:'H#0*+Z&E#-*+G&'('/*+566Y8

!C9;O('$#+Q+[/J&0(&:*+@7778

!X#E)H+Q+X&3EM*+56668

!"(H/E(*+CH&&'N&1#0*+X#/0(E)*+56658 !"#'E(')/E/+Q+"#$%&'()*+56678

!"#$%&'()*+A/+?(/'(E&*+566R8

Ew(t)[V (x(t+1)]−V (x(t)) ≤ −x(t)�Lx(t), ∀t ≥ 0

V (x) = x�Px

=M)#)N3*4%@OPQB
/$-:&/-(./2$A-Y:2&/(-%2>8'8%1



minEw



x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk





pj =
n−1�

k=0
Pr[wk = wj

k]

min
S�

j=1
pj



(xjN)�PxjN +
N−1�

k=0
(xjk)

�Qxjk + (ujk)
�Rujk





!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

;3+<H-536<&*,+F,-)
! a$:./&2%/(2''(;#--8>'/(-"/$2&8#-

G"

xjk+1 = A(wj
k)x

j
k +B(wj

k)u
j
k

{wj
0, w

j
1, . . . , w

j
N−1}, j = 1, . . . , S

! a2"=(-"/$2&8#(=2-(;&#>2>8'8%1(

! a2"=(-"/$2&8#(=2-(8%-(#7$(/D#':%8#$(

! aS;/"%2%8#$-(>/"#./(-8.;'/(-:.-

@=8-(8-(2E28$(2(,'2&E/(g(-;2&-/0(O*

! B0;40'(*81).34*50(3*C(((((((((((((((((((((7=/$(-"/$2&8#-(j(2$3(h(-=2&/(%=/(-2./($#3/(2%(
;&/38"%8#$(%8./(k(,H#&(/S2.;'/C(((((((((((((((((((2%(&##%($#3/(k =00

ujk = uhk
uj0 ≡ uh0

ymin ≤ yk ≤ ymax, ∀w

min . . .+ pj(xjk)
�Qxjk + . . .

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

;<(2-,6+&3,((

! G:.>/&(S(#H(-"/$2&8#-(M($:.>/&(#H('/2H($#3/-

GE

! f"/$2&8#(M(;2%=(#$(%=/(%&//

k = 0 k = 1 k = N

u0
w1
0

ws
0

w1
N−1

ws
N−1

x0 = x(t)

x1N

xSN

ws
N−1

w1
N−1

u11

us1

! f#./(;2%=-("2$(>/(&/.#D/3(8H(%=/8&(;&#>2>8'8%1(8-(D/&1(-.2''(,2%(1#:&(#7$(&8-R0



!E/$/&2%/(2(-/%(#H(-"/$2&8#-(,)#$%/(+2&'#(-8.:'2%8#$0
!3/"8-8#$(uk (2'-#(3/;/$3-(#$(H:%:&/(38-%:&>2$"/(
&/2'8I2%8#$-(

^O,+?(2:36)(b&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&R<-15-=&*,(.6<36+2U
^-236<6*-36I(&-<36+2b&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&R2+2:<-15-=U
^/(`*(<3(.9&*,+J=()b&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&R<-15-=U

\$'1(2(-/Y:/$"/(#H(38-%:&>2$"/-(8-("#$-83/&/3

{w0, w1, . . . , wk−1}

wk ≡ w(t), ∀k
wk ≡ w(t+ k)

wk = E[w(t+ k)|t]

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

;<(2-,6+&(21)(,-36+2

Gc

k = 0 k = 1 k = N

u0
w1
0

ws
0

w1
N−1

ws
N−1

x0 = x(t)

x1N

xSN

ws
N−1

w1
N−1

u11

us1

u1w0 wN−1 xN

k = 0 k = 1 k = N

u0
x0 = x(t)

4)$305(.1*5$$

2$*$5+(3(4*()

+2:-2'8%1(8-(/S;'#8%/3C(3/"8-8#$(uk(#$'1(3/;/$3-(
#$(;2-%(38-%:&>2$"/(&/2'8I2%8#$-(

{wk,wk+1, . . . , wN−1}
wS
0

uS1 wS
N−1

k = 0 k = 1 k = N

u0

w1
0

w1
N−1

x0 = x(t)

x1N

xSN

u11 4)$305(.1E@03F

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

;<(2-,6+&3,((&F(2(,-36+2&O,+)&.-3-

Ge

! f"/$2&8#(%&//-("2$(>/(E/$/&2%/3(>1()';4*$5(3-(-2.;'/(;2%=-

! *2%=-("2$(>/(#>%28$/3(>1()#$%/(+2&'#(-8.:'2%8#$(#H(,2&>8%&2&8'1("#.;'/S0(.#3/'-9(
#&(H&#.(=8-%#&8"2'(32%2

+($*3#")%RS3*T%=()55$(!")*%)S%+3;-5$%-3!/+B

+($*3#")%!#$$+

�rel = 0.1

�rel = 0.4

N$"#+*&+0'

,".&+.$1$.'

!."*&$#+%A(

!P#/H-9;*+2\$/-9;*+56678



\$'1(2(-/Y:/$"/((#H(8$;:%-(
8-(#;%8.8I/39(%=/(-2./(u(.:-%(>/(E##3(H#&(2''(
;#--8>'/(38-%:&>2$"/(w (

{u0, u1, . . . , uN−1}

uj ≡ u, ∀j = 1, . . . , S

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

i*(2:=++*&I5%&<=+5(.:=++*&*,(.6<36+2

Gf

.&$3D'..&1&5$2()*(.3

5(;&#;/&(.#D/(u(8-(#;%8.8I/3(%#("#:$%/&2"%(/2"=(
;#--8>'/(#:%"#./(#H(%=/(38-%:&>2$"/(w (

)'.4$2D'..&1&5$2()*(.3

k = 0 k = 1 k = N

u0 w1
0

ws
0

w1
N−1

ws
N−1

x0 = x(t)

x1N

xSN

ws
N−1

w1
N−1

u11

us1

k = 0 k = 1 k = N

w1
0

ws
0

w1
N−1

ws
N−1

x0 = x(t)

x1N

xSN

ws
N−1

w1
N−1

u1
u0

! L$%:8%8D/'1C(\?(;&/38"%8#$(8-(.#&/("#$-/&D2%8D/(%=2$(+?(8$(=2$3'8$E("#$-%&28$%-

! \?(;&#>'/.(M(+?(;&#>'/.(](2338%8#$2'("#$-%&28$%-
,M'/--(3/E&//-(#H(H&//3#.0

! 5--:./((((((((((((((((((((((((((((((((((((((((2$3().34*03*(;&#>2>8'8%1

! )/2$A-Y:2&/(-%2>8'8%1(E:2&2$%//3(>1('8$/2&(H//3>2"R

! @=/(4*.)704*()1).3=$5-$3)$("#$38%8#$
"2$(>/(&/"2-%(2-(%=/(!:#("#$38%8#$

p(t) ≡ p, ∀t





Q Q
√
p1(A1Q+B1Y )� ··· √

ps(AsQ+BsY )�

Q W 0 ··· 0√
p1(A1Q+B1Y ) 0 Q

... ... ...√
ps(AsQ+BsY ) 0 Q



 � 0

V (x) = x�Q−1x

Ew(t)[V (x(t+1)]− V (x(t)) ≤ −x(t)�Lx(t)

u(k) = Kx(k), K = Y Q−1

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

Q62(-,&53+<H-536<&53-J6=6?-36+2

L#

! @=/(?12;:$#D(H:$"%8#$(8-(

! 5(.8$8.:.(3/"&/2-/(&2%/(L("2$(>/(8.;#-/3

w(t) ∈ {w1, . . . , ws}



p(t) ∈ P

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

Q62(-,&53+<H-536<&53-J6=6?-36+2

LD

! LH(((((((((((((((((7/(=2D/(2(5./;4*("#$%&#'(;&#>'/.(A+2<=.:0/26>-+,-6/-BP ≡ D

! @=/(.#&/(8$H#&.2%8#$(7/(=2D/(2>#:%(%=/(;&#>2>8'8%1(38-%&8>:%8#$(p(t) #H(w(t)(
%=/('/--("#$-/&D2%8D/(8-(%=/("#$%&#'(2"%8#$

P ≡ p P ≡ DP ⊂ D

D+$-%,."&'.%$%--

! @=/(2;;&#2"=("2$(>/(E/$/&2'8I/3(%#(:$"/&%28$(;&#>2>8'8%8/-
,aS2.;'/C(%8./AD2&18$E(;&#>2>8'8%8/-0

;&#>2>8'8%1(38-%&8>:%8#$(8-(R$#7$
:$"/&%28$(#&(%8./AD2&18$E(
;&#>2>8'8%1(38-%&8>:%8#$

$#(;&#>2>8'8%1(38-%&8>:%8#$
8-(R$#7$9(w(t)("2$(D2&1(2&>8%&2&8'1

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

;3-J6=6?62F&;780

LG

! L.;#-/(-%#"=2-%8"(-%2>8'8%1("#$-%&28$%(8$(f)*+(;&#>'/.(
,MY:23&2%8"("#$-%&28$%(7F&F%F(u00

"7$.5$+C(@=/("'#-/3A'##;(-1-%/.(8-(2-F(-%2>'/(8$(%=/(./2$A-Y:2&/(-/$-/

min
u

Ew




N−1�

k=0
�(xk, uk)





s.t. xk+1 = A(wk)xk +B(wk)uk
E [V (A(w0)x0 +B(w0)u0)] ≤ x�0(Q

−1 − L)x0
x0 = x(t)

performance and 
stability are decoupled

!"#'2(')<2<*+"#$%&'()*+;=;>-?0

!f)*+(2;;&#2"=C
D% ;+=I(&Q7A&*,+J=()&+d:=62(&3+&N2.&53+<H-536<&QK-*12+I&&O<2
G% i*36)6?(&53+<H-536<&*(,O+,)-2<(&J-5(.&+2&5<(2-,6+&3,((

V (x) = x�Q−1x

O-&$P'+-/=+.8>-09-*.8<8)8:5%8,3#3*!$$&%<H%<3(G,-%+)5,!")*%u(k) = Kx(k)

! f)*+("2$(>/(E/$/&2'8I/3(%#(=2$3'/((3&;*103214*0*$1).34*50(3*4



! M'1#1('#F)21,'122%'1,C(31$2.8"(=/3E8$E(#H(;#&%H#'8#-(&/;'8"2%8$E(-1$%=/%8"(
#;%8#$-

! N12%,6)E6E&2-EC(;#7/&(38-;2%"=(8$(-.2&%(E&83-9(#;%8.2'(>8338$E(#$(
/'/"%&8"8%1(.2&R/%-

! >"&+-+&'O2)(+1&%+FC(/$/&E1(.2$2E/./$%(8$(Va6-9(232;%8D/("&:8-/("#$%&#'(
,=:.2$A.2"=8$/(8$%/&2"%8#$0

! P2&C+%Q2$)(+1&%+FC(8.;&#D/(&#>:-%$/--(2E28$-%("#..:$8"2%8#$(
8.;/&H/"%8#$-

!"#$%&'()*+,-. /01,,(23&4,(2.5&62&7809&:&;<1+=-&>-?6+2-=(&.6&@+33+,-3+&;A@B$&:&'(,362+,+C&DE&=1F=6+&G#DD

$&O(X&5-)*=(&-**=6<-36+25&+O&;780

LL

!"#'2(')<2<*+=&23#'@*+"#$%&'()*+5##$#7@*+AB;CDC+,-.-0

!"<EF<*+G<%(EE<&7<*+=<+;(<'(2&*+"#'2(')<2<*+"#$%&'()*+H&7$(2&6@3I*+;=;+,-.-0
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TABLE I: Generator Cost Data

Unit Qi ($/MWh2) qi ($/MWh) ci ($)
P1 0.009 30.375 398.025

P2 0.0225 73.35 292.275

P3 0.0488 61.488 489.952

TABLE II: Generator Data

Unit pmin
i pmax

i ∆pmin
i ∆pmin

i
P1 450 1100 -250 250

P2 50 500 -200 200

P3 50 100 -75 75

(P3), two intermittent generators, i.e., a wind farm (R1) and

a photovoltaic (PV) generator (R2), and one hydro storage

unit (S1).

Fig. 2: 12 bus power system

The characteristics of the conventional power generators

are given in Tables I and II, while the parameters of the

storage unit are summarized in Table III.

The PTU (sampling time) is assumed to be equal to

10 minutes. Real historical data were used in the sim-

ulations. Load and real-market price data are obtained

from the New York ISO (http://www.nyiso.com/
public/market_data/), while meteorological data re-

garding wind speed and solar radiation are obtained by the

National Data Buoy Center (http://www.ndbc.noaa.
gov/). Specifically, data for the first 22 days of January

2011 were used for creating scenarios at every time instant

k ∈ Z+, while the power system in closed-loop with the

scenario-based SMPC controller is simulated for the 23rd

TABLE III: Storage Data

Unit xmin
i xmax

i ∆xmin
i ∆xmin

i αi αc
i αd

i
S1 15 300 -120 120 0.95 0.85 0.90

uc,min
i = ud,min

i uc,max
i = ud,max

i
0 300

TABLE IV: Comparison of scenario-based SMPC with pre-

scient optimal control and certainty-equivalent MPC

Algorithm Storage No Storage

Cost Cost Avg # of nodes

Prescient-OC 6427979 6879741

CE-MPC 9778750 9819518

SSMPC (erel = 0.1) 7134582 7245962 350

SSMPC (erel = 0.2) 7144011 7249401 335

SSMPC (erel = 0.3) 7148494 7250207 172

SSMPC (erel = 0.4) 7179848 7264505 87

SSMPC (erel = 0.5) 7224912 7267497 50

SSMPC (erel = 0.6) 7239985 7277410 38

SSMPC (erel = 0.7) 7259491 7298023 31

SSMPC (erel = 0.8) 7255246 7312092 26

SSMPC (erel = 0.9) 7260424 7318643 22

SSMPC (erel = 1.0) 7260424 7318642 20

of January. Figure 3b depicts the load, total intermittent

generation (sum of wind farm and PV outputs) and the real-

time price for that day.

Fig. 3: Load, intermittent generation (left) and real-time price

(right) for January 23rd, 2011

Scenario-based SMPC (SSMPC) was compared against

prescient optimal control (Prescient-OC) where the complete

knowledge of the realization of the stochastic exogenous

inputs is assumed, and certainty-equivalent MPC (CE-MPC),

where the uncertain parameters are substituted by their time-

varying average values based on the historical data. The

prediction horizon N was set equal to 16 for both SSMPC

and CE-MPC. SSMPC was tested for various values of

the relative error parameter of forward tree construction.

Table IV summarizes the results of the simulations. As

expected, the average number of nodes is decreasing while

the simulations cost is increasing as erel increases. It is clear

from Table IV that SSMPC outperforms CE-MPC. In order to

examine the value of employing energy storage systems for

power systems with intermittent generation, we also compare

against the case where there is no energy storage unit in the

system.

Figure 4 illustrates the operational costs of the three

approaches during the simulation. Unlike CE-MPC, it is

clear that SSMPC can take advantage of the high profit

opportunities appearing when upward real-time price spikes

occur. The next three figures depict power outputs for the

three conventional generators (Figure 5), the state of charge
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unit (S1).
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The characteristics of the conventional power generators

are given in Tables I and II, while the parameters of the

storage unit are summarized in Table III.

The PTU (sampling time) is assumed to be equal to

10 minutes. Real historical data were used in the sim-

ulations. Load and real-market price data are obtained

from the New York ISO (http://www.nyiso.com/
public/market_data/), while meteorological data re-

garding wind speed and solar radiation are obtained by the

National Data Buoy Center (http://www.ndbc.noaa.
gov/). Specifically, data for the first 22 days of January

2011 were used for creating scenarios at every time instant

k ∈ Z+, while the power system in closed-loop with the

scenario-based SMPC controller is simulated for the 23rd
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scient optimal control and certainty-equivalent MPC

Algorithm Storage No Storage
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SSMPC (erel = 0.5) 7224912 7267497 50
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SSMPC (erel = 0.8) 7255246 7312092 26
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SSMPC (erel = 1.0) 7260424 7318642 20

of January. Figure 3b depicts the load, total intermittent

generation (sum of wind farm and PV outputs) and the real-

time price for that day.

Fig. 3: Load, intermittent generation (left) and real-time price

(right) for January 23rd, 2011

Scenario-based SMPC (SSMPC) was compared against

prescient optimal control (Prescient-OC) where the complete

knowledge of the realization of the stochastic exogenous

inputs is assumed, and certainty-equivalent MPC (CE-MPC),

where the uncertain parameters are substituted by their time-

varying average values based on the historical data. The

prediction horizon N was set equal to 16 for both SSMPC

and CE-MPC. SSMPC was tested for various values of

the relative error parameter of forward tree construction.

Table IV summarizes the results of the simulations. As

expected, the average number of nodes is decreasing while

the simulations cost is increasing as erel increases. It is clear

from Table IV that SSMPC outperforms CE-MPC. In order to

examine the value of employing energy storage systems for

power systems with intermittent generation, we also compare

against the case where there is no energy storage unit in the

system.

Figure 4 illustrates the operational costs of the three

approaches during the simulation. Unlike CE-MPC, it is

clear that SSMPC can take advantage of the high profit

opportunities appearing when upward real-time price spikes

occur. The next three figures depict power outputs for the

three conventional generators (Figure 5), the state of charge
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Unit Qi ($/MWh2) qi ($/MWh) ci ($)
P1 0.009 30.375 398.025

P2 0.0225 73.35 292.275

P3 0.0488 61.488 489.952

TABLE II: Generator Data
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(P3), two intermittent generators, i.e., a wind farm (R1) and

a photovoltaic (PV) generator (R2), and one hydro storage

unit (S1).

Fig. 2: 12 bus power system

The characteristics of the conventional power generators

are given in Tables I and II, while the parameters of the

storage unit are summarized in Table III.

The PTU (sampling time) is assumed to be equal to

10 minutes. Real historical data were used in the sim-

ulations. Load and real-market price data are obtained

from the New York ISO (http://www.nyiso.com/
public/market_data/), while meteorological data re-

garding wind speed and solar radiation are obtained by the

National Data Buoy Center (http://www.ndbc.noaa.
gov/). Specifically, data for the first 22 days of January

2011 were used for creating scenarios at every time instant

k ∈ Z+, while the power system in closed-loop with the

scenario-based SMPC controller is simulated for the 23rd
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i ∆xmin
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i αi αc
i αd
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TABLE IV: Comparison of scenario-based SMPC with pre-

scient optimal control and certainty-equivalent MPC

Algorithm Storage No Storage

Cost Cost Avg # of nodes

Prescient-OC 6427979 6879741

CE-MPC 9778750 9819518

SSMPC (erel = 0.1) 7134582 7245962 350

SSMPC (erel = 0.2) 7144011 7249401 335

SSMPC (erel = 0.3) 7148494 7250207 172

SSMPC (erel = 0.4) 7179848 7264505 87

SSMPC (erel = 0.5) 7224912 7267497 50

SSMPC (erel = 0.6) 7239985 7277410 38

SSMPC (erel = 0.7) 7259491 7298023 31

SSMPC (erel = 0.8) 7255246 7312092 26

SSMPC (erel = 0.9) 7260424 7318643 22

SSMPC (erel = 1.0) 7260424 7318642 20

of January. Figure 3b depicts the load, total intermittent

generation (sum of wind farm and PV outputs) and the real-

time price for that day.

Fig. 3: Load, intermittent generation (left) and real-time price

(right) for January 23rd, 2011

Scenario-based SMPC (SSMPC) was compared against

prescient optimal control (Prescient-OC) where the complete

knowledge of the realization of the stochastic exogenous

inputs is assumed, and certainty-equivalent MPC (CE-MPC),

where the uncertain parameters are substituted by their time-

varying average values based on the historical data. The

prediction horizon N was set equal to 16 for both SSMPC

and CE-MPC. SSMPC was tested for various values of

the relative error parameter of forward tree construction.

Table IV summarizes the results of the simulations. As

expected, the average number of nodes is decreasing while

the simulations cost is increasing as erel increases. It is clear

from Table IV that SSMPC outperforms CE-MPC. In order to

examine the value of employing energy storage systems for

power systems with intermittent generation, we also compare

against the case where there is no energy storage unit in the

system.

Figure 4 illustrates the operational costs of the three

approaches during the simulation. Unlike CE-MPC, it is

clear that SSMPC can take advantage of the high profit

opportunities appearing when upward real-time price spikes

occur. The next three figures depict power outputs for the

three conventional generators (Figure 5), the state of charge
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of the storage unit (Figure 6) and the exchanged power with
the real-time market (Figure 7) for the power system in
closed-loop with the SSMPC controller (erel = 0.1).

Fig. 4: Operational Cost comparison

Fig. 5: Conventional power generation

VI. CONCLUSIONS AND FUTURE WORK

In this paper we formulated a real-time market-based
optimal power dispatch problem for power systems that
can be seen as balance responsible parties participating in
the deregulated electricity market. Specifically, the power
system must balance its own loads while respecting opera-
tional constraints, minimizing production costs, and making
as large profit as possible by trading power on the real-
time market. The power system can contain intermittent
generation and storage energy systems, characteristics that
will become prevalent in future power systems.

We proposed a novel scenario-based stochastic MPC algo-
rithm for the solution of the real-time market-based optimal
power dispatch problem. The algorithm uses a scenario tree
generation algorithm in order to construct a tree suitable for
multistage stochastic optimization from a scenario fan and
solves a convex QP at every sampling time. The algorithm
is very flexible in the sense that the process of creating sce-
narios is separated from the solution procedure. Specifically,
the user can provide scenarios based on historical data or
coming from a time-series model of the underlying stochastic

Fig. 6: State of charge of the energy storage unit

Fig. 7: Exchanged electricity with the real-time market

process. The value of incorporating stochastic information
was examined on a non-trivial 12-bus system using real
historical data for simulation, showing clear advantages over
simpler certainty-equivalent MPC methods and achieving
large cost savings which stronlgy encourage the use of
stochastic MPC for managing electric power systems in
today’s (and tomorrow’s) markets.
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