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x0 = x(t)

R = R� � 0
Q = Q� � 0
P = P � � 0

x ∈ Rn

u ∈ Rm

y ∈ Rp

J(x0, U) = min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk
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xN





�
Q̄� �� �



Q 0 0 . . . 0
0 Q 0 . . . 0
... ... . . . ... ...
0 . . . 0 Q 0
0 0 . . . 0 P









x1
x2
...

xN−1
xN





+





u0
u1
...

uN−1









R 0 . . . 0
0 R . . . 0
... ... . . . ...
0 . . . 0 R





� �� �
R̄





u0
u1
...

uN−1









x1
x2
...
xN



 =

S̄� �� �



B 0 . . . 0
AB B . . . 0
... ... . . . ...

AN−1B AN−2B . . . B









u0
u1
...

uN−1



+





A
A2

...
AN





� �� �
T̄

x0

J(x0, U) = x
�
0Qx0 + (S̄U + T̄ x0)�Q̄(S̄U + T̄ x0) + U

�
R̄U

=
1

2
U

� 2(R̄+ S̄
�
Q̄S̄)� �� �

H

U + x
�
0 2T̄

�
Q̄S̄� �� �
F

U +
1

2
x
�
0 2(Q+ T̄

�
Q̄T̄ )� �� �

Y

x0

!""#$%&'()*+,- ./0)12324%5*-'1%6+'-23427'%8*94+*1:%;%<3=*1,%>,?2*9,1'%-2%@*44*+,4*%<A@B#%;%&'+429*+*C%DE%1=F12*%GHDD

M3*()=4,42*9%*N%3*K4%N=9342*9O

L

J(x0, U) =
1

2
U
�
HU + x

�
0FU +

1

2
x
�
0Y x0 U =





u0
u1
...

uN−1




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min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N

�
umin ≤ u(t) ≤ umax
ymin ≤ y(t) ≤ ymax

�
xk+1 = Axk +Buk

yk = Cxk

x0 = x(t)
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x ∈ Rn

u ∈ Rm

y ∈ Rp
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R = R� � 0
Q = Q� � 0
P = P � � 0

V (x0) = 1
2x

�
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U

1
2U
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HU + x

�
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s.t. GU ≤ W + Sx0
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s.t. GU ≤ W + Sx(t)
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J(x0, U) = min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk

P = A�PA−A�PB(B�PB +R)−1B�PA+Q
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R = R� � 0, Q = Q� � 0

!D9--6&".',($3"P""'%*",&(.$%'/":'$%"K"B<"6-/F$%:"",9&"#K?")(-B/&.

min
U

x�NPxN +
N−1�

k=0
x�kQxk + u�kRuk

s.t. umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N
uk = Kxk, k = Nu, . . . , N − 1

K = −(R+B�PB)−1B�PA
P = (A+BK)�P (A+BK) +K�RK +Q
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!"EBR&+,$F&0".'S&",9&"-8,)8,"y(t)",('+S"'"(&2&(&%+&"6$:%'/"r(t)

emin ≤ y(k)− r(t) ≤ emax

min
∆U

N−1�

k=0

�Wy(yk+1 − r(t))�2 + �W∆u∆uk�2

[∆uk � uk − uk−1], u−1 = u(t− 1)

subj. to umin ≤ uk ≤ umax, k = 0, . . . , N − 1
ymin ≤ yk ≤ ymax, k = 1, . . . , N
∆umin ≤ ∆uk ≤ ∆umax, k = 0, . . . , N − 1

∆U =





∆u0
∆u1
...

∆uN−1





min
∆U

J(∆U, x(t)) = 1
2∆U

�
H∆U + [x�(t) r

�(t) u
�(t− 1)]F∆U

s.t. G∆U ≤ W + S




x(t)
r(t)

u(t− 1)




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e n%*=4)=4KC%n%29)=4KC%3 n%K4,4'K

e )+'-2342*9%R*+2?*9%N=10C%3*94+*1%R*+2?*9%m=2

e 3*9K4+,294K`

e ]6%K2?'`%(mn+1)%7,+2,T1'KC%(2Nn+2mn)%3*9K4+,294K

−1 ≤ uk ≤ 1, −1 ≤ yk ≤ 1
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n CD.", C(&)/,'".%/', 5!E('%7#(4,=

1 3 24 0.00136
5 11 120 0.00149
20 41 480 0.00270

100 201 2400 0.06432
150 301 3600 0.25873
200 401 4800 0.64981
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 ?&'/N,$.&0"d-(6,N+'6&"D1e",$.&"-2,&%"9'(*",-"&6,$.',&

I%<"H'<",-"86&"M1D"?;8@"58"-%N/$%&"6-/F&(6"f

✓D-%,$%8-86"8)*',&"-2"B&6,"*&+$6$-%"8%*&("+-%6,('$%,6G"
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min
U

1
2U

�
HU + x

�(t)0FU + 1
2x

�(t)Y x(t)

s.t. GU ≤ W + Sx(t)
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! I%"43$181@)-'>,0%$140

V ∗ : Xf → R

U∗ : Xf → Rs
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U

1
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�
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�(t)Y x(t)

s.t. GU ≤ W + Sx(t)
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Fig. 2. The α-basis for a uniformly partitioned two-dimensional domain, with m1 = 3 and m2 = 3 (then N = 16)

A PWAS vector function û : Rn → Rm is defined by the weights w = [(w1)� (w2)� . . . (wm)�]� ∈ RmNv

û(x) =





û1(x)
...

ûm(x)




=





(w1)�φ(x)
...

(wm)�φ(x)




=





φ�(x) 0 · · · 0

0 φ�(x) . . . 0
...

...
. . .

...

0 0 · · · φ�(x)




w = Φ(x)w

Different types of basis functions can be defined, in this work we refer to the so called α-basis [20]. See [21],

[31] for other basis functions. The k-th function α is a PWAS hyper-pyramid (a pyramid if n = 2), which takes the

value 1 at vk and 0 at all the other vertices. In other words, every element of the basis is affine over each simplex

and satisfies the condition

αk(vh) = δh,k =






1 if h = k

0 if h �= k

where δh,k is the Kronecker’s delta. This definition implies an important property: When the α-basis is used, the

coefficients wk are the values of the PWAS function at the vertices of the simplicial partition, wk = û(vk). This fact

establishes a one-to-one correspondence between each vertex vk and a coefficient wk. Moreover, each α function

has a local nature and can be seen as a PWA version of a radial basis function [32].

Figure 2 shows the functions of the α-basis defined over a uniformly partitioned two-dimensional domain.

B. Circuit implementations of PWAS functions

PWAS functions can be implemented in a circuit by using linear interpolators. In fact, the value of a PWAS

function can be obtained, for any n-dimensional input vector, by linearly interpolating only the n+1 values assumed

by the function at the vertices that define the simplex the input vector belongs to. The algorithm usually adopted to
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Fig. 1. Relationships between PWA functions and function spaces

A simplex can also be represented by the hyperplanes that define its boundary, i.e. by a set of inequalities:

Si(x0
i , . . . , x

n
i ) = {x : Ĥix ≤ K̂i}. As shown in [30], matrices Ĥi, K̂i are defined directly by the inequalities



 1 . . . 1

x
0
i . . . x

n
i




−1 

 1

x



 ≥ 0 (7)

that are a minimal system of linear inequalities representing Si. In this work we exploit both vertex and hyperplane

representations of Si, i = 0, . . . , L− 1.

The domain S is partitioned into simplices as follows. Every dimensional component xj ∈ [xminj , xmaxj ] of S is

divided into pj subintervals of length xmaxj−xminj

pj
, j = 1, . . . , n. Consequently, the domain is divided into

�n
j=1 pj

hyper-rectangles and contains Nv =
�n

j=1(pj + 1) vertices vk, collected into the set Vs. Each rectangle is further

partitioned into n! simplices with non-overlapping interiors and thus S contains L = n!
�n

j=1 pj simplices Si,

such that S = ∪L−1
i=0 Si and

◦
S i ∩

◦
S j = ∅, ∀i, j = 0, . . . , L− 1. The resulting partition is called simplicial partition

or type-1 triangulation and is univocally identified by the vector p = [p1 . . . pn]�. The corresponding class of

continuous functions that are affine over each simplex constitutes an Nv-dimensional linear space PWASp[S] ⊂

PWAS[S] ⊂ PWA[S] ∩ C
0[S] [19]. Therefore, it is possible to define different bases, made up of Nv linearly

independent functions belonging to PWASp[S]. By choosing some (arbitrary) ordering of the functions of any of

these bases, we can regard them as an Nv-length vector, say φ(x). Then a scalar PWAS function û ∈ PWASp[S]

is defined as a linear combination of the basis functions as follows

û(x) =
Nv�

k=1

wk φk(x) = w
�φ(x) (8)

Vector w = [w1 . . . wNv ]� determines û uniquely for each given x ∈ S.
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