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AUTOMATIC CONTROL 1: SOLUTIONS

Exercise 1 (14 points)

The physical equations of the system are
C1T1(t) = —kor (Th(t) — To) + k1o (Ta(t) — Tu(t))
CoTy(t) = —kra(Ta(t) — Ta(t)) + kas(Ts(t) — Ta(t))
C5T3(t) = —kos(T5(t) — Ta(t)) + u(t)

Introducing the state as © = [x1 @9 23], with zy =T} — Tpy, 2 = To — Ty, x5 = T3 — Tp, for the given input
u and output y = x; we obtain the state-space representation

. ko1 + k12 k12
)= -2 T2 () + =2t
1(t) c z1(t) + Clxz()
. k12 k12 + ka3 ka3
) = 22 (t) — 2B () + =2t
a(t) s z1(t) G zo(t) + G z3(t)
ka3 ka3 1
) = By (t) — 22as(t) + = ult
a(t) = Eoaalt) — aa®) + -ult)
from which we easily define the system matrices
Eo1+k1 3%
- (: - k?}ik kO 0
A= o e g | B=| 0, C=[100], D=0
0 ka3 _kas &
Cg 03 3
For the given values of the parameters, matrix A is
-2 1 0
A= 1 -1 0
0 0 O

which has eigenvalues in 0 and —% + ? < 0. Then, the system is marginally stable.

The observability matrix of the system for the given parameters is
0 0
0=\ -2 1 0
3

It yields det(©) = ko3/10, and then the system is completely observable for ka3 € (0,10]. In case ko = 0,
the observability matrix is



whose rank is equal to 2, and then ker(®©) = {x : 1 = 0, 23 = 0} = | 0 |, Yo € R. The transfor-
@
0 0 1 .
mation matrix can be chosen as 7 = | 0 1 0 |, and noticing that T—! = T, one has A = T 'AT =
1 00

. Considering that A,, = 0, the system is non-reconstructable and non-detectable.

Exercise 2 (14 points)

The reachability matrix is R = [B AB] = { (1] L } which is full rank. Therefore, the system is completely
) =

reachable. The desired polynomial is pg(\ ()\ 0.5)2 =X -\ + % and the characteristic polynomial of
the closed-loop system A+ BK, with K = [k; k], is pc(A\) = det(A\[ —A—BK) = A2+ (1 — ko)A —1—ky — k.

It yields &y = —% and ko = 2. The control law is

u(k) = —%le(k) + 225 (k)

The transfer function is calculated as

1 224z
= I-A"'B+D=— -~ 4+1=--°- "=
G(z)=C(z ) + z2—|—z—1+ o p—

The zeros are in 0 and 1, while the poles are in —5 + f The DC gain is not defined, because the system
is unstable.

Exercise 3 (4 points)

In open-loop control the manipulated input variable is generated without measuring the output variable,
while in closed-loop control the measurements of the output variables are fed back to the process through
the controller (block schemes from the corse slides are welcome).



