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Hybrid Systems Motivation: Embedded Systems
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Motivation: "Intrisically Hybrid"

+ Transmission

Discrete command Continuous
(RN,1,2,3.45) +  dynamical variables
(velocities, torques)

* Four-stroke engines

Automaton,
dependent on ~ Em=)
power train motion

Key Requirements for Hybrid Models
+ Descriptive enough to capture the behavior of the system

- continuous dynamics (physical laws)
- logic components (switches, automata, software code)
- interconnection between logic and dynamics

- Simple enough for solving analysis and synthesis problems
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Transformation into
Linear Integer Inequalities

0. Given a Boolean statement  [F(X1, X, ..., X,)]

1. Convert to Conjunctive Normal Form (CNF):

/\;’;1 (\/ieP, Xi Vw‘,eN] X')

2. Transform into inequalities:

1<y 6+ (1-4)
<Y 6+ (146
‘A(S < B, ¢ € {0, 1}' ie Py, ieN,

== Every logic proposition can be translated into linear integer inequalities
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Algorithms to compute convex hull: cdd, lrs, ghull, chD, Hull, Porto
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Mixed Integer Programming and Hybrid
Systems
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Mixed Logical Dynamical Systems

Mixed Integer Programming and
Hybrid Systems
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Mixed Logical Dynamical (MLD) form

2(t+ 1) = Ax(t) + Byu(t) + Bad(t) + Bsz(t)
y(t) = Cx(t) + Dyu(t) + D2d(t) + D3z(t)
E26(t) —+ Egz(t) S E4LU(t) + Elu(t) + E5

(Bemporad, Morari, Automatica, 1999)
T,y u = [:(] x.€ R", x,€{0,1}", ze R"™, 6 € {0,1}"
3

Well-posedness

Are state and output trajectories defined ?
Uniquely defined ? Persistently defined ?

z(t+ 1) — Ax(t) + Byult) + Bud(t) + Biz(t)
w(t) — Ca(t) 4+ Lhult) + Da8(E) + Lh2(t
Eob(1) | Baz(l) < Evu() | Baw(t) | Es]

* MLD well-posedness :
6(t) = Fla(t), u(t))
(1) = Gx(t),ut) p—  Hz(),u(@)} — {z(t+ 1)}
{(t), u()} — {y(t)}

are single valued

Definition 1 Let @ C R™ x B™ be a sel of inpul+siate pairs. A hybrid MLD
system is called well-posed on €, if for all pairs (z(t), u(t)) € N2 there exists a
solution x=(t + 1), y(t), 8(t), z(t) and moreover, x(t + 1), y(t) are uniquely deler-
mined.

Numerical test based on mixed-integer programming available

(Bemporad, Morari, Automatica, 1999)




Continuous dynamics is affine
and change according to:

- Exogenous logic inputs
- Threshold conditions
- Time conditions

of the former

Discrete dynamics change
according to a Boolean fnc of
- Previous logic states

- Exogenous logic inputs

- Threshold conditions

MLD Hybrid Dynamics
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A Simple Example

* System: x(t+1) = { 0.82(t) +

u(t) if z(t) >

* Associate  [0(t) = 1] «

—

_ (]\/[ + 6)5(75) < — I(t) — € €>0 small

e Then

—

—10 < a(t) <10, -1 < u(t)
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(
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Examples
* Automata driven by dynamical systems ‘@ o
+ Discrete inputs ‘ —)’—‘—»
* Nonlinearities (by piecewise linear approx.) e ]

+ Piecewise affine (PWA) systems

* Polyhedral partition of state+input space

X:{{ﬂ . H {2] <K}, i=1,...,s

* Linear affine dynamics in each region
z(t+1) = Ay (t) + Byyul(t) + fip
(1)

if X
state+input space ! |: u(t) :| € i)

* Automatically generate MLD models in Matlab

*+ MLD model is not unique in terms of the number of auxiliary

HYSDEL
(HYbrid Systems DEscription Language)
. Descr‘ibe hybf'/dsysfemS‘ C“'l‘—'"— e
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(Torrisi, Bemporad, Mignone, 2000)

variables ——wptimize model (minimize # binary variables !)

http://control.ethz.ch/~hybrid/hysdel




Example 1: AD section

[s=Tlo [h2h]

SYSTEM tank {
INTERFACE {
STATE {
REAL h; }
INPUT {
REAL Q; }
PARAMETER {
REAL hmax = 0.3;
REAL k =1
REAL e = le-6; }
} /* end interface */

IMPLEMENTATION {
AUX {
BOOL s; }
AD

CONTINUOUS {
h=h+k=*o;}
} /* end implementation */
/* end system */

s = hmax - h <= 0 [hmax, -hmax, e];

}

Example 2: DA section

LR

Nonlinear amplification unit

an Tl RS

u =

SYSTEM motor { IMPLEMENTATION {
INTERFACE { AUX {
STATE { REAL unl;
REAL ucomp; } BOOL th; }
INPUT { AD {
REAL u; } th = ut - u <= 0 [ut, ut-umax, e]; }
PARAMETER { DA {
REAL ut = 1; unl = { IF th THEN 2.3*u - 1.3*ut
REAL umax = 10; [umax-1.3*ut, -1.3*ut, 0]
REAL e = le-6;} ELSE u
} /* end interface */ [ 0, 0, 01};
CONTINUOUS {
ucomp unl; }
} /* end implementation */
} /* end system */

u (u<u,)
e 123u—-13u, (u2u,)

¥

Example 3: LOGIC section

SYSTEM train {
INTERFACE {
STATE {
BOOL brake; 1}
INPUT {
BOOL alarm, tunnel, fi
} /* end interface */

IMPLEMENTATION {
AUX {
BOOL decision; }
LOGIC {
decision =
alarm & (~tunnel |
AUTOMATA {
brake = decision; }
Uppate = Uatarm N (TS wumner ¥V 7S i) L e
/* end implementation */
} /* end system */

S e > U

alarm

re; }

~fire);

}

Example 4: CONTINUOUS section

SYSTEM capacitorD
INTERFACE {
STATE {
REAL u; }
PARAMETER {
REAL R = le4;
REAL C = le-4;
REAL T = le-1; }
} /* end interface */

IMPLEMENTATION ({
CONTINUOUS {
u=u- T/C/R*i; }
} /* end implementation */
} /* end system */

Apply forward difference rule:

u(k+1)=u(k)+%i(k)




Example 5: AUTOMATA section

u=cicse
u= cpan

u=cpen
u=open
clmlng ‘ opening
u=cicse u=cicse

u=stop

SYSTEM outflow {
INTERFACE {
STATE {
BOOL closing, stop, opening; }
INPUT {
BOOL uclose, uopen, ustop; }
} /* end of interface */

IMPLEMENTATION {

AUTOMATA {
closing = (uclose & closing) | (uclose & stop);
stop = ustop | (uopen & closing) | (uclose & opening);
opening = (uopen & stop) | (uopen & opening); }

MUST {

~(uclose & uopen);
~(uclose & ustop);
~(uopen & ustop); }
} /* end implementation */
} /* end system */

Example 6: MUST section

SYSTEM watertank ({
INTERFACE {

STATE {

REAL h; }
INPUT {

REAL Q; }

PARAMETER {
REAL hmax = 0.3;
REAL k = 1; }
} /* end interface */

IMPLEMENTATION {
CONTINUOUS ({
h =h + k*Q; }
MUST {
h - hmax <= 0;
-h <= 0; }
} /* end implementation */
} /* end system */

Example: Bouncing Ball

-9
0= &(t")

(1—a)i(t

)

[0,1]

How to model this system in MLD form?

SYSTEM ball {

HYSDEL - Bouncing Ball

/* Descrigs Vari: sqQstants */

FARAMETER {
EAL g=9.8;
REAL dissipation=.4; /*Y-elastic, l-completely anelastic */
REAL hmax=10;
REAL hmin=-10;
REAL
REAL
REAL

IF negative THEN height-Ts*velocity [hmax,hmin,e]
ELSE height+Ts*velocity-Ts*Ts*g [hmax, hmin,e]  };
22 = [ IF negative THEN -(L-dissipation)*velocity (vmax,vmin,e]

SE_velocity-Ts*g [vmax,vmin,e]
i

CONTINUOUS {
height = z1;
velocity=z2;




Modeling Flow
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System Theory for Hybrid Systems

+ Analysis
- Redlization & Transformation
- Well-posedness
- Stability
- Reachability (=Verification)
- Observability

+ Synthesis
- Control
- State estimation
- Identification
- Modeling language

Realization and Transformation
(State-Space Hybrid Models)

Existing Hybrid Models

* Piecewise affine (PWA) systems (Sontag, 1981, 1996)

state+input space

* Polyhedral partition of state+input space

X:{m . H; m <K}, i=1,...,s

* Affine dynamics in each region
z(t+1) = A;nx(t) + Biyu(t) + fiy

if {28} € Xy

+ Can approximate nonlinear dynamics arbitrarily well




Existing Hybrid Models

+ Linear complementarity (LC) systems  (icemels, 1999)

r(t+1) = Az (t) + Biu(t) + Baw(t) Ex: mechanical systems
y(t) = Cx(t) + Dyu(t) + Dow(t) circuits with diodes etc.
v(t) = Erz(t) + Eau(t) + Esw(t) + e4
0 <o(t)Lw(t) >0
- Extended linear complementarity (ELC) systems (De Schutter, De Moor, 2000)

Generalization of LC systems

* Min-max-plus-scaling (WMPS) systems (De Schutter, Van Den Boom, 2000)

z(t+ 1) = Ma(2(t), u(t), d(t)) ] MMPS function: defined by the grammar

Y(8) = My (0wt d(O) | o o o AL+ MM
0 > JW;(x(t),u(t),d(t)) M := x|« (M, My)| (My, My)| My + M| M,

Example: z(t+1) = 2max (2(t),0) + min(— %u(t), 1)
Used for modeling discrete-event systems (t=event counter)

Equivalence Results
@
Roe
o= @

Theorem 1 All the abeve five classes of diserete-time hybrid models are equivalent

(possibly under additional assumptions, like boundedness of input and state vari-

ables)

(Heemels, De Schutter, Bemporad, Automatica, 2001 + CDC2001)

Theoretical properties and analysis/synthesis tools can be
transferred from one class to another !

MLD and PWA Systems

‘Thnornm 1 MLD systems and PWA systems are equivalent.

(Bemporad, Ferrari-Trecate, Morari, IEEE TAC,2000)

* MLD: z(t+1) = Az(t) + Biu(t) + Bad(t) + Bsz(t)
y(t) = Cx(t) + Dru(t) + Dad(t) + Dsz(t)
Ey(t) + Esz(t) < Eyu(t) + Eyx(t) + Es

- By well-posedness hypothesison  z(t), d(#)linearity of MLD constraints
z:Kj’lirKiquK; V(z,u): F(z,u) = §

w(t+1) = Aw() + Bu(t) + ' pip ) 4 Giu(t) < b

Alz(t) +
—»PWA form y(t) = C'z(t) + Diu(t) + ¢

* Confirms (Sontag, 1996): PWL systems and hybrid systems are equivalent

MLD and LC Systems

S
e

Theorem 1 Fvery L .:u,rs.!c,m can be written as an MLD spMen, provided
that the variables u,[k nd v(k) are (componentwise) bounded.

Proof. &

z(t+1) = Az(t) + Biu(t) + Bow(t)
z(t+1) = Az (t) + Biu(t) + B20( +Bu( ) y(t) = Cx(t) + Dyu(t) + Daw(t)
y(t) = Cx(t) + Dyu(t) + D 6(t) + Dyz(t) o(t) = Eya(t) + Bau(t) + Esw(t) + ey
E5d(t) + E32(t) < Eyx(t) + Equ(t) + 0 < o(t)Lw(t) >0
For each complementarity pair  v;(t), w;{tyroduce a binary variable 0i(t) € {0,1}
[6:i(t) = 1] — [vi(t) =0, wi(t) > 0] wi(t) < X§5( t) 5
[6:i(t) = 0] — [vi(t) >0, wi(t) =0] E g § 0 (1= &(t))
1}2( ) E 0

Set z(t) = w;(thand substitute  v(t) = E1z(t) + Eu(t) + Esw(t) + e [ ]




