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¢ Stochastic Model Predictive Control (of large-scale systems)
e Algorithmic aspects (parallel stochastic optimization)

e Application to the drinking water network of Barcelona
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Stochastic Model Predictive Control
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Optimize real-time decisions under uncertainty

e [n many control problems decisions must be taken under uncertainty

renewable power

1996 1997 3998 1999 2000 2000 2902 2003 J004 2008 2008 0T JOos

prices

water human (inter)action

e Robust control approaches do not model uncertainty (only assume
that is bounded) and pessimistically consider the worst case

e Stochastic models provide instead additional information about
uncertainty

e Optimality often sought (ex: minimize expected economic cost)
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Stochastic Model Predictive Control (SMPC)
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Stochastic Model Predictive Control

e At time t: solve a stochastic optimal control problem over a finite future

horizon of NN steps: lre
N—1 ]
min By kzo C(Yk» Uk, W)

\4

s.t. x4 = A(wp)zy, + Blwp)uy, + f(wy)
yr = C(wg)zg + D(wi)ug + g(wy)

Umin < UL < Umax

= process state

= manipulated vars

Ymin < = Yk < ' robustness /

) {&&c’kbm‘:w

y(t) = controlled output

w(t) = stochastic disturbances

e Solve stochastic optimal control proplem w.r.t. future input sequence

e Apply the first optimal move u(t):/:uo*, throw the rest of the sequence away

e At time t+41: Get new measurements, repeat the optimization. And so on....

Used in process industries since the 80's. Now spreading in other domains
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Linear stochastic MPC w/ discrete disturbance

e Linear stochastic prediction model
Th+1
Yk

(A,B,C,D) are can be sparse (ex: network of interacting subsystems)

A(wy)x + B(wg)ug + f(wy)
C(wg)zr + D(wg)uy, + g(wy)

e Discrete disturbance w; € {w',...,w"} p; = Prlw, = w]

S
p; >0, Y pi=1

1=1

Often wy is low-dimensional (ex: electricity price, weather, etc.)

Probabilities p; can have their own dynamics over time (ex: Markov chain)
and can be estimated from historical data
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Cost functions for SMPC to minimize

N—1
performance === J(u,w) = >  L(yg, up, wi)
k=0

/"‘S'é

e Expected performance

min Ly [J(u, w)]

T —_— — —_—_—_

e Tradeoff between expected performance & risk "\ nin max

S

" average /oS5
min Ly [J(u,w)] + pVar [J(u,w)] —

T — —

e Conditional Value-at-Risk (CVaR) p(w)] ok | things go wrong

1 J(u,w) =
r{)in {04 + mE[maX(J(U, w) — a, 0)]} (Rockafellar, Uryasev, 2000) f

Ne’

L —— e

= minimize expected loss when things go wrong (convex if J convex!) B=95% \p_ 5%

: -J
o

e Min-max

muin{mgx J(u,w)} =minimize worst case performance

T —
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Stochastic optimal control problem

e Enumerate all possible scenarios {w},w?,...,wy_4}, 7=1,...,S

scenario #j [

e Each scenario has probability

. N-1 |
p) = [] Prlwy = wy]
k=0

* Each scenario has its own evolution fL"zi+1 = A(w])z] + B(w])u]
(=linear time-varying system)
e Expectations become simple sums!

N-1

EX: min Ey a:?VPxN + Z a:%@a:k -+ u;fRuk . .
k=0 Expectations of quadratic costs

_ * _ remain quadratic costs

s . . N-1 | | |
i 3 5 (Pl X (edard + ('

j=1 k=0
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Scenario tree generation from data

e Scenario trees can be generated by clustering sample paths  (Heitsch, Rémisch, 2009)

e Paths can be obtained by Monte Carlo simulation of (estimated) models,
or from historical data

e The number of nodes can be decided a priori

—

scenario ‘“fan” (collection of sample paths) scenario tree
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Free control variables

Stochastic optimal control

Causality constraint: u‘,7_c = 4} when scenarios 9
and h share the same node at prediction time &

(for example: u‘é = u} atroot node k=0)

Decision ux only depends on past disturbance realizations {wg, w1, ..., wr_1}
- | : —\ Deterministic control
. . . Only a sequence of disturbances is considered
w0 = () @————>@———>@ 2y
' o frozen-time: wi, = w(t), Vk (causal prediction)
e prescient control: wj = w(t + k) (non-causal)
g "=0 h= =N e certainty equivalence: wy, = Elw(t + k)|t] (causal)

We can trade off between complexity of optimization problem
(=number of nodes) and performance (=accuracy of stochastic modeling)
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How about computation complexity ?

/T000100100110101001001010010100010010011010 .

1101011100101010111100100101810610100101010
1100101010010101010010100101010010101010101
.01000101010101001010101001410101001010100:
1101010010101010101010101010010101002010104
10101001010101001010100101020010101010010°

\ﬂ‘l NMMOIMIIIIANNTIINANTONTATAI O A0 a1 0010

A. Bemporad, A.K. Sampathirao, P. Sopasakis

NetCon@ECCS'14 - Lucca - September 25, 2014



Complexity of optimization problem

e #optimization variables = #nodes x #inputs (in condensed version)
e Problems are very sparse (well exploited by interior point methods)

e Example: SMPC with quadratic cost and linear constraints
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? 435%x435 Hessian matrix

! sparsity = 0.8%

Tree=87 nodes

Branching factor M=[6 3 2 2 2]
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Accelerated gradient projection algorithm for QP

(Patrinos, Bemporad, IEEE TAC, 2014)

e The SMPC problem can be compactly written as

tohsfzraihﬁs to be dualized

P(p) : V*(p) = min, V(z)
s.t. Eé(p) g(2) < 5]&//

N g 4 =
cijmamixss and mom-am&dpa&ivi&v conskraints

Tp+1 = A(wg)zg + Bwg)ug + f(wg)

p = current state

o Lagrangean function: L(z,y) =V (z) + 1 g(?)

dual function: ¥(p,y) = min L(z,y)
z€Z(p)

e Dual problem: D(p) :W*(p) = max V(p,y)

By strong duality: V7™ (p) = ¥*(p)
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Accelerated gradient projection algorithm

(Patrinos, Bemporad, IEEE TAC, 2014)

e GPAD = Accelerated Gradient Projection applied to Dual concave
maximization problem

e Main properties of GPAD algorithm:

- Fast global convergence

- Easy to trade off accuracy for speed

- Only matrix-vector operations required online

- Complexity certification (tight upper bounds on worst-case #iterations)

- Numerically stable (the non-accelerated version even works in fixed-point)

- Parallelizable!
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Distributed GPAD algorithm for Stochastic QP

dim y = total # of inequality constraints

0. 90 <0, v« 0 dim z = # nodes x (# states + # inputs)

1. while maxg(z,) > €, or —w!,g(z,) > ey do

1.1. Wy $— Y + 9,/(9;_55 — D (yy — yo—_1) Parattetizabte :
1.2. & <+ arg min L(z,w,) parallelizable !

) 2€Z(p)
1.3. y, < max{w, + - (z

14 0,40 < L (VI
2. end while

Paratt&tizabte !

equality-constrained QP (solved by DP)

Complexity:

The dual gradient is computed with complexity:
e Linearin the prediction horizon

e Linearinthe size of the tree &is parallelizable
e Quadratic in the number of states and inputs

Ly is a Lipschitz constant of the dual
gradient function

(various methods to compute Ly exist)

Memory requirements:

A few GB of offline data for problems with tens
of state/input variables, hundreds of constraints
and thousands of scenarios.
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Distributed dual gradient projection

An offline factorization step is
executed once to generate the
matrices necessary for the fast
online solution of the SMPC

problem

R —

Algorithm 7 Offine factorization for dGPAD

Require: A, B, \ F, G, F, P, tree
sltuciure 1or u‘

R-, | R BPB

Ly += cholesky(Ryx_,)

Soive L. L K.,

Ky_s

dy .« F+GKy_,

.‘{\ ] & A - B}\’.\' [

Sy = FyMy

Fy <« Ky  RK,_,

Py ¢ Q+K\" RKy 1+My_ PMy._,

'Oh' ..., [t\ , do

f Y,,,’,l‘

r - E BGN 11"\ u\ "
Cr.y & 2[\1\ Pr
hy ¢ 2p¢ (APB+Ty_,
I’\: 1'_;7‘\.' 1Puos
Solve Ly Ly ¥y =
for &y,

-B'PA for

- (2}"\." 0) ‘G’

Soive Ly Ly.0y_ ,=—(2py_,) 'B'Fy

fore) ,
Solve Ly Ly oy ,=—(2py )"
foroy |

ond for

'Ofk \—l ..... ldo
Rg ;‘—R*B’P‘_
L, | ¢+ cholesky(R, ,)
h’k:
fi .+~ A+BK, ,
Py :'—Q‘K; \REK 3+ fe 1Py
d;  F+GK, '.‘
'o'l l‘u“

r'_L (4 A 1P “A 1
;e—?ﬁ

h; , + 2p,” l.lu A+ R K",
Soive L, L, & 2p‘ G
for &, )
Solve L, ,L; ;
for 6",
Solve L, L, ,0,” =—(2p,” ) 'B'Pr
foraly ,

end for

95' [ -(2p; 1) ¥
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Algorithm 8 Online computation of the dual gradient at the current primal-dual iterate

of the dGPAD algorithm - distributed implementation

(1)

Requlre' p (initial state), N, ®,”, ©)”, ¢}, b, 0}”, K, yi for all k and i, tree structure

for wy’, A, B
o Backward iteration
% Stream data from the host (CPU) to the device (GPU) for:
7"/0 o\ OV Iy .’ d;”, ,f‘..; and f’ ‘
fork=N-1..,0d0 g, | ward Tteration §0r |
| forZ:l,...,#kdo 1
| % /P parallel for all i the dual varmbtes
' @ "\ +9(”sz.mc.u‘h ! +af' % where q\' = yx
g, () ()' ()'h)
qk « Ck +d. Yy, + Ezcdum(. k) Hl +hy

end for
end for

% Free memory a/Tca!edTori
% ®,’,0,, 0. ,¢.°,d.", f;.' and h;’

% Forward iteration (z, is given)
- I L()ad to the device ddfd for Ky, sx, A, B, and w,”.

Forward tkerakion:

% In parallel for all i
el K; z(”' e si"

forl e chlld(z k)do {:L1}

(1) W g i ()
z,.,— Az, + Bu, +w,

end for
end for

end for ) |

refurn ', i.e., the sequence of z,

5Ys ke simulakion
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Distributed dual gradient projection

The algorithm yields an gg-infeasible, ey-suboptimal solution in the sense:

V(z) = V™ <ey, optimality tolerance
gz(z) S Gga \V/’L

feasibility tolerance

. Speed
V" is unknown, so we make use of the _

duality gap as a stopping criterion:
ACQT‘O@:-}

V(zy) = ¥(ypi1) < ey max{1, ¥(y, )

which is satisfied whenever:

Culstz) <

R

Checking these conditions
Ls tampu&a&iahaﬂv «r::heap

.
v 4:“

¢ . s S Bt _—
SRR PRt B AT 7y
ot N ) g Bl £ TR v ~% SRR
i vy « i o Eha %l S "o 2
(3 = ? R Y P a Fe 'y -
SV e SR i
Py i s e
¢ RIA s a0 A - g ".""M ;
N AW : 4 g
4L 4 ' Mo t? e Lt -”",.,cv gt
; - . ‘
yle T * < Lo L N
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Distributed dual gradient projection

WD  Kz® 4 5O

u,(g)<—K a:,(g)—i—s()

(Mk) K CE}({;Mk) _|_S(Mk:)

DESIGNED FOR

CUDA

{
O
N

1
xlﬁ:ll

= Aa:é_j) + Bu(J) + w,(cl),
j = ancestor(1l,k + 1)

(2
%21

_ Ax]({;J) +Bu(3> +wl(c ),
j = ancestor(2,k + 1)

Lriq

(Nk+1) Ax](cj)+Bul(<:j)+wl(<:“k+l)7

j = ancestor(pg41,k+ 1)
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\ ‘)\0

(1) 7) (7) (1)
Tpiy = 1‘& t Bu’ + w7,

j = ancestor(1,k + 1)

\

A.l:(")

+w;.

moTve
operagtion

Bu(.))

=l

Parallelization:

e The algorithm can be parallelized
across nodes of the scenario tree
at every stage k

e CUDA-enabled GPD devices can
be used for its implementation.

L —

e e e e e

IS VR
—
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dGPAD: Evaluation of the algorithm

Problem size: linear stochastic system with 60 states, 25 inputs, 256 scenarios

? V400 sec

OVHO sec

+ V28 sec

Computational time [s]

16x + 4-ox faster
than commercial
— ——GPAD:e, =001 | state-of-the-art
¢ sec —#— Gurobi (IP) Interior-Point method

1 O ] ] ] | | |
10 20 30 40 50 60 70 80 90

N: Prediction horizon

Remark: For larger problems (e.g., 50 states, 30 inputs, 9036 nodes)
GUROBI gets stuck on a 4GB 4-core PC, while dGPAD can solve the problem
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dGPAD: Evaluation of the algorithm

Problem size: linear stochastic system with 30 states, 10 inputs, 72 scenarios (N=10)

10 I I I [ I I T T
—— Serial implementation in MATLAB
| | | | | - = = Gurobi
-1 |—CcuDpA |
81 _
7r |
Al | The tuning parameters ¢
i | | | | | | and ey allow to trade off
= O | accuracy - accuracy (optimality and
af R feasibility) for solution
oL speed
e U [N
GPU-accelerated | | | o Cpe<
implementakion
O.|01 O.]02 0.63 (;04 0055 0.66 0.67 0.68 0.69 0.1
g
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GPU computations

Tesla 2075
515 Gflops/s

115 Ghz, 6 GB DRAM SMPC can be solved by dGPAD on

~ cheap embedded platforms to
control complex large-scale systems
Jetson TKi (accounting for uncertainties in an

192 CUDA cores optimal and risk-averse fashion)
158 GFlops/s ~ _—
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Does it work in practice ?
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A few sample applications of SMPC

* Financial engineering: dynamic hedging of portfolios replicating synthetic
: (Bemporad, Bellucci, Gabbriellini, 2009)
OpthﬂS (Bemporad, Gabbriellini, Puglia, Bellucci, 2010)

(Bemporad,Puglia, Gabbriellini, 2011)

e Energy systems: power dispatch in smart grids, optimal bidding on

electricity markets (Patrinos, Trimboli, Bemporad 2011)
(Puglia, Bernardini, Bemporad 2011)

* Automotive control: energy management in HEVs, adaptive cruise control
(human-machine interaction)

(Bichi, Ripaccioli, Di Cairano, Bernardini, Bemporad, Kolmanovsky, CDC 2010)

* Networked control: improve robustness against communication
imperfECtiOHS (Bernardini, Donkers, Bemporad, Heemels, NECSYS 2010)

e Water networks: pumping control in urban drinking water networks, under

uncertain demand & minimizing costs under varying electricity prices
(Sampathirao, Sopasakis, Bemporad, this talk)
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Drinking water network of Barcelona (Spain)

* General overview:

Municipalities supplied 23
Supply area 424 km?
Population supplied 2.922.773
Average demand 7 m3/s

* Network parameters:

Pipes length 4.645 km
Pressure floors 113
Sectors 218

* Facilities

Remote stations

European FP7-ICT project WIDE
”DEcentralized and Wireless Control
of Large-Scale Systems”

Water storage tanks

Valves

Flow meters

Pumps / Pumping stations

Chlorine dosing devices

Chlorine analyzers

European FP7-ICT project EFFINET
”EFFIcient Integrated Real-time

Monitoring and Control of Drinking

Water NETworks”’
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Control of the drinking water network of BCN

Main Goals:

e Reduce electricity consumption for pumping (& & )

e Meet demand requirements

e Deliver smooth control actions

e Keep storage tanks above safety limits

e Respect the technical limitations: pressure limits, overflow limits &
pumping capabilities

':Wagqr Demaqd

IRTEINTA
. Hist —
Forecasting |_ paa  Energy Price -

(Uncertain) e
estimates ‘ Module AilS”=-

“Drinking Water.
MOde' ommands SIP e 088 g N2
Predictive Command N iiE Network
Controller NPT e D
A 4

Validat
Measu nts

Online Flow

Data Validation Measurements Quality
Module ) E Q L
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Control of the drinking water network of BCN

e The control objectives are translated into cost functions:

Expected total squared K Hp—1 )
water production cost JUS=W2N N plar + a0 )’ (uf )
(ETSWPC) = economic cost I=1 i=0
Expected total smooth \ K Hp—d A
operation cost (ETSOC) Ju=2 2.t (Aukﬂ'lk)

I=1 2=1

expected total safety < K .
storage cost (ETSSC) J7 =) 0 P (@)
1 1

Need to minimize the total operating cost V = J¥s + J& + J°
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Control of the drinking water network of BCN

x107° Prediction Error

Past Data \
Observed | |
121 = — - Forecast !

101

. Prediction of water =~ =
| demand in Barcelona
1 1 1 1 1 1 NG 2 4 6 8 10 12 14 16 18 20 24
3380 3400 3420 3440 3460 3480 3500 3520 3540 3560 Time [h]
Uncertainty represent /' Reduction to a

as a fan of scenarios scenario tree

0.015

0.01

0.005

dk—l—i|k — dk—|—i|k

Error [m3/h]

. |

Uncertainty:
demand prediction error

—0.005

-0.01

gbar 5 10 Time [h] 15 20
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Control Action

Economic: Avoid pumping when
the price of electricity is high

MPC Control Action (1~20)

—— .

10 20 30 40
MPC Cantrol Action (21~46)

O|75o 60 70 80 90

i—>.‘=\AJA<ﬁ§s

Control Action

o
N

T, —wp o g == e — =\ - = VS
7 RS R RS IS LY, — DA%
A A SRS A A, AN
V X1 ) el % Al YW A e A'A /A

10 20

o
—

Repletion [%]

Control of the drinking water network of BCN

Foresight: tanks start loading up before
the consumers ask for water

Closed-loop MPC Simulation

A

AN

—
(6)]

Demand [m®/s]

o
3

Water Cost [e.u.]
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Time [hr]

50
Time [hr]
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Control of the drinking water network of BCN

Economic Cost (E.U.)

10 20 30 40 50 60 70 80 90 100

Smooth Operation Cost

10 20 30 40 50 60 70 80 90 100
Safety Storage Cost (x 107)

10 20 30 40 50 60 70 80 90 100
Time [h]

pricing

SMPC: The network operator
has online information about
the current and predicted
operating cost in real time

| Water Dompnd
Forecasting | e  Energy Price -
(Uncartain) Module g € Daro et
oshmafos
Model i “Drinking Water.
Predictive b3 L t‘l_otwork
Controller REPET S
/ Visichute X
Measiverients )
2 Data Validation |,  Msramacts | e Prossee
Module g Q &
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Scalability of the SMPC approach

How does the approach scale with the dimension of the system?

e The dGPAD algorithm scales-up well with the size of the scenario tree
(thanks to heavy parallelization)

e Scalable alternatives:

— Decentralized SMPC: divide into subsystems and control each of them in
parallel, exchanging some decisions after computations (Bemporad, Barcelli, 2010)
(others' decisions = measured disturbances)

— Distributed SMPC: exchange some global variables during computations
(Negenborn, Maestre, IEEE CSM, 2014)

e The same dGPAD algorithm can be used for decentralized SMPC
(immediately), or for distributed SMPC by relaxing also the
constraints that (weakly) couple the subsystems

A. Bemporad, A.K. Sampathirao, P. Sopasakis NetCon(@ECCS'14 - Lucca - September 25, 2014



Distributed MPC of Barcelona Network

Water Bintribustion, betwors s mizasion

------

T
]

-Eggigr

D,
W
L]
1]
-]
"]
Lk
£s ]
L=
k=]
=]

Cata Recarcilatizn GobalChngss | | PistGrooes | | DpSmiaet | | Pariodic Salticn

distributed MPC

g » algorithm

(optimal solution)

—e— MPC

—e— DMPC +groups
—o— DMPC +central coordinator
—o— DMPC

—eo— DMPC +groups +central coordinator

Network separation to groups

evaluated on 3 days historic data set

evaluation is complicated by water accumulation

(different final accumulation for different control strategies)

To get comparable data MPC was forced to fill tanks to the

same final levels as in historical data (sub-optimal)

®* Benefits
* Benefits

Indirect

~20% direct cost sa

vings (pumping and water sources)

savings by smooth MV’s operation -> leakage

prevention by small pressure surges and reduced
equipment tear & wear ‘

o 80|
Q
E
[ 60} _
|
40} -
‘ j Y U I
20F\/} ‘ Wy ob
0 Il Il Il Il Il Il Il
0 10 20 30 40 50 60
Sampling period [-]
Water Network Operation Costs (3 days)
250 ‘f T
| I Pumping
200.8 [ IWater sources
20— -
158.4
150+ - - -
@
[72]
O
© 100} - - - -

(Trnka, Pekar, Havlena, IFAC 2011)

Honeywell

Sequential Computations

140

120

A

Legacy strategy MPC strategy

A. Bemporad, A.K. Sampathirao, P. Sopasakis

NetCon(@ECCS'14 - Lucca -

September 25, 2014



Conclusions

e SMPCis a very powerful control technique to deal with rather complex
control problems (large-scale, stochastic, constrained) in an optimal way

e Optimal = best decisions based on best predictions of uncertainty

e Useful in many complex industrial problems (not only process industries but
also automotive, energy and smart grids, water nets, ...)

e Scalability ensured by massive parallelization of stochastic QP solvers

SMPC is a mature technology
for complex control applications

e Generally speaking, several problems in complex networks can be dealt
with by (huge-scale) convex optimization algorithms  (Nesteroy, 2012)
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