LEARNING-BASED AND PARAMETRIC OPTIMIZATION
METHODS FOR SOLVING COMPETITIVE MULTI-AGENT
DECISION-MAKING AND GAME-THEORETIC MPC PROBLEMS

Alberto Bemporad

imt.lu/ab

SCHOOL
I MT FOR ADVANCED
STUDIES

LUCCA

Workshop 13: Game Theory Meets MPC - Rio de Janeiro, Brazil, December 9, 2025


imt.lu/ab

CONTENTS OF MY TALK

1. An active learning method to find generalized Nash

' data data
equilibria from best-response data Az <b “ﬁ
ﬁ ‘@\- data
ﬁ pip install gnep-learn lj N'._‘.
2. A multiparametric solver for linear-quadratic A Jy(x) i) @
generalized Nash equilibrium problems Az <b @-

ﬁ pip install nash-mpgp

1/35




LEARNING NASH EQUILIBRIA FROM DATA
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GNEP PROBLEM

N (non-cooperative) agents, mutually interacting, each one solving

filz—;) =arg min  J;(x;,z_;) x; € R™
T, EX;
s.t. (ilii,it_i) € r_; e R"™

Objectives J; are private, global constraint set (2 is shared.
Possible local constraints x; € X are either private or handled in Q2

Best responses z; = f;(x_;) are single valued and can be queried at given z_;

Goal: learn a stationary collective action profile z* = (z7,...,z%) € &
x; = fizX;)  Vi=1,...,N

—1
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ACTIVE-LEARNING APPROACH

e Have an external observer query each extemal
observer

agent 7 at selected z_; and collect best
responses z; = f;(Z_;)

X_N
e Based on such data, update an affine ) B - agefm(y )
P , agent2 | - 7 an = fn(x-n
surrogate model f; of best-response f; agent1 [ agenti
) T2 = fa(X—2 )
1 = fi(%-1) i = fi(%—i)

fi(.’L',Z‘, 91) = Fi [IIZ] Oi = VGC(Fi)

e compute an approximate GNE:  Z* = argmin Z ‘

R 2
x; — filz_i, 08T H2
(constrained least-squares)

(minimum norm solution taken if multiple solutions exist)

¢ Repeat by querying each agent at Z* ; until convergence (if any occurs) Q
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ACTIVE-LEARNING APPROACH: KEY QUESTIONS

e How toinitialize the affine models (6;)?
o How to update the affine models?

e |f convergence occurs, do we get a GNEP solution to the original problem?

Note: we only assume that best-response functions f; are continuous, Q # ()

No assumption on existence and uniqueness of equilibria, convexity of
objectives, differentiability, etc.

We also assume noise-free best-response queries.
For misleading responses, see ThC13.7
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INITIALIZATION

Select initial points xf randomly, k = 1, ..., N;, in a hyper-box of interest
(e.g., random or Latin-hypercube sampling) oo g ‘

Project them onto 2:

#* = argmin |z — 2%2 -\ gzl
zEN

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

For each point £¥, get each agent’s best response z¥ = f; (2% )

Collect initial dataset {(2* ;, 2¥),k =1,..., Nin}

K2
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RECURSIVE BR-MODEL LEARNING

e Use bank of linear Kalman filters to estimate model parameters 6, recursively:

i = 117 a; = Py ¢;
k¢ ky\/
]DZ-IC-H/2 = P,L-k — 70% (aZ) 0; = vec(l“i)

L+ (9} af
67 =00 + PP - (o)D)
Pik—o—l — Pik+l/2 +5I

e [ =learning rate. The larger 3, the faster the estimator converges

e P! = al.The smaller o, the larger the />-regularization on 6°
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CONVERGENCE PROPERTIES

e Main result: Assume limy,_,. 6% = 6, foralli =1,..., N.Then,
k

= z* is an equilibrium of the original GNEP, i.e., z = f;(z*,)

—1i

e Each affine surrogate fZ coincides with f; pointwise at z* ;

® Weakness: we cannot guarantee if limy,_, o, 9? exist for all 4

© Strength: very minimal assumptions about the problem definition!
(best responses f; continuous, 2 nonempty)

¢ Generalization: z; = g;(w;). Each w; is a private local vector subject to local
constraints, and only z; is shared
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SIMPLE NUMERICAL EXAMPLE

e Nash equilibrium problem:

fi(z2) = argmin :E‘lL — X2 — 2
—1<z;<1

fo(z1) =  argmin a3 + 120 — 2o
—1<z2<1

e Generate N, = 10 initial random samples in [—1, 1]? and run active-learning
algorithm for another 10 iterations

e Result: 27 ~ 0.7077, x5 = 0.4181

best responses surrogate best response parameters
1.00
2.0 — 611
0.75
s 612
0.50
A — 921
0.25 \ 10 .
0.00
X1 05
-0.25 Xo
-0.50 * 0.0
- Xp
-0.75 *
- X5 -0.5
-1.00
0.0 2.5 5.0 75 10.0 125 15.0 17.5 0.0 2.5 5.0 7.5 10.0 125 15.0 17.5
iteration iteration
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PYTHON PACKAGE

gnep_learn GNEP gnep'lea rn

n = 2 # number of agents

dim = [1, 1] # each agent optimizes one variable

N_init = 10 # number of initial random sampling iterations
N = 20 # total number of iterations

Jl(x1,x2):
x1**4 —x1*x2 - x1 # function minimized by agent #1
J2(x2,x1):
X2**4 +x1*x2 - x2 # function minimized by agent #2
J = x1l, x2: J1(x1,x2)[0],

x2, x1: J2(x2,x1)[0]] # agents' objectives

lbx = -1. * np.ones(2) # lower bound on x

ubx = 1. * np.ones(2) # upper bound on x
gnep = GNEP(J, dim, lbx=1bx, ubx=ubx) # create GNEP object

xeq, XX, XXeq, _ = gnep.learn(N=N, N_init=N_init) # learn equilibrium

P pip install gnep-learn ithub.com/bemporad/gnep-learn

ML
(L) 2UZ2
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NUMERICAL EXAMPLE

e Nash equilibrium problem with N = 10 agents:

1—1

Ji(xi,x_i) =N (1 + ) XTi — $1(60N — 1/33) 0= [7, 1OO}N

e Generate N;, = 10initial random samples in 2 and run active-learning
algorithm for another 15 iterations

e Learningrate 5 =1

best responses

(€) 2025 A. Bemporad - Learning-h
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NUMERICAL EXAMPLE

e GNEP, N = 10 agents (internet switching behavior induced by selfish/ users)
T

Ji(ﬂfi,x_i) = 1z

(1-12)  x €[0.3,0.5], z; € [0.01,100],Vj > 1
e Coupling constraint: 1’z < 1

e N;, = 5initial random samples, active-learning algorithm run for 10 iterations

e Learningrate 5 =1

best responses

0.6 1

0.5

0.4+

0.3

5A emporad - Learning-based
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NUMERICAL EXAMPLE

(Facchinei, Kanzow, 2009 - Example 3)

o GNEP with N = 3 agents of dimensions 3,2, 2
e Coupling constraint: 1’z < 1

e N;, = 30initial random samples, active-learning algorithm run for 90 iterations

e Learningrate 5 =1
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NUMERICAL EXAMPLE - NO NASH EQUILIBRIUM EXISTS

e Nash equilibrium problem with N = 2 agents, no equilibrium exists

fi1(z2) = argmin — x% + 2x129
0<z:<1

fa(z1) = argmin z9 — 2z 29

OSIQSl
. 1
e Learningrate 5 =1
. 1 . » 0.5 ook
* Bestresponse oscillates around 35 = S
. 0
e Parameter vector 0 diverges

100 300 500 700 900
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NUMERICAL EXAMPLE: COMPETING LQR CONTROLLERS

e Square linear system controlled by IV agents
2(k+1) = +ZB ui(k) | Aunstable

yi(k) = Ciz(k)

e Each agent ¢ controls input u; with a policy u; = Kz to influence output y;,
given the other agents’ policies K _;

J#i

e Each agent i minimizes the infinite-horizon LQR cost
KMK Zyz szz u;(k)Rzuz(k)

ie, K; = f;(K_;) =LQRgainfor (A;, B;, Q;, R;) (= coupled Alg. Riccati eqns)
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NUMERICAL EXAMPLE: COMPETING LQR CONTROLLERS (CONT'D)

o Init: centralized LQR gains with Q = I, R = I, randomly perturbed system
e N = 3 agents. Agent #i weights n,, outputs out of n,

e Highly nonlinear problem due to Riccati equations. Run algorithm 1000 times

Ex.| mz my  nymyemy, CONVergence
Al8 6 {525} 600/1000
B| 7 4 {324} 493/1000
cla 6 {242} 876/1000
D|5 6 {455} 825/1000
Ele6 5 {253 981/1000
Fla 6 {233} 895,/1000
G|8 6 {254) 949,/1000
Hla4 3 {332} 986,/1000
|5 6 {252} 629/1000
J s 5 {4,572} 947/1000

Note: if convergence occurs, K; are always the same!
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MULTIPARAMETRIC LINEAR QUADRATIC GNEP

Ji(x) [ )
ol P oy

1) _
S L e

[
Contents based on the following paper:

[1] S. Hall and A. Bemporad, “Solving Multiparametric Generalized Nash Equilibrium Problems and Explicit Game-
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MULTIPARAMETRIC LINEAR QUADRATIC GAMES

e N agents with best responses

1
; (x—i,p) =argmin 52'Q;x + (¢; + Fip)'x
zi 2 parameter p € R"?
s.t. Az < b+ Sp

Best response = solution to a multiparametric Quadratic Programming
(mpQP) problem with parameters (z_;, p)

Assume each QP #i is strictly convex wrt x; = best response is unique

Possible local constraints on z; embedded in global constraints Az < b+ Sp
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MULTIPARAMETRIC LINEAR QUADRATIC GAMES

e The bestresponse z}(x_;, p) is a continuous piecewise affine function of
(z_;, p) over a polyhedral partition of the (z_;, p)-space

HY x_; +Glp+h} if (z—i,p) € CR; ;
i (z—i,p) = : y TN
Yz i+ GYip+h) if(zi,p) € R}
. . , . 7 T
CR] = {(x—zvp) : ¢l z_j+Dlp< 6%} ///
j=1...,N; 4 v,
/
p

e Eachcritical region CR{ corresponds to an optimal active set of QP #i
e We have N partitions, one per agent 7, with V; critical regions (CRs)
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EQUILIBRIUM CONDITIONS

e Consider a combinationC = (j1,...,jn)of agents’CRs, k = 1,.. ~7H£\;1 N;

o A combination Cy, is valid if, for each constraint involving agents ¢ and j, either
both have it active or both inactive

e Equilibrium condition for C;, = (j1,...,jn):
r1 = HM o +Gl'p+h Cl\x_y+Di'p < el
: and :
N = H'No n+GRp+hy CINa_n +DYp < el

o Acritical region for the mp-GNEP associated with C;, is the projection onto the
p-space of the polyhedron defined by the above constraints
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CRITICAL REGIONS WITH UNIQUE EQUILIBRIUM

e For each valid combination Cy, rewrite the equilibrium condition as
Mky = Mﬁp + MY MF ¢ Rm*n (parametric linear system)

o If ij is invertible, we get a unique equilibrium for all p:
a*(p) = (M)~ Myp+ (MF) ' MY
with associated polyhedral critical region

CRy={p: Clw"(p) + Dip<el, i=1,.. N}

e Only nonempty full-dimensional C'R’s are stored (based on Chebyshev radius)

e Note: C'R;’s may overlap multiple equilibria exist for the same p

ame-theoretic MPC 19/35




NO EQUILIBRIUM AND MULTIPLE EQUILIBRIA

e If MF is singular, compute SVD decomposition MF = UV’

e Change variables y; = V{x,y2 = V3x to rewrite the equilibrium condition as

yi = 7N U{MFp+ U{ME)

U=[UhUs), V=WV
0 = UsMFp+ UMY O el Vi Vel

e Potential (infinitely-many) Nash equilibria:
z*(p) = iS N U{MFp+U{M{)+Vayo | yo = free vector
o Conditions for existence of full-dimensional critical regions and equilibria:
UM} =0, USMf =0

and the projection CRy, = {p SJyy : CTar(p)+ Dip<elii=1,... ,N}
is nonempty and full-dimensional
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CHOOSING AMONG MULTIPLE EQUILIBRIA

e In C'Ry’s with co-many equilibria, we can select the minimum-norm solution:
l2*(p, y2) |13 = 157107 (Myp + UL M) + [ly213
e We can split C Ry, into sub-regions by solving the following mpQP for p € C'Ry:

y3(p) = argmin ||y2 |3

s.t. C’f’iz*(p, y2) + Dgip < egi, t1=1,...,N

)

o Alternative: given a social welfare cost f(x), solve instead the mpQP

ys(p) = argmin f(z*(p, y2)) eg: f(x) utilitarian sum of agents' objectives
s.t. Cia* (p,ys) + DIip < € N
- (P.32) iP=6 f(z) = Z EQCIQNC + (¢; + Fip)'z
t=1,...,N =2

¢ Inboth cases, set the unique equilibrium z*(p) = *(p, y5(p)) (PWA function)
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VARIATIONAL GNES

e Avariational GNE is an equilibrium where all the agents involved in a shared
constraint have equal dual variables (=cost sensitivity for that constraint)

e From the KKT conditions of each agent’s mpQP, we retrieve the dual variables
M (z—i,p) = Ayz—; + App + A\ associated with coupling constraints

e To compute a variational GNE:
- for each considered constraint c involving at least two agents, add
Nz j+Mp+MN =AMz i+Ap+ A, Vj#i
to the equilibrium conditions Mz = M}p + MY

- recompute SVD and check if vGNE solutions ™ (p) exist

- compute (sub)region CR;, C CRy, as before

(€) 2025 A. Bemporad - Learning-has

& game-theoretic MPC
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VARIATIONAL GNES

e Away to partition C Ry, \ C Ry, is to solve the following mpQP for p € C Ry

mll’lz Z ”)‘ Tr_; pva) ) )‘:21( 71'1(2972/2)7]3)”%

¢ i€Z.,iF#i
st. 0Vt (py) + Dip<eél i=1,...,N

o C'R;, =critical region of the mpQP above corresponding to unconstrained
solution, where the optimal cost is zero (A ; = A7, , Vi # i1, Ve € 1)

C7,1

¢ Note: other vVGNE solutions may exist among the infinitely many,
corresponding to different combinations of active local constraints

‘‘‘‘‘‘
(L) 2U25
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PYTHON PACKAGE

nash_mpgp NashMPQP
dim = [2,3,2] # number of variables for each agent
split = "variational" # or None, "min-norm", "welfare", "variational-split"

nash_mpgp = NashMPQP(dim, pmin, pmax, xmin, xmax,
Q, ¢, F, A, b, S, 1b, ub, split = split)

nash_mpgp.solve()

1b, ub: bounds on variables (finite or £=00)
pmin, pmax: [dNgE of parameters

xmin, xmax: ange of variables

P pip install nash-mpgp github.com/bemporad/nash_mpqgp
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EXAMPLE: SIMPLE 2-AGENT GNEP

e 2 agents, each controlling one variable 21, 25 (Rosen, 1965)

1

. 2 : 2
min —(z1)° — 12 T min (xg)° + 172
z1202( 1) 1T2 + P21 2350

Sst.—x1—22 < St.—xy —xo < pq

Q=471 F=1[0¢] @ =173

e Parameter vector: p = [p1 pz]'

e CRsof each agent’s
best-response mpQP:

2
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EXAMPLE: SIMPLE 2-AGENT GNEP

e Critical regions: no splitting in the case of infinitely-many equilibria

10.0
7.5 //
.',
5.0 4 { ] | (]
254 p
5 % s CRi(1)
P2 50 MACER B - T m CRy (1)

/ | e CRi(w)
—2.5 /
-5.0 / '

-7.51 ‘

-10.0 T T T T L
-10.0 -75 =50 =25 0.0 25 5.0 75 10.0
P1

(1=single solution, oo = infinitely-many solutions)
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EXAMPLE: SIMPLE 2-AGENT GNEP

o Critical regions: adding variational-GNE regions

100
75407
/

/ W
II ||

5.0 ° \ | °
A

2.5 \“\\ ya ,/l ‘\\ /
3 A N = CRy(1)
\\\\\ s CR; (1)

001 IR o w R
®  CRq ()
-2.51 /
_5.0 / 'Y
-7.5

-10.0

.| T T T T T == T — T
-100 -75 -50 =25 0.0 2.5 5.0 7.5 10.0
P1

P2

(1=single solution, oo = infinitely-many solutions, A = variational GNE)
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EXAMPLE: SIMPLE 2-AGENT GNEP

o Critical regions: use min-norm GNE solution criterion to split

10.0 = =<
/ N, 7 N,
7519 / N N
Il \\ 1’ ‘\
7 \
| °
5.0 { ] :=|
h I i
\‘\ 1’ “\ /II
2545 7 /
. / < = CRi(1)
P2 oo e | S = CRy(1)
T TN -~ = CRs;(min)
w  CR4 (min)
4 \ /. N
-2.5 3 /, \‘
! )
-5.04 { ®
=7.51
-10.0

T T T T T == T = T
-100 -75 -50 =25 0.0 2.5 5.0 7.5 10.0
P1

(1=single solution, oo = infinitely-many solutions, min = min-norm GNE solution)
28/35
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EXAMPLE: SIMPLE 2-AGENT GNEP

o Critical regions: use welfare GNE solution criterion to split

10.0 -
N
751 S
X
\
3
\
5.0 °
/ ,",
254/ /
i CR1 (1)
b ool CR, (1)
T CRs (welfare)
kN CR4 (welfare)
~2.5 \
-5.0 °
-7.5
~10.0 ; . . . e
-100 -75 =50 -25 00 25 50 75 100

P1

(1=single solution, oo = mﬂmtely many solutions, welfare = welfare GNE solution)
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EXAMPLE: SIMPLE 3-AGENT GNEP

e 3agents, controlling variables e m—— 10 e
Tl € R2,$2 S R3,x3 € R? 51 // \\\ 54
& 0 [ 04
e 2parameters p € R? I |-
-10 P |t ~10 | |
-10 =5 0 5 10 -10 -5 0 5 10
e randomly generated costs with 10 _ 10
B OCRy(x) | = CR4 ()
random Q; > 0,¢;, F; si/ S osf T S
& o ° of .
e 2 constraints: random SN 1o b i
inequalities involving all agents, | . y
. -10 — = - = S
no local constraints o500 s 10 sl s 0 s 10
1 1

Note: critical regions are overlapping!
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EXAMPLE: SIMPLE 3-AGENT GNEP

e Critical regions: adding variational-GNE regions

10 — ——— 10
- m CRi(A) = CR3(1)
L/ m CRy(x)
51/ ® | ] T
g 0 \ 0 ° \,
-5 1 5] e
-10 -10
-10 -5 0 5 10 -10 -5 0 5 10
10 = 10
m CRs(A) . ®m CRs(A)
®m  CRs () 7 m CRy(»)
547 o 51 .
& o B of B Y
\ o o> i
! ; i
-5 i L] i _5 A‘\\\/_/__/ ya
-10 I P S
-10 -5 0 5 10 -10 -5 0 5 10
P1 p1
(1=single solution, oo = infinitely-many solutions, A = variational GNE)
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EXAMPLE: SIMPLE 3-AGENT GNEP

o Critical regions: use either min-norm or welfare GNE criterion to split CRs
with infinitely-many equilibria

=75

-10.0
-50 -25 00 25 50 75 10.0 -10.0 -7.5 -5.0 -25 0.0 25 50 7.5 10.0
P1 P1

. * &
min ||z*(p)||2 miani(wi,-’r—i)
im1
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EXAMPLE: GAME-THEORETIC MPC

e 2-mass-spring-damper system with NV = 2 YU M,

agents, each controlling one force (u; or us) b,

M1 = 3, M2 = ].,K = 05, ﬂl = 1.5,52 =1 (MKS units)

Each agent minimizes its own MPC cost over a horizon of N = 10 steps:

- Agent 1: min 3 (e1 — e2)? + (Aug + Auz)? (same tracking error, opposite Aw's)

- Agent2: min " e3 + 0.1(Auz)? (only on its own output and input increment)

State constraint: yo — y; > 1imposed over the first N, = 3 steps

Parameters: p = (z(t), u(t — 1), r(t)) € R¥2+2

porad - Learning-npased & ga

me-theoretic MPC 33/35
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EXAMPLE: GAME-THEORETIC MPC

e Solution: 4 critical regions with unique GNE, 3 with infinitely-many GNEs
o Split the latter using minimum-norm criterion -> 19 critical regions

e Compare with centralized MPC minimizing sum of costs + state constraints

inputs outputs
10
—— u2 Nash-MPC 101
51 —— u2 centralized
0 3
”] \7 |
6
S S T N E— /
0 2 4 6 8 10 =
10 —— ul Nash-MPC 417
ul centralized
51 / 5 —— y1 Nash-MPC
—— y2 Nash-MPC
01 1%
T~ y1 centralized
=54 04 —— y2 centralized
T T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
Time [s] Time [s]

e Other criteria (v-GNE, minimum-norm, welfare) give similar closed-loop results
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CONCLUSIONS



CONCLUSIONS

e Active-learning method can compute GNEs of a very broad class of problems,
where only best responses are measurable and global constraints are known

e For the case of parametric quadratic costs and linear constraints, we can
compute GNEs / vGNEs solutions explicitly

e Current research: learn approximate parametric nonlinear GNEP solutions

ERC Advanced Grant "COMPACT" (2024-2029)
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