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Structure of the Tutorial

e Models of hybrid systems

* Model predictive control (MPC) of hybrid systems
* Computational aspects of hybrid MPC

* Explicit MPC (multiparametric programming)

e Stochastic and event-based hybrid MPC

e Application examples

Slides download:

http://www._dii.unisi.it/hybrid/workshop/apc07.pdf
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Models of Hybrid Systems

Hybrid Systems

Computer
Science /.

Finite Continuous
state dynamical
machines systems

Hybrid

ul),| cystem O,
{%ﬂ = f(a(t),u(t))
y(®) = g(z(t), u(t))

f(@(k), u(k))
g9(z(k), u(k))

{ z(k+ 1)
y(k)
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Hybrid Systems

IEEE TRANSACTIONS ON AUTOMATIC CONTROL

A Class of Hybrid-State Continuous-Time

Dynamic

voL. ac-11, No, 2 APRIL, 1966

Systems

H. S. WITSENHAUSEN

Abstract—A class of continuous time systems with part con-
tinuous, part discrete state is described by differential equations
combined with multistable elements. Transitions of these elements
between their discrete states are triggered by the continuous part of
the state and not directly by inputs. The dynamic behavior of such
systems, in response to piecewise continuous inputs, is defined under
suitable assumptions. A general Mayer-type optimization problem is
formulated. Conditions are given for a solution to be well-behaved,
8o that variational methods can be applied. Necessary conditions for
optimality are stated and the jump conditions are interpreted
geometrically.

INTRODUCTION
OME PHYSICAL objects evolve in time according

gates to process Boolean signals, 3) electronic analog
switches controlled by Boolean signals.

The objective of this paper is to give a precise de-
scription of such systems, to define their dynamics, to
formulate the problem of their optimum control, to
introduce the notion of well-behaved solution, and to
state necessary conditions for optimality (the jump con-
ditions).

A Crass oF HYBRID SysTEMS

The modifications required

in otherwise continuous
systems describe v i i i
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Embedded Systems

discrete inputs

symbols symbols

automaton / logic

Automobiles

Industrial processes

Home appliances

interface

]

continuous dynamical system

continuous
states

continuous inputs

Consumer electronics
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Key Requirements for Hybrid Models

e Descriptive enough to capture the behavior of the system

— continuous dynamics (physical laws)
— logic components (switches, automata, software code)
— interconnection between logic and dynamics

 Simple enough for solving analysis and synthesis problems

?
' = Ax+ Bu . x! f(x,u,t)
{ y = Cx+ Du < > { Y g(z,u,t)

linear systems g nonlinear systems

linear hybrid systems

“Make everything as simple as possible, but not simpler.”
— Albert Einstein ™

Piecewise Affine Systems

state+input space

x(k+ 1)
y(k)

Aioye(k) + Bigoyu(k) + fige |
Ciryz(k) + Djryu(k) + gi(x)

i(k) s.t. Higyz(k) + Jipyulk) < Ky

re€R™ ueR™, yeRP
i(k) e {1,...,s}

(Sontag 1981)

Can approximate nonlinear and/or discontinuous dynamics
arbitrarily well

r(k+1) ‘
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Discrete Hybrid Automaton

(Torrisi, Bemporad, 2004)

xzy € {0,1}"™ = binary states z¢c € R = continuous states

ug € {0,1}"™ = binary inputs uc € R™e = continuous inputs

Sc € {0,1}" = event variables i€{1,2,...,s} = current mode
9/166

Switched Affine System

Event (k)
Generator

discrete

5(*("')

hotes

de=1 ‘: —

uc(k)

Finite State
Machine time or

u((k) @L ) Z;’El‘:w:ter
O zg(k)

mode |i(k)
Mode Selector
ug(k) .
de (k) He
ip .
continuous

The affine dynamics depend on the current mode i(k):

ze(k + 1) = A;yze(k) + Biyue(k) + figy|

T - Rnc, Ue € Rmc
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Generator

discrete
de (k)
Switched
Affine
System
1k
Finite Stat et
N;QIChDiHC? : time or o~ 2 p o c(k)
ug (k) @% Lcu‘l]wta T s P
O zg(k)
Mode Selector mode |i(k)
ug (k)
e (k) I.
[]=> ]
continuous

Event variables are generated by linear threshold conditions over
continuous states, continuous inputs, and time:

[0L(k) = 1] < [H'zc(k) + K uc(k) < W]

e S ‘Rn% Uc S Rmc, 56 S {07 1}”6

Example: [8(k)=1] +[x.(k)>0]
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Finite State Machine

discrete
Event ze(k)
. Generator
de (k) ..
=1 Sl Switched
”':0 Affine
System
uc(k) Tk
IFinitQ State ze(k
Machi}i@:::, time or T2 b? ze(k)
: event i
counter| -
—
1 [=c(k)
mode |i(k)
Mode Selector

ug(k)

5 (k) ."
[]=> .

continuous

The binary state of the finite state machine evolves
according to a Boolean state update function:

zo(k+ 1) = fe(zp(k), up(k), 6e(k)) | @€ {0,1}™, us € {0,13™, 5 € {0,1}"™

Example: zp(k4 1) = =6c(k) V (zp(k) A up(k))
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Mode Selector

discrete
Event ze(k)
Generator
de (k) v
=1 P Switched
% Affine
System
ue(k)
Finite State 1S Ly e (k)
Machine time or The mode selector can
event R 4
wg(k) O@ 3 counter] L P be seen as the output
zg(k)

function of the discrete
dynamics

mode |i(k)

Mode Seloctor

continuous

The active mode i(k) is selected by a Boolean function of the
current binary states, binary inputs, and event variables:

i(k) = fm(xp(k), up(k), de(k)) l z € {0,1}", ug € {0,1)™, 6.{0, 1}

Example: ug/zg| 0O 1
oy — | ue(k) v zg(k) 0 |i=[8]]i=[3]
i(k) = [ wp(k) A 2y (k) } (m—s T the system has 3 modes
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Logic and Inequalities o i

Williams 1977,

X1V Xo =TRUE 51+ 60>1, 81,60 € {0,1} Hooker 2000)
Any logic statement
f(X) =TRUE 1< g}; &; + GEJ:V (1-46;)
? 1 ? 1
m ;
/\ (\/ierXi VieN; —|Xz‘) (CNE 1< Z 5 + Z (1—23;)
- R i€Pm  i€Nm

ﬁ\fj,Pj C{1,...,n}

[0L(k) = 1] « [Hizc(k) < W /:o:\{ H'ze(k) — W' < MY(1-—8)

Hizc(k) — W' > misL

< asx + bou—+ fo
< —aprT =boyu—=

< a1z +biu—+ f1
< —ajz—biu— fi

\ Switched \

Affine System
Mode Selector Event |
Generator

IF [ =1] THEN /=alz+§lu+ f1 .

ELSE 2z = aly/+ blu+ fo on
/ ]

Finite State
Machine

55

V-

kse:]-
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Mixed Logical Dynamical Systems

Discrete Hybrid Automaton

c(k)

HYSDEL

(Torrisi, Bemporad, 2004)

Mixed Logical Dynamical (MLD) Systems (Bemporad, Morari 1999)
z(t+1) = Az(t) + Biu(t)+Bad(t) + B3z(t) + Bs |
y(t) = Cx(t) + Dyu(t)+D26(t) + D3z(t) + Ds

E55(t) + E3z(t) Ezx(t) + Equ(t) + Es

Continuous

and z €R™ x {0,1}", uw € R™ x {0,1}"™
binary variables  y ¢ RPr x {0,1}?, 6 € {0,1}, z € R

Computationally-oriented model (mixed-integer programming)
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HYSDEL
(HYbrid Systems DEscription Language)

- Describe hybrid systems: 520 BuG i i em clmB R
; cz;: The !-lyhrid Systems Project

— Automata i S —

— Logic =

— Lin. Dynamics

— Interfaces P

— Constraints

(Torrisi, Bemporad, 2004)

e Automatically generate MLD models in Matlab

Download: http://www.dii.unisi.it/hybrid/toolbox

Reference: http://control.ethz.ch/~hybrid/hysdel

16/166




Hybrid Toolbox for Matlab

Features: (Bemporad, 2003-2007)

e Hybrid model (MLD and PWA) design, simulation, verification

Control design for linear systems w/ constraints
and hybrid systems (on-line optimization via QP/MILP/MIQP)

Explicit control (via multiparametric programming)

C-code generation = o e

Simulink

===

Support:

FORD /,
RESEARCH LABORATORY

Hybrid
Explicit

rrrrrrrrrrrr traller Hylrid FWA Syatam

k http://www.dii._unisi.it/hybrid/toolbox

Mixed-Integer Models in OR

Translation of logical relations into linear inequalities is heavily
used in operations research (OR) for solving complex decision
problems by using mixed-integer programming (MIP)

Example: Optimal investments for quality
of supply improvement in electrical energy
distribution networks (Bemporad, Mufioz, Piazzesi, 2006)

Example: Timetable generation (for demanding professors ...)

g8 a 10 11 12 13 14 15 16 17 18 19
; . Ingegnenia dl
Jun Sistemi Operativi (13 Msure per la Atomazione T gafome (1)
Basi di Dati (*1%)
Rototica ed Atomaziane di
mar Basi di Dati (7] Sistami Operativi (°2) Proonsen (12)
Robotica ed Attormazione il Wisure perla Laboratorio di Robotica e Reatt
mer Processe ) Automaziona (°7) rtuzle (15
Ingegnieria del Software (*18)
gio Basi di Dati (3 Sistemi Operatiui (°5)
Laboratorio di Fobotica & Reaka
“rtuale (715)

wen Robotica ed Atomazione di Processa 8 hisure per 3 Artomazione (7

CPU time: 0.2 s

Softuare (*18)
sab
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DHA and HYSDEL Models

SYSTEM name {
INTERFACE {

STATE {
REAL xc [xmin,xmax];
BOOL xI; }
INPUT {
REAL uc [umin,umax];
/E i EXC A\ BOOL ul; }
5e(k) PARAMETER {
& gm“ REAL paraml = 1;}
O] e } 7* end of interface */
S T el
uf O@Q) e S, IMPLEMENTATION {
AUX { BOOL d;
o]} REAL z; }
wlk D |
o] I[P AUTOMATA { xI = xI & ~ul; }

DA { z = { IF d THEN 2*xc ELSE -xc }; }
AD {d=xc -1<=0; }
CONTINUOUS {

Xc = z; }

”””,,,,»MUST {
XC + uc <= 2;
~xl & ub); }
} /* end implementation */
} /* end system */

Additional relations
constraining system'’s
variables
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Example 1: Definition of Event Vars.

= — g S S {O, 1}
ekl ]

!

AD { s = hmax - h <= 03 }

E1998, Rick Buncan
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Example 2: Nonlinear (PWA) Functions

Nonlinear amplification unit L-i N o
[ u(k) i uk) < ur l -G
unL(k+1) = { 2.3u(k) — 1.3u; if u(k) >u; | |

DA { unl = { IF th THEN 2.3*u - 1.3*ut
ELSE u }; }

AD { th = ut - u <= 0; }

|

[tr = 1] < [u > uq

2‘ v

ut
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Example 3: Logical relations

i ¥, Rule: brake if there is an alarm
i signal, but only if the train is
not on fire in a tunnel

dpbrakes alarm> Stunnel, Ofire € {0, 1}

m 5brake - 5alarm A (_‘5tunnel \ _'5fire) l

LOGIC {
decision = alarm & (~tunnel | ~fire);

}
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Example 4: Continuous dynamics

—>z(t)

i) = dlb(t) 1L(t)

Apply forward difference rule:

%((k: + 1)) = u(kT) + i(KT)

CONTINUOUS {
u=u+ T/C*i;
}
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Example 5: Automaton

ﬁop . Flow control through a dam
close 1 .
open

C\ open | stop open oF .
@ Stoned Open'ﬂg s
close close | stop s 2

binary inputs: uopen, Uciose, Ustop € {0, 1}

binary states: @openmg>akjogng,aétopped €{0,1}

AUTOMATA {
xclosing = (uclose & xclosing) | (uclose & xstopped);
xstopped = ustop | (uopen & xclosing) | (uclose & xopening);
xopening = (uopen & xstopped) | (uopen & xopening);

}
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Example 6: Impose a constraint

0 < h(k) < hmax|
MUST {

h - hmax <= 0;
-h <= 0; }
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Examples: Systems with Impacts

bouncing ball
electromagnetically actuated fuel injector

| T i T R

06

| . SN 0.4

02

-0.2

Systems easily modeled in discrete-time
linear hybrid form
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HYSDEL - Bouncing Ball

SYSTEM bouncing_ball {
INTERFACE {
/* Description of variables and constants */
STATE { REAL height [-10,10];
REAL velocity [-100,100]; }

PARAMETER {
REAL g;
REAL alpha; /* O=elastic, l=completely anelastic */
REAL Ts; }
}
IMPLEMENTATION {
AUX { REAL z1;
REAL z2;
BOOL negative; }

AD { negative = height <= 0; }

DA { z1l = { |IF negative THEN height-Ts*velocity
ELSE height+Ts*velocity-Ts*Ts*g};
z2 = { |IF negative THEN -(l1-alpha)*velocity
ELSE velocity-Ts*g}; }
CONTINUOUS {
height = z1;
velocity=z2;}

MATLAB -

bs
go to demo /demos/hybrid/bball.m
Bouncing Ball
-— Figure No. 1 E]@-‘
>>TS:0_05; File Edit Yiew Insert Tools Window Help
>>g=9_8; DEEE Kk AAs 22D
>>a| pha=0 - 3 ; Height
ISUNE N D B B R

>>S=mld("bouncing_bal 1", Ts); O T -

>>N=150;
>>U=zeros(N,0);
>>x0=[5 0]";

>>[X,T,D]=sim(S,x0,U);

" i i i i I
i 1 2 3 4 5 5 7 a
Event variable negative’

[1)f:]) SERRRREN ERRRR O S [t o S (S O & 1 K

Note: no Zeno effects | | | 5 |
in discrete time ! o— 4L Ll
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MLD and PWA Systems

Theorem MLD systems and PWA systems are equivalent'

(Bkémporad, Ferraki;Trecate, Morakrkik, IEEE TAC,QOOO)

Proof is constructive: given an MLD system it returns its
equivalent PWA form

« Drawback: it needs the enumeration of all possible
combinations of binary states, binary inputs, and & variables

e Most of such combinations lead to empty regions

 Efficient algorithms are available for converting MLD models
into PWA models avoiding such an enumeration:

 A. Bemporad, “Efficient Algorithms for Converting Mixed Logical
Dynamical Systems into an Equivalent Piecewise Affine Form', IEEE
Trans. Autom. Contr., 2004.

« T. Geyer, F.D. Torrisi and M. Morari, “Efficient Mode Enume-
ration of Compositional Hybrid Models’, HSCC'03
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Example: Room Temperature

Hybrid dynamics

e #1 turns the heater (air condition-

|ing) on whenever he is cold (hot)

Heater o If #2 is cold he turns the heater on,

unless #1 is hot

o If #2 is hot he turns the air condi-
tioning on, unless #2 is cold

1 e Otherwise, heater and air condition-
ing are off

o I = —a1(T1 — Tamp) + k1(unot — ucold) (body temperature dynamics of #1)

o T = —as(Th — Tamp) + ko(unot — ucold) (body temperature dynamics of #2)

go to demo /demos/hybrid/heatcool .m
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HYSDEL Model

SYSTEM heatcool { M,ATLABP Viie

INTERFACE { wian ?
STATE { REAL T1 [-10,50]:
REAL Tz [-10,50];
+
INFUT { REAL Tamb [-10,50]:
+
PARLMETEER {
REALL T=, alphal, alphaZ, ki1, kZ:
REALL Thotl, Teoldl, ThotZ, TecoldZ, Uz, Uh;
}

?[HPLEHENTATION{ Hybrid Toolbox
ATE { REAL uhot, ucold; |:>
BOOL hotl, hotZ, coldl, colde: for Matlab

ks
LD { hotl = Tl>=Thotl:;
hotz = Ta>=Thoti;

coldl = Ti<=Teoldl; http://www.dii.unisi.it/hybrid/toolbox
coldz = T2<=TcoldzZ:

+
i { uhot = {IF coldl | (coldi & ~hotl) THEN Uh ELSE 0O}:
ucold = {IF hotl | (hotZ & ~coldl) THEN Uc EL3E 0O}:

+
COMNTINUOUSE { T1 = T14Ts* (-alphal® (T1-Tamb) +k1% (uhot-ucold)):
TZ = TZ4+Ts* (—alphaZ* (Ta-Tawb) +k2 ¥ (uhot-ucold) ) ;

>>S=mld("heatcoolmodel " ,Ts) get the MLD model in Matlab

>>[XX,TT]=sim(S,x0,U); simulate the MLD model
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Hybrid MLD Model

« MLD model

x(t+ 1)
y(t) =
FEo6(t) + E3z(t) <

Ax(t) + Biu(t) + B2d(t) + Bzz(t)
Cx(t) + Diu(t) + D26(t) + D3z(t)
Fru(t) + E4z(t) + Fs

« 2 continuous states: (temperatures T,,T5)

« 1 continuous input: (room temperature T,,,)
e 2 auxiliary continuous vars: (power flows gy, Ucoiy)
e 6 auxiliary binary vars: (4 thresholds + 2 for OR condition)

20 mixed-integer inequalities

Possible combination of integer variables: 26 = 64
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Hybrid PWA Model

« PWA model |Z(F+1) = Ajgyz(k) + Bigyulk) + fi)
y(k) = Cypyz(k) + Diyu(k) + gi(x)

e 2 continuous states:
(temperatures T,,75)

e 1 continuous input:
(room temperature T,.,,)

Temperature F (deg C)

5 polyhedral regions
(partition does not depend on input)

>>P=pwa(S);

10 20 30 40 50
Temperature, {deg C)

Uhot 0

Uold = Ug -
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Simulation in Simulink

S—

File Edit Wiew Simulation Format Tools Help

D= dH&| &R 5o INorma\ vl

leElope ABR B & &

state

—
.| Diseretm
| LD state
|l imemce B
e}
[ '

npotainal Hybrid MLD System

Hybrid P/ System

Ready [100% lodeds A

MLD and PWA models are equivalent

r—
¥ heatcool4 m B MLD state ZEE B Pwa state [==[x)

leElope ABRRE B & &
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Using MLD—PWA for Model Checking

» Assume plant and controller can be modeled as DHA:
- Plant = PWA approximation (e.g.: NL switched model)

- Controller = switched linear controller (e.g: a combinations
of threshold conditions, logics, linear feedback laws, ...)

* Write HYSDEL model, convert to MLD, then to PWA

e The resulting PWA map tells you how the closed-loop behaves
in different regions of the state-space
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Hybrid Systems Identification

Given I/O data, estimate the parameters of the
affine submodels and the partition of the PWA map

. % x 5f
L s % x x 3 w
%
><§<>><<>§< XXX; ®c Ky X x 2 X
&XS( X X X
X, X
g X ox 0 X (—
® % X ><
e B H -
To ¢ S 5w x 1 hyb”d ID S0
= Xy s K ox oy e X %K .
X% X * ¥ x algorithm
e X x
% ¥ Xx"*%& Xy
X %X%XR&X % e . .
X % * w ET o x %x
x X X§§% é v X
x Tx % X, 5l
- 4 6 8 £

&Ho
ki
o
o
n

Other scenario: “hybridization” of (known) nonlineay models:

hybrid ID

" algorithm

>
>
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PWA Identification Problem

A. Known Guardlines (partition known, parameters unknown):
least-squares problem EASY PROBLEM
(Ljung’'s ID TBX)

B. Unknown Guardlines (partition and parameters unknown):
Generally non-convex, local minima HARD PROBLEM!

Some recent approaches to Hybrid ID:

e K-means clustering in a feature space (Ferrari-Trecate, Muselli,
Liberati, Morari, 2003)

(Juloski, Heemels, Weiland, 2004)
e Mixed-integer programming (Roll, Bemporad, Ljung, 2004)

e Bayesian approach

e« Bounded error (partition of infeasible (Bemporad, Garulli,

. . Paoletti, Vicino, 2003
set of inequalities) )

 Algebraic geometric approach (Vidal, Soatto, Sastry, 2003)
e Hyperplane clustering in data space (Miinz, Krebs, 239/01%

Hybrid Identification T oolboxes

* PWAID — Piecewise Affine Identification Toolbox T
(Paoletti, Roll, 2007) E ?ﬁ;: l,

http://www._control .isy.liu.se/~rol1/PWAID/

- Mixed-integer approach (hinging-hyperplane models)
- Bounded error approach

e HIT — Hybrid Identification Toolbox
(Ferrari-Trecate, 2006)
Hybrid Identification Toolbox

http://www-rocq.inria.fr/who/Giancarlo.
Ferrari-Trecate/HIT_toolbox.html

- K-means clustering in a feature space

« PWL Toolbox
(Julian, 2000)

http://www.pedrojulian.com 1 ﬂ;;H;_rf;<
- High level canonical PWL representations Al
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Why interested in MLD/PWA models 7

Many problems of analysis:

— Stability (Johansson, Rantzer, 1998)
— Safety / Reachability (Torrisi, Bemporad, 2001)
— Observability (Bemporad, Ferrari, Morari, 2000)
— Passivity (Bemporad, Bianchini, Brogi, 2006)
— Well-posedness (Heemels, 1999)

Many problems of synthesis:

— Controller design (Bemporad, Morari, 1999)

— Filter design (state estimation/fault detection)
(Bemporad, Mignone, Morari, 1999)

(Ferrari, Mignone, Morari, 2002)

can be solved through mathematical programming

(However, all these problems are NP-hard !)
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Model Predictive Control
of Hybrid Systems




Hybrid Control Problem

hybrid process

i -_“",_-' ! )
continuous ~_continuous
inputs > ~ states
binary ~binary
inputs ~ states

desired behavior

constraints
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Model Predictive Control
of Hybrid Systems

MLD model x(t+ 1) = Ax(t) + Biu(t) + B2b(t) + Bsz(t)
y(t) = Cx(t) + Dyu(t) + D2d(t) + Dsz(t)
Ey0(t) + E32(t) < Eqx(t) + Eyult) + £

\

Controller Hybrid System

Reference

r(¢)

Measurements

MODEL: use an MLD (or PWA) model of the plant to predict
the future behavior of the hybrid system

PREDICTIVE: optimization is still based on the predicted
future evolution of the hybrid system

CONTROL: the goal is to control the hybrid system
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MPC of Hybrid Systems

past + future
N .
predicted Model
—> g _°“tp“t3 Ykl Predictive (MPC)
I Manipulated, Control

e At time ¢ solve the open-loop optimal control problem

=1
. . )
min — . .
wnBiry 20 Mt = 7O+ pllucps = wr )]

subject to  mixed logical dynamical (MLD) prediction model
ry = x(t)

e Apply only u(t)=wu," (discard the remaining optimal inputs)

e At time t+41: get new measurements, repeat optimization

Advantage of on-line optimization: FEEDBACK!
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Receding Horizon - Examples
 MPC is like playing chess !

 “Rolling horizon” policies are
also used frequently in finance
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Receding Horizon — GPS Navigation

- prediction model Hertz NEVERL®ST

how vehicle moves on the map r e |

- constraints
drive on roads, respect one-way roads, etc.

Exit W 1-63

[

- disturbances
road works, driver’'s inattention, etc.

- set point
desired location

- cost function:

Ex: minimum time
Ex: penalty on highways

- receding horizon mechanism

It's a feedback
event-based (optimal route re-planned strategy !

when path is lost)
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Closed-Loop Convergence

Theorem 1 Let (zr,ur,dr,2) be the equilibrium values corresponding |

to the set point r. Assume all variables are weighted with positive defi-
nite weights and assume the terminal constraint x, = xr is enforced.
If x(0) is such that the MPC problem is feasible at time t = 0, then

lim y(t) = r
t—o00
t—o00

and all constraints are fulfilled.

(Bemporad, Morari 1999)

Proof: Easily follows from standard Lyapunov arguments

More stability results: see (Lazar, Heemels, Weiland, Bemporad, 2006)
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Convergence Proof

e Assume we set the terminal constraint z(¢t 4+ T'|t) = =, in the opti-
mal control problem

e Let U/ denote the optimal control sequence {u;(0),...,u;(T"— 1)}
o Let V() £ JU},=(t))=value function == Lyapunov function
e By construction, Uy = {uf(1),...,uf(T — 1),ur} is feasible @t + 1

e Hence,

V(t+ 1)@J<u1, 2(t+1)) = V() — [ly®) = rllo — l[u®) — url|p—
o(Jlo(t) — orl] — [|2(t) — z¢|| — ||z(t) — zr]])

e Hence V (t) is decreasing and lower-bounded by 0 = IV = limy_.oo V(1)
= V(iEt+1)-V(#)—0

o Hence, [[y(t) — rllg = O.[u(t) = urllr =0, ..., [la(t) = @]l = O

Note: Global optimum not needed for convergence ! 47/166

Hybrid MPC - Example

PWA system:
wwrd = 0o 212 2]+ (]
y(t) = za(t)

B 2 if z1(t) >0
a(t) { __§ if x1(t) <0

int: —1<u(t) <1 i
Constraint: <u(t) < Open loop behavior

go to demo /demos/hybrid/bm99sim.m
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Hybrid MPC - Example

Closed loop:

Q@E u output & ref Q@ﬁ

|leBEoPppP HER B A &

W brm39rid
File Edit Wew Simulation Format Tools Help
DESEH& »E=R| 2 =] » = [Noma s hE @
1 -
state
output & ref
] e
u B e ] 4’@
output ref
| (Continuows - | CElE]
[E—
Hybrid Controller Hybrid MLD System zeta
input
Ready 100% lode45

RN

2

Performance index: min > |y(t + k|t) — r(t)]

k=1

Time offset. 0
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Hybrid MPC — Temperature Control

>>refs.x=2; % just weight state #2
>>Q.x=1;

>>Q.rho=Inf; % hard constraints
>>Q.norm=2; % quadratic costs
>>N=2; % optimization horizon
>>limits.xmin=[25;-1nf];

>>C=hybcon(S,Q,N, limits,refs);

>> C

Hybrid controller based on MLD model S <heatcoolmodel._hys>

oroonN

20
46

state measurement(s)

output reference(s)

input reference(s)

state reference(s)

reference(s) on auxiliary continuous z-variables

optimization variable(s) (8 continuous, 12 binary)
mixed-integer linear inequalities

sampling time = 0.5, MILP solver = "glpk”

Type "'struct(C)" for more details.

>>

>>[XX,uU,DD,ZZ,TT]=sim(C,S,r,x0,Tstop);

2
min > (zo(k) — r)2

k=1 :

sit. (k) >25k=1,2|
MLD model §

Figurel Q@a
File Edit ew Insert Tools Deskbop ‘indow Help »

CedE keadma(E| 0B e O

Temperature T,

B0
40 Y -
20}---
0 i i i i
0 20 40 60 80 100
Temperature T, , air conditioning
100
K\Ti“‘ i _j AN
0 i i i
] 20 40 =11] 80 100

Temperature T
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Hybrid MPC — Temperature Control

¥ heatcoolb

[S]E[%]

O =EES

File Edit “ew Simulation Format Tools Help

TT(en... |Momal hd .:.IE_I, i

Hybrid Controller

100%s

N |

™

Temp. T2

e referance
\ E Block Parameters: Hybrid Controller

u Temp. T2

&5 OPL hEE ©aw

B
\ Control of hybrid systems based on MIP [mask] (link)
Paramel ters

Controll

[c

MLD model

|5

Ok | LCancel Help Apply
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Optimal Control of Hybrid Systems:
Computational Aspects
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MPC of Linear Systems

Linea odel =
Inear m Th41 A:ck,—l—Buk @0 :m(t)
yp = Cuxyi
i N-1
Quadratic . in 7(~(+) T7TY — \ [ O Ln Doy | A Do
performance index {""' EACACYER Y . ka\odubk; T Up U T TNL TN
k=0
. 1 1
% min  ZU'HU 42/ (t)F'U + ﬁay//m(t) w0
U £ Z U= uy
ﬁ subj. to  GU < W + Sxz(t), | :
UN_1

Constraints Umin < urp < umax
Ymin < Yk < Ymax

This is a (convex) Quadratic Program (QP)
for all states z(t)
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MIQP Formulation of Hybrid MPC

(Bemporad, Morari, 1999)

T—1
ming J(&,2(0)) = > ¢'(DQy() + u'(¢) Ru(t)

t=0
z(t+1) Az(t) + Bru(t) + B2d(t) + B3zz(t) + Bs
subject to y(t) = Cz(t) + Diu(t) + D26(t) + D3z(t) + Ds
| B20(t) + E32(t) < Eaz(t) + E1u(t) + Es

 Optimization vector:
£ =[u(0),...,u(T —1),6(0),...,6(T —1),2(0),...2(T = 1)

.1, / 1, Mixed Integer
subj. to G& <W + Sz(t) Program
(MIQP)

u € R™, §€{0,1}", » € R%| mmp | £ € Rutn)T x {0, 1377 |

¢ has both real and {0,1} components
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MILP Formulation of Hybrid MPC

(Bemporad, Borrelli, Morari, 2000)

T-1
P T, /o . . £\ 1 D, e\l
ning J(&x(V)) = ) [I&QY({)]lco T [[L{Tull)||co
t=0
subject to MLD model
« Basic trick: introduce min|z| =mp M €
slack variables: st. e>z
€ > —1
et > [Qut+klY)]; i=1,...,p k=1,...,T-1
ef > [|Qy(t + k[t) oo ef > —[Qut+klt)]; i=1,..., p k=1,..., T-1
€ > [|Ru(t + k) loo = > [Ru(t+k); i=1,...,m k=0,...,T—1
ef > —[Ru(t+k); i=1,....m k=0,....,T—1

» Optimization vector:
E=1[e,..., & 1, ..., % 1,u(0),...,u(T—1),6(0),...,6(T—1),2(0),...2(T—1))

T-1
mm) | Min J(2(0)) = Z ¢ +¢'| Mixed Integer
S.t‘ GE < W + ‘31(0) Linear Program (MILP)
€ has both real and {0,1} components 55/166

Mixed-Integer Program Solvers

e-SAT

3000~

 Mixed-Integer Programming is
NP-complete

2000

1000

Phase transitions have been found in
computationally hard problems.

Cost of Computation

T
0 2 3 4 5 6 7 8

Ratio of Constraints to Variables
(Monasson et al., Nature, 1999)

BUT

« Extremely rich literature in operations research (still very active)

MILP/MIQP is nowadays a technology (CPLEX, Xpress-MP, BARON,
GLPK, see e.g. http://plato.la.asu.edu/bench.html for a comparison)
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Mixed-Integer Program Solvers

* No need to reach the global optimum for stability of MPC
(see proof of the theorem), although performance deteriorates

Example: restrict the number of possible modes

(Ingimundarson, Ocampo-Martinez, Bemporad, 2007)

Nt =i 5! = reference mode sequence

> 6, — Sl <M k

k=0 (e.g.: obtained through simulation of MLD
: S simulation from z(t) using previous

Vi=1,...,n optimal input sequence)

* Possibility of exploiting logic structures of the problem

(F+1)+ QA —2(k)) + (1 —up(k)) > 1 EALSE
4[ . we(lfer (1 —wg(kf— 1)>1 ¢mm TRUE
( up(k) + (1 —zp(k+ 1)) >1

zo(k + 1) = zo(k) A uy(k)
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Exploiting Logic Structures

* Loss of the original Boolean structure is a drawback of
Mixed-Integer Programming for solving hybrid MPC problems

o Efficiency of MIP solver usually not good when continuous

LP/QP relaxations are not tight

Sat instances Unsat instances
N. Vars N. Cons | zCHAFF CPLEX | zCHAFF CPLEX _ Pure B&B
20 91 0 0.036 - - =Xl bas}efj =L
50 218 0 0.343 0 0.453 N
75 325 0 0.203 0 3.671
100 430 0 23.328 0 33.921
125 538 0.016 15.171 0.031 209.766 ! ¥y
150 645 0.031 20.625 0.281 4949.58 _ _
175 753 | 0.031 > 1500 > 5000 #nodes=11 e

satisfiability of logic formulas

» Possibility of combining symbolic 4+ numerical solvers
Example: SAT + LP or SAT + QP

58/166




Exploiting Logic Structures

(Bemporad, Giorgetti, IEEE TAC 2006)

T Bool. SATbB&B CPbB&B CPLEX Naive MILP

Vars (s) LPs SATs (s) LPs (s) LPs (s) LPs
5 210 0.401 ) 10 0.201 5 0.61 74 3.45 193
10 420 i 430 10 16 1.349 8 1. 802 216 8.91 312

20 840 7.825 33 40 7.612 17 10.301 632 | 18.160 748
30 1260 | 11.510 78 98 13.67

104 | 23.081 692 | 114.53 1021
40 1680 | 79.318 264 304 104.67 579 | 125.930 934 | 813.23 1404

2911 A0 OO0 Lo Wll iy 2 1900
10U “FZUU ZUT.094U  2Z20UU Z4UT Z2I990.Z21TO O2ZU1 4Uo0.UZU OS09OT7 ~ 120U -

hybrid MPC problem

1 1
o0.9f 09F
0.8 08f
0.7F 07k
0.6 06 /
0.5f 05f )
0.4t 0.4} " [
0.3 03f | ’
0.2f 0.2f
0.1 0.1
‘ % 02 04 ) 05 08 1 % 02 04 06 08 1
height = 4 a height = 14 .
SAT-based algorithm Naive MILP algorithm

Pentium IV 1.8GHz SAT solver: zCHAFF 2003.07.22 59/166

A Simple Example in
Supply Chain Management

manufacturer A inventory 1
Ua11(k)

g v11(k)

uy2(k)

retailer 1

z11(k), z12(k)

inventory 2

manufacturer C
e |
]

z12(k), z22(k)
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e continuous states:

z,;(k) = amount of j hold in inventory i
at time k (i=1,2, j=1,2)

e continuous outputs:

y,(k) = amount of j sold at time k
(i=1,2)

e continuous inputs:

u, (k) = amount of j taken from inventory i
at time k (i=1,2, j=1,2)

e binary inputs:

Uy (k) = 1 if manufacturer X produces and send j to inventory i
at time £

61/166

Constraints

* Max capacity of inventory «:

0< 2ja; (k) < xyy, Numerical values:
x,,—=10, z,,=10

e Max transportation from inventories:

0< uy(k) < uy,

A product can only be sent to one inventory:

UA11(k) and UA21(k) cannot be =1 at the same time
UB11(k) and UB21(k) cannot be =1 at the same time
UB12(k) and UB22(k) cannot be =1 at the same time
UC12(k) and UC22(k) cannot be =1 at the same time

* A manufacturer can only produce one type of product at one time:

[UB11(k)=1 or UB21(k)=1] and [UB12(k)=1 or UB22(k)=1]
cannot be true
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Dynamics

Pj1, P1, Ppo, Pop = amount of
type 1(2) produced by A
(B,C) in one time interval

Numerical values:

Pp=4, Pp=6, Ppr=7, Fr=3

e |evel of inventories:

11(k) + Pa1Ua11(k) + P1Up11(k) —ui1(k)
z12(k) + PpoUpia(k) + PooUc12(k) — uya(k)
x21(k) + Pa1Ua21(k) + Pp1Up21 (k) — u21(k)

;

4

\

z11(k+ 1)
z12(k+ 1)
xo1(k+ 1)

xzoo(k + 1)

4

4

x22(k) + PpoUpoo(k) + PooUcoo (k) — uza(k)
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Hybrid Dynamical Model

SYSTEM supply_chain{
INTERFACE {

STATE { REAL

REAL

REAL

REAL

INPUT { REAL
REAL
REAL
REAL
BOOL

OUTPUT {REAL

3
IMPLEMENTATION {

x11
x12
x21
X22

ull
ul2
u2l
u22

UA11,UA21,UB11,UB12,UB21,UB22,UC12,UC22; }

[0,10];
[0,10];
[0.10];

[0,10]; }

[0,10];
[0,10];
[0,10];
[0,10];

yl,y2;}

PARAMETER { REAL PA1,PB1,PB2,PC2,xM1,xM2;}

AUX { REAL zAl1, zB11, zB12, zCi2,

DA { zA11 = {IF
zB11 = {IF
zB12 = {IF
2C12 = {IF
zA21 = {IF
zB21 = {IF
zB22 = {IF
2C22 = {IF

UAL11
UBl1
uB12
uci2
UA21
uB21
uB22
ucz2

THEN
THEN
THEN
THEN
THEN
THEN
THEN
THEN

PA1
PB1
PB2
PC2
PA1
PB1
PB2
PC2

ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
ELSE
ELSE

zA21, zB21, zB22, zC22;}

/demos/hybrid/supply_chain.m

3}

CONTINUOUS {x11 = x11 + zAll + zB1l -
x12 = x12 + zB12 + zC12 -
x21 = x21 + zA21 + zB21 -
X22 = x22 + zB22 + zC22 -

OUTPUT { yl ull + u2l;

y2 ul2 + u22; }
MUST { ~(UA1l & UA21);
~(UC12 & UC22);
~((uB11l | UB21) & (UB12 | UB22));

~(UB11 & UB21);
~(UB12 & UB22);
X11+x12 <= xM1;
Xx11+x12 >=0;

X21+x22 <= xM2;
x21+x22 >=0; }

ull;
ul2;
u2l;
u22;
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Objectives

e Meet customer demand as much

as possible:

Y= Ty Yo = To

« Minimize transportation costs s

e Fulfill all constraints
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Performance Specs

penglty on demand tracking error

2

~

N1
min 3~ (OYlya (k) — r1 ()] + lya(k) = ra(k)]) +
k=0

cost for shipping 11(k)| + u12(k)]) +

from inv.#1 to

market /@U21(k)| + |uoa(k)|) +
|

cost for shipping

cost from A to

/
from inv.#2 to
market

e

@Um(kn F Ua21(R)]) +

10)|Uc12(k)| + [Uc2o(K)])

Up11(k)| + [Up12(k)| + |Up21 (k)| + |[Up22(k)|) +

inventories / \

cost from B to
inventories

cost from C to
inventories
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Hybrid MPC - Example

>>refs.y=[1 2]; % weights output2 #1,#2
>>Q.y=diag([10 10]); % output weights

>>Q.norm=Inf; % infinity norms
>>N=2; % optimization horizon
>>limits.umin=umin; % constraints

>>1imits.umax=umax;
>>limits.xmin=xmin;
>>1 Iimits. xmax=xmax;

>>C=hybcon(S,Q,N, limits,refs);

>> C
Hybrid controller based on MLD model S <supply_chain.hys> [Inf-norm]

4 state measurement(s)

2 output reference(s)

12 input reference(s)

0 state reference(s)

0 reference(s) on auxiliary continuous z-variables

44 optimization variable(s) (28 continuous, 16 binary)
176 mixed-integer linear inequalities

sampling time = 1, MILP solver = “glpk*

Type "'struct(C)" for more details.

>>

67/166
>>x0=[0;0;0;0]; % Initial condition
>>r.y=[6+2*sin((0:Tstop-1)"/5) % Reference trajectories

5+3*cos((0:Tstop-1)"/3)];
>>[XX,UU,DD,ZZ,TT]}=sim(C,S,r,x0,Tstop);
Figure Mo. 1 =B[=)]%] Figure No. 2 8]=[x]
File Edit Wew Insert Tools Window Help File Edit ‘iew Insert Tools ‘Window Help
DEEE NAA/ | 2R D& MNAA/ | 2ED

ltems sold, demand Who is producing ...

CPU time: ~ 30ms per time step (using GLPK on this machine)

63/166




A Few Hybrid MPC Tricks

69/166
Measured Disturbances
e Disturbance v(k) can be measured at time k
e Augment the hybrid prediction model with a constant state
zy(k + 1) = zy(k)
* In Hysdel:
INTERFACE{
STATE{ _ - |
ReAL xv  [-ies. iedl. -
¥ drinsteua;u;ed mus musl cope
IMPEEMENTATION{
CONTINUOUS{
X = A*X + B*u + Bv*xv
XV= XV;
y ]

/demos/hybrid/hyb _meas dist.m

Note: same trick applies to linear MPC
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Hybrid MPC - Tracking

e Optimal control problem (quadratic performance index):

N-1
min Y (IW¥(y(k + 1) — r(D)]|? + WA Au(k)]|?

AU L)
[Au(k) £ u(k) —u(k —1)]
subj. to Umnin < U(JI-.) < Umax, k= 0, . p N-1

/_\umin < Au(k) < Aumax, k= O: — N-1

Ymin L Y(k) <ymax, k=1,...,N

* Optimization | min J(AU,2(t)) = LAU'HAU + [2/(t) »/(t) u'(t — 1)]FAU
problem: av
(MIQP)

r(t)
u(t—1)

x(t)
st. GAULW+K

Note: same trick as in linear MPC
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Integral Action in Hybrid MPC

« Augment the hybrid prediction model with integrators of output
errors as additional states:

E(k + 1) - G(k) + T - (T(k) - y(k)) ' Ts = sampling time

» Treat r(k) as a measured disturbance (=additional constant state)
* Add weight on ¢(k) in cost function to make (k) — 0

e In Hysdel:

INTERFACE{
STATE{
REAL X [-100,100];

input

kS 1: output & ref,
2:input

REAL epsilon [-1e3, 1e3]; .
REAL r [0, 100]; 3} |

OUTPUT { .
REAL y; }

--- %}
IMPLEMENTAT I1ON{
CONTINUOUS{
epsilon=epsilon+Ts*(r-(c*x));
r=r;

Hybrid MPC Controllar

OUTPUT{

y=erxi b} | /demos/hybrid/hyb_integral_action.m

Note: same trick applies to linear MPC 72/166




Reference/Disturbance Preview

Measured disturbance v(t) is known M steps in advance

( 2y m—1(E+1) = x4 pr—2(k)
ry M—2(k+1) = =z, p_3(k)
xv,l(k_*_ 1) = xv,O(k)
xv,O(k'l‘ 1) = xv,O(k)
’U(k’) = xv,M—l(k)a k= O,. . .,N —1
initial condition Note: same trick applies to linear MPC
[z, 0-1(0) = v(t)
Ty p—2(0) = vw(t+1)
T, 1(0) = v(t+ M —2)
T, 0(0) = v(t+M—-1)

\

produces v={v(t),v(t+1),...,v(t+M-1), v(t+M-1),...}

Preview of reference r(t): similar.
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Delays — Method 1
e Hybrid model w/ delays:
r(t+1) = Az(t) + Biu(t —7) + B20(t) + B3z(1)
Ex5(t) + FE3z(t) < Eru(t —7) + Eax(t) + Es
e Map delays to poles in z=0:
() 2ult—k) = z(t+1)=x,_1() k=1,...,7

» Extend the state space of the MLD model:

z A-By—0—0 0 x 0 B> Bs

Tr 0O O Iy, O 0) Tr 0 0 0
Tr=1t+1—= 0—0—0—"nm 0 =1+ Ol +016H)+0 @)
o 00 0 0 ..0||m I | I I |

e Apply MPC to the extended MLD system

Note: same trick as in linear MPC 74/166




Delays — Method 2

e Delay-free MLD model: z(t+ 1) = AZ(t) + Biu(t) + B2(t) + Bzz(t)
Ex6(t) + E3z(t) < Eiu(t) 4+ E4z(t) + Es

z(t) 2 z(t+7), ()2 6(t+71), Z(t) £ 2(t + 1)

e Design MPC for delay-free model: u(t) = fmpc(Z(t))

« Compute the predicted state:

7—1 . B
(1) = ATe(t)+ Y AT (Bru(t — 1 - 5) + B23(t + ) + Baz(t + )
Jj=0
where 6(t + j),z(t + j) are obtained from MLD ineq. (or HYSDEL model)

* Compute MPC action: For better closed-loop performance

u(t) = fmpc(Z(t)) the model used for predicting the
future hybrid state z(¢+4rt) may be
more accurate than MLD model !
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Piecewise Affine Cost Functions

Costo

Convex piecewise affine cost functions can be
represented without introducing binary variables
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Piecewise Affine Cost Functions

C(ZIJ)\“ [Cl(fﬂ) = a1z _|_ 51] [C4§m) = ayzr + 54}

/ [03@ = a3:a: + 83

In general: Every convex piecewise affine function can be represented as
the max of affine functions, and vice versa (Schechter, 1987)
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Piecewise Affine Cost Functions

Cﬂ(x) Reformulation as a linear
_program:
min S

s > ajzr+ B

, s > apx+ B>

subj.to s > asz+ O

s 2 agr+ Pg

Variabile s is an upper-bound s > max{aix + B1, arx + [,
on the max a3z + B3, agr + B4}
It is easy to show (by contradiction) that at optimality we have:

s = max{ayz + B1, asx + B2, azr + B3, asx + 54}I

Piecewise affine convex constraints can be dealt with similarly
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General Remarks About MIP Modelin
The complexity of solving a mixed-integer program
largely depends on the number of integer (binary)
variables involved in the problem.

Henceforth, when creating a hybrid model one has

Be thrifty with integer variables !

Adding logical constraints usually helps ...

Generally speaking:

Modeling is art o

(a unifying general theory does not exist) '

g

to

Explicit Hybrid MPC
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On-Line vs Off-Line Optlmlzatlon

= S IR+ MOl + lQuC+ B |
k=0

[ MLD m
| =) =

e On-line optimization: given z(t) solve the problem at each time
step t.

Mixed-Integer Linear/Quadratic Program (MILP/MIQP)

- Good for large sampling times (e.qg.,

1 h) / expensive hardware ...
. but not for fast sampling (e.g. 10 ms) / cheap hardware !

« Off-line optimization: solve the MILP/MIQP for all z(t)

min¢ J (¢,

s.t. G¢ <

/

co-norm
'"H¢ 4+ f'¢ 2-norm

multi-parametric programming
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Example of Multiparametric Solution

Multiparametric LP

s.t. {4

InEin —3&; — 8¢,

[ &+ &
5é1 — 4&s
—8&1 + 228,
—4£& — &
it

\ _62

IAINIAIA IA IA
|
oo

60

400

GR{1.4}
‘T\ |

(%EyLQB}‘

A

CRy13}
CRy23}

€(z) = 1

[U,?’:} —-0.03
0.27 0.03

[ 103%3 0.00

o §%1x + (44

]z +[230]

lz+ [14&

if

if

[ 002 000

[ 0.00 0.02 7
0.00 —0.02
0.15 —0.00
L —0.09 0.00 J




MPC of Linear Systems

Linear model Tp4+1 = Az + Buy zo = z(t)
yr = Cxy
; N-1
Quadratic . in T(r(D T = S [/ O o Do | o) Do
performance index {..... SN TS T L PR E T BEY R ] TN EN

&> min %U’HU + 2/ () F'U + iay//m(t) ,
U Z £ ;

ﬁ subj. to GU < W + Sz(t),

|
Constraints { Umin < UL < umax

Ymin < Yk < Ymax
|

Objective: solve the QP for all z(t) € X C R" (off-line)

(Bemporad et al., 2002)
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Properties of multiparametric-QP

(Bemporad et al., 2002)

optimizer | p+(z)= arg min  U'HU +2'F'U continuous,

piecewise affine
subj. to GU < W + Sz

value ‘ 1 ) 1 convex
} V*(z) = 52/'Yz+ min sU'HU + 2'F'U .
function 2 U 2 cpntlngous, _
subj. to GU < W 4 Sz pleCQW|se quadratic,
C! (if no degeneracy)
feasible
X* = {x: 3U such that Gz < W + SU} convex polyhedral
state set

Corollary: The linear MPC controller is a continuous
piecewise affine function of the state

Fie+g1 if Hix < Ky
u(z) = :

lFMCU-i-gM if Hyx < Ky \
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Set of Feasible Parameters X*

Why is the set X* of parameters for which the QP
problem is solvable a convex polyhedral set 7

X* = {z:3U such that GU < W + Sz}

X" is the projection of a polyhedron onto the
parameter space. Therefore X* is a polyhedron.

* . U . U

- €T T : T =
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Double Integrator Example

1 2 11

« System: | y(t) = —Qu(t) =) z(t+1) = |5 ]
S

, | sampling + ZOH y(t) = |1 0

““““““ T=1s

e Constraints: | —1 <u(t) <1 l

() + m (@)
z(t)

* Optimization problem: for N, =2

[ 0.8365 0.3603 | [0.4624 12852  “costfunctionis
H= 103603 02050 [* "= | 0.1682 05285 | mormalizedty
| 0. 2059 | | 0.1682 0.5285 |  Mormalizedy
1 0 1 00
-1 O 1 00
“=lo 1 ""E|1[" 7T oo
0 -1 1 0 0
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Mp-QP solution

[—0.8166 —1.7499] if
1.0000 if
1.0000 if
N =2 u(z) = [ 05528 ~1.5364] x + 0.4308 if
u
— 1.0000 if
— 1.0000 if
[-0.5528 —1.5364]) & — 0.4308 if

0.6124  0.4957

|:— .8166 —1.7499}
—0.6124 —0.4957

[0.3864 1.0738] x < [71.0000 }

0.2970 0.9333

0.9712  2.6991
—0.2970 —0.9333
0.8166 1.7499

—0.9712 —2.6991
0.3864 1.0738
0.6124  0.4957

—0.2970 —0.9333

—0.9712 —2.6991
0.2970  0.9333
—0.8166 —1.7499

—0.3864 —1.0738
0.9712  2.6991
—0.6124 —0.4957

[
[
[
[

go to demo /demos/linear/doubleintexp.m

(Region #1)

1.0000
1.0
1.0000

1.0000
z < { 000

(Region #2)

—1.0000

[}?@%%%“ ] (Region #3)
(Region #4)
(Region #5)
(Region #6)

(Region #7)

(Hyb-Tbx)
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Complexity

40
o
£
i)
=]
= 20
O
0 0 5 10 15 20
2 300
2
20 200
&
$ 100
0 0 5 10 15 20
# free moves

(is the number of regions finite for N,—oo ?)
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Complexity

* Worst-case complexity analysis:

q
M2 (q> — o¢ combinations of active constraints
l
(=0

e Usually the number of regions is much smaller, as
many combinations of active constraints are
never feasible and optimal at any parameter vector x

» Strongest dependence on the number g of constraints
» Strong dependence on the number N, of free moves

* Weak dependence on the number n of parameters x

e Example: |states\norizon [N=1[N=2[N=3[N=4[N=5]
n=2 3 6.7 13.5 [ 21.4 | 19.3
"=2 2 6%9 21125 35763 117:2 Data averaged over 20
P 3 7 55 515 135 rgndomly generated smgle.-mput
n—6 3 7 531 | 712 | 1963 | Single-output systems subject
n=7 3 6.95 | 23.2 | 71.4 | 182.3 | to input saturation (g=2N)
n=8 3 7 23 70.2 | 207.9
89/166

*Tracking of reference r(t): Au(t) = f(z(t),ult—1),7(t))

Rejection of measured Au(t) = f(x(t),u(t —1),v(t))
disturbance v(t):

«Soft constraints: u(t) = f(x(t))

Ymin — € < y(k) < ymax + €

*Variable constraints: u(t) = f(x(t), umin(t), ..., ymax(t))
Umin (%) u(k) < umax(t)

<
Ymin(t) < y(k) < ymax(t)

*Other models (hybrid, uncertain) and other norms

ClE- I 11 Tlos)
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Reference Tracking, MIMQO System

10 4 —5]

e System: y{t) = w(t) sampling + ZOH
y N 100s + 1 [_3 4 J ult)
e Constraints: 1 <wuj,up <1
19 1
« Control objective: min Y |ly(t + k|t) — 7|1 + —[|ou(t + &
k=0 10
u(t+ k) =u(t), Ve >1
s output y(t), reference r(t) input u(t)
N=20
06 0.9 Nu:
0.8
0.4
0.7 go to demo
0.2 linear/mimo.m
0.6
(Hyb-Tbx)
0 0.5
0 50 100 150 200 0 50 100 150 200

(T.=1s)
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Reference Tracking, MIMQO System

[ o128t 00084 1, 4 [ 08535 01143 1,
0.0168 0.0668 0.1143 0.9107 AISETEL GUGRTEA QST (eEre
—0.125
M P C I a W + 2.5583 3.1741] if 0.0168 —0.0668 + 0.1143  0.0893
1:8949 2.55831 T B 0.1251 —0.0084 & 0455 82};32
e 8 0.0668 —
1.8949 ;‘{735 1:8000
b | Z975583 5"i’741} r< {}‘8888
1.8949 - 2.5583 1.0000
State-space partition (0000 oomaa 1 [ Lo oo 1,
0.1144 —0.0733 0.0000 —0.9999 05210 03337 0.0000 0.0005
.5 3337 ! !
| [ 000?8?6 8'8398} 7 |égggg if [ 0.0643 0.0412 | x| [ 0.0000 UUUOl} u
B B N 0.1251  —0.008; —0.1465 —0.1143
—0.4625 0.3700 1.0000
+ [ 0.0570 70.0456} r< [ 1.0000
2.5583 —3.1741]  — [ —1.0000
[ 01466 0.0038] o, [-0.0095 ~0.0000]
r-space 0.0000 0.0000] 0.0000 —1.0000] ¥ o0 0.353 0.0007 —0.0000
+ [ ) obaae | T+ [1:3508] if | 00643 —0.0411| 2 + | —0.0001 0.0000
100 —0.0000 0.0000 1.0000 70'0116”8630'0%65%5”2 70_1£%&Jﬂ_0893
763 —0.357 ]
| 0.0584 0.0438 } r< [ 1.0000
80 —1.8949 —2.5583 —i.0000
—1.0000 0.0000 7, 1.0000 B 7239 —0.3353 —0.0007 0.0000 7,
60 [ 0.0000 —1.0000] u+ [1:0000 ir [—0 5210 9. 3333571)” + [ 0,0?%%0600005} k&
40 I [ 0.4625 —0. 3700} < [ 1.0000 }
Koy —
v = —1.0000 0.0000 —1.0000 B —0.0643 0.0412 0.0000 —0.00017
20 [—0.0000 —1.0000] u+ [ 1.0000 } it [—0.0643 0.0111}5 z + [0 0001 —0.0000] C
i [0.0570 0.04 6] <[ 1.0000 ]
0.0584 —0.0438 1.0000
0
—1.0000 0.0000 1.0000 B 0.0643 —0.04117 ,, —0.0001 0.000017 ,,
[ 0.0000 —1.0000] u+ [ 1.0000} if [0.06%30;&001%21}3; + [—0.0?%%800001] C
_ ~0.05 4 =y
20 F [ Z6:08% 0:015e) ™ < [ “1:6000
-40 [9:9000 00000 5 4 [ ~3-0000 0.0000 1,
0.1144 —0.0733 —0.0000 —0.9999 0.0613 —0.0112 0.0000 0.0001
0.0000 0.00007 ,. 1.0000 B o7 7 -
-60 e CamE] i [ o s ]a o [Vl o]
I' 0.0570" 0.0456 W ( 1.0000 1
-80 1 0.4625 —0.3700 | 7 < | 1.0000
L 25583 3.1741 | L —~1.0000 ]
-100. —0.1466 0.09387 , —0.9998 —0.00007
-100-80 -60 -40 -20 O 20 40 60 80 100 [ 0.0000 0.0000]‘1”Jr [ 0.0000 —1.0000] (4 0.0001 00000
P Gls8 000997, [12198) i 000 Bo16000
L. 0.0000 0.0000 | 7 1.0000 Kotiasloiososh
Polyhedral partition of the Bt
- —1.0000
—1.0000
1
state-space for u=[0 0]
—1.0000 0.0000 —1.0000 . —0.5239 0.3353 0.0007 —0.0
[ 0.0000 1.0000] u+ [ 1.0000} if [ 0.5210 —0. 3337_} z+ [ 0.0000 0. 0003 } g
’ [ Oates = 0:8512] . [ T,0000
an r=10.63 0.79 0.4625 03700 | TS [ ~1.0000

(Region #1)

(Region #£2)

(Region #3)

(Region #4)

(Region #5)

(Region #6)

(Region #7)

(Region #8)

(Region #9)
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MPC Regulation of a Ball on a Plate

93/166

Explicit Hybrid MPC (MLD)
ming J(6,{0) = Zg QG ~ Qoo + 1 Ru o

Tp+1 = Azp+ Biug + B2dp + B3z + Bs
subject to yk = Czp+ Diug + Dby + D3zp, + Ds
Edp + B3z, < Bagy + Fiug + Es

xg = (x(t))

« On-line optimization: solve the problem for each given z(t)

Mixed-Integer Linear Program (MILP)

« Off-line optimization: solve the MILP for all z(t) in advance

multi-parametric Mixed Integer Linear Program (mp-MILgB »




Multiparametric MILP

mine_(e.e;) 1'%+ ded £ € B

st. Gé&c+E§g< W+ Fx £q €{0,1}™

* mp-MILP can be solved (by alternating MILPs and mp-LPs)
(Dua, Pistikopoulos, 1999)

« Theorem: The multiparametric solution £*(z) is piecewise affine

e The MPC controller is piecewise affine in z,r (x,7)-space

[ Fiz+ Eir+g1 if Hi[§] < Ky

u(:c,r)zi
Fyx + Eyr+ gy if Hy [F] < Ky :

63
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Explicit Hybrid MPC (PWA)
-1 : P = 172700
min J(U,z,r) = 3 [IR@E) = r)llp+ [1Qu(k)llp | ol = v
' k=0
lolloo = max'vi'
subject to{ z\’gf‘_npfdel o o
R J ol =S
* The MPC controller is piecewise affine in z,r (x,7)-space

Fiz+Eir+g1 if Hi[F] <Ky
u(z,r) =

l Fye + Eyr 4+ gy i Hap[8] < K |

Note: in the 2-norm case the partition may not be fully polyhedral
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Computation of Explicit Hybrid MPC (PWA)
Method A:

(Borrelli, Baotic, Bemporad, Morari, Automatica, 2005)
Use a combination of DP (dynamic programming) and mpLP
(1-norm, oco-norm), or mpQP (quadratic forms)

Method B:

(Bemporad, Hybrid Toolbox, 2003) (Alessio, Bemporad, ADHS 2006)(Mayne, ECC 2001)

1 - Use backwards (=DP) reachability analysis for enumerating all
feasible mode sequences I={i(0),i(1),...,4s(T-1)};

2 - For each fixed sequence I, solve the explicit finite-time

optimal control problem for the corresponding linear
time-varying system (mpQP or mpLP);

3 - Case 1/o0-norm: Compare value functions and split regions.

Quadratic case: keep overlapping regions (possibly eliminate
overlaps that are never optimal) and compare on-line (if needed).

A\
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Note: in the 2-norm case, the fully
explicit partition may not be polyhedral

Hybrid Control Examples
(Revisited)
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Hybrid Control Example

PWA system: Closed loop:

cos a(t) _Sina(t)]m(t){- [O]u(t)
1 .

uoutput&lef H'@E
lem oo BB B A K

zEt+1) = 08 sina(t) cosa(t)

y(t) = x2(t)

B T if x1(t) 20
~Z if 21(t) <0

S

Constraints: -1 <u(t) <1

2
Objective: min > |y(t + k|t) — r(t)]
k=1

Open loop
behavior:

HybTbx: /demos/hybrid/bm99sim.m
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Explicit PWA Controller

Pelphadial padbon - § regiens.
F 06928  —04 1 1
S04 —0.6928 0 10
) 0 10 10
0.6928 0.4 1] [%]  if 0 o -1|[7]< 1
16006

—-0.6928 0.4 -1
0 0 1

L 1 0 0
(Region #1)

(a00e

r—0.6928 0.4 —1 -1
. 0.6928 0.4 —1 “1
1 if 0 o 1 |[[F]< |
0 0 -1 1
L o -10 10 .
(Region #2) -
r —0.4 —0.6928 0 10
0 10 10
o 1% BT
. z 1
-1 if |oeoes —04 1 |[F]< ~1
0 0 1 1 . .
P 0 0 -1 1 Section with =0
w(z,r) = L 1 6 0 Lo 4
(Region #3)
r -1 0 0 ro
0 0 10 -|
0-4——0:69280 16
; 0 “10 | 10
-1 if | o6o2s —ou 1 |[F]< |21
0 0 1 1
0 0 -1 1
L 1, 0 0 L 10
(Region #4)
-—0.6928 —0.4 1 - o
0.4  —0.6928 0 10
. 0 Z10 10
—0.6928 —0.4 1] [2] if 0 o —1[Fl< |1
0.6928 0.4 -1
0 0 1 1
L 1 0 0 4 L O
(Region #b5)

HybTbx: /demos/hybrid/bm99sim.m

PWA law = MPC law !
(CPU time: 1.51 s, Pentium M 1.4GHz) 100/166




Hybrid Control Example

Closed loop:
B bm3gmid - ==&

File Edit “iew Simulation Format Tools Help uuulpul&lef B=]%]

D BEHS| L@ b aiom < @Ss | BE - @ |lamopr AEE BE

1 N[
=— 1
e

Tt st 1
| COrI!Enuo;.rsJ delta
| I

output & ref

¥

Hybrid

output ref
Expﬁcif Hybrid MLD Systemn zeta
Explicit Hybrid Contrgfer
input

region
leBEoLr ABER I BPA &

Ready 100%:

Time offset. 0

Time offset: 0
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Explicit PWA Regulator
N
Objective: min > |lz(t 4 k[t) |0
k=1
Prediction horizon N=1 Prediction horizon N=2 Prediction horizon N=3

Polyhedral partition - 8 regions Polyhedral partition - 15 regians Potyhadral panition - 38 regions

S
\
\
/
/
/

|
]
/
/
\
\
\

L5

-0 g
S0 8 5 -4 2 [ 2 4 6 8 10 I & ) 2 i 2 i 6 [ 10
t

HybTbx: /demos/hybrid/bm99benchmark.m

102/166




Explicit MPC — Temperature Control

Palyhedral partition - 12 regions

[y
%2
- 3
>>E=expcon(C, range,options); =
&0 %S
[y
50 |8
39
>> E E o : 1o
= o
Explicit controller (based on hybrid controller C) zan e
3 parameter(s) 5 i
1 input(s) Eizu
12 partition(s) 5
sampling time = 0.5 10
The controller is for hybrid systems (tracking) 1
This is a state-feedback controller. B0
Type "struct(E)" for more details.
>>
Termperature T, 20 20 TampmEne T
7
2 o Polyhedral partition - 12 regions
min Y 23(k)
k=1 . 40
sit. z1(k) >25 k=1,2 .
PWA model g __—~ Section in the (T,,T,)-space
e 20
: for T = 30
10 /
0
" 2 0 10 5 50

Temperature T,
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Explicit MPC — Temperature Control

B heatcool [B[=[=]
File gdtit wgew Simulation  Format  Tools Help uTemp. T2 =&
DzE& =2 3 TTien.. [Homa  =|| O5 g [3) ¢ =XE |8|®/® éHhERE @ A%

Hybrid P System PUA mode

Temp. T2

Hybrid

Explicit

Explicit Hybrid Contraller state reference

Contraller
mode

Ready 100%: odeds

u Controller mode =o&

[Fasfine EZFCON_REG 12
#define EXPCON_NTH 3
f#define EXFCCN_NYN 2
#define EXFCCN_NH 72
#define EXPCON_NF 12
static double EXPCON_F[]=¢
-1,0,0,0,-1,0,
S E e il ot bl ek peicly
Generated
0,0,4,4,4,0,4,0,0,

C_Code 0,0,0,08:

static double EXPCON_G[]={
101.6,1.6,1.6,-1.6,98.,4001,0,100,51.6,
101.6,51.6,46.4,50};

utils/expcon.h '

static double EEPCON _H[]={
0,0,0,-0.00999999,0,-0.0333333,
0.02,0.00999999,-0.02,0,0,-0.0333333,0.02,0.00999999,
o0,0,-0.02,0.02,0,-1,0.00999999,0,
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Implementation Aspects of Hybrid MPC

e Alternatives: (1) solve MIP on-line
(2) evaluate a PWA function

e Small problems (short horizon N=1,2, one or two inputs):
explicit PWA control law preferable

- time to evaluate the control law is shorter than MIP

- control code is simpler (no complex solver must be
included in the control software !)

- more insight in controller’'s behavior

« Medium/large problems (longer horizon, many inputs
and binary variables). MIP preferable
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Moving Horizon Estimation
Fault Detection & Isolation
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State Estimation / Fault Detection

e Problem: given past output measurements and inputs, estimate the current
state/faults

» Solution: Use Moving Horizon Estimation for MLD systems (dual of MPC)

| + measurements Augment the MLD model with:
estimates

/_-;_ - T
Lo+ +\+//¢/+; + « Input disturbances £ € R"
- t + = ;

¢ Output disturbances ¢ ¢ RP

At each time ¢

min G(t — klt) —y(t — k)2 + ... | and get estimate (¢
solve the problem: 2 g 1) — u( I“ + g (t)

k=1

mmm) \HE optimization = MIQP (Bemporad, Mignone, Morari, ACC 1999)

) Convergence can be guaranteed
(Ferrari-T., Mignone, Morari, 2002)

Fault detection: augment MLD with unknown binary distubances ¢ € {0, 1}"/
107/166

estimated output
0.7
" SEpEEr
«®1 :leak in tank 1 = 1= ";:
for 205 <t < 60S ™A~ ~i—]
0 0.1 P ‘-‘-.._\-
—0.1o 20 40“ 60 80 100 00 20 40 60 80 100
« 2 : valve V, blocked i T el
for t > 40s ol .
01 0
,:g- 0 "n‘ﬁ’ 0 heestimatedfault $2(t-11)  °C
501 10
0—0.2 |
03 ' I,
0.4 ot
0 20 40ﬂm890 80 100 0 20 u:-noe 60 80
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measured output estimated output

o4
//\ o /1‘\_"
« $1 :leak in tank 1 =°/ e/
for 20s <t < 60s o3 “od!
0 Al s = oo T
0 20 Wumeﬁo 80 100 0 20 40 60 80 100
« 2 : valve V, blocked e _Estmated faut 0,11y _
for t > 40s " -
o 0|
. . « hm‘l' 0 m ‘Pz = 80
* Add logic constraint 5 /} e S
[h1 < ho] = 92 =0 e V ot .
0 20 40 60 80 100 0 20 40 80
time time
109/166

Stochastic and event-based
hybrid MPC
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Discrete Hybrid Stochastic Automaton

-----------

uc(k) Integral

ug (k3] Mode Selector

Switched

Affine System ‘ .e'r-(k]
1
uelk
y

mode

5o (k)

e

i(k)

(Bemporad, Di Cairano, HSCC-05)

~

ﬁxamgle:

€, p12e

-e

o

€ Pize

W,

Plzy(k+ 1) = 1] = fspsm(xp(k), up(k), de(k)) |

Stochastic Finite
State Machine

 Maximize performance (best tracking scenario) and
robustness (=likelihood of scenario to happen)

» Possibly include chance constraints (e.g. constraint must be
fulfilled with certain probability)
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Event-based Hybrid Systems
(Continuous-time)

e(t)

_______

e(t) R

Finite State

A

Machine

ug(t)

Switched integral dynamics

time
& ()
»| Mode Selector
uy(t)

uc(t)‘

Event lze(t)
Generator | *
uc(t)
- ————
0 =1 N K Integral
AR Switched
Affine System

mode

i(t)

e(t). ,.HE*
> ) =>

Constraint fulfillment:

\ {
MO
-—

discrete-time

discrete-event

) |_

dxc(1)

= B;puc(t) + fiw)

dt

i(t) € {1,...,s}
zc(t) € R, uc(t) € RMe

Simple, but widely used !

Restriction: input u,(t) is constant

between two consecutive events
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DHA - Extensions

* Discrete stochastic hybrid automata (DHSA) can be
transformed into an equivalent MLD form

* Event-based continuous-time integral hybrid automata (icHA)
can be transformed into an equivalent MLD form

All MPC techniques developed for DHA
can be extended to DHSA and icHA !
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Application Examples
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Hybrid Control

of a

Solar Air Conditioning Plant

(Menchinelli, Bemporad, 2007)
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Solar Air Conditioning Plant

Solar fields

Li-Br Absorption machine

@ Cool Water
pump B4 Circuit

10 binary inputs:

- 7 electro-valves
- 1 on/off pump

- 2 (valve position vm1,

0 or 100%)

2 continuous inputs:

- pump velocity

position

- three-way mix valve

Plant located at the Automatic Control Dept., University of Sevilla, Spain
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Control Objectives

1. Track set-point on temperature of cooled

water

2. Minimize gas consumption (=use of gas
heater)

3. Maximize heat stored in tanks

Complexity: the system has 9 possible operating modes,

depending on choice of binary valve/pump values
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Two-level

Control architecture

control strateqy:

d

Uc

P

Continuous !
time

X(k) Plant

 Hybrid MPC !

! Ts=5s

set-point
generator

Higher Level

Switched
controller

Ts=5s

Lower level

Ref

Lower Level:
= continuous inputs

= different control laws
for different operating

modes
Higher Level:
. decide operating
modes

= use hybrid MPC

(hybrid control of full dynamical model possible, but too complex)
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Hybrid MPC Supervisor

* Must choose the best mode at each time interval,
based on measurements of process states and
of disturbances

e Hybrid MPC solution: use static model

= set prediction horizon N=1

- piecewise-affine cost function
- mode-dependent linear constraints

- penalties on mode transitions (to avoid chattering)

119/166

Cost Function

c = Z C; Z is the set of operative modes
i€l
o - {Wi if L; =1
¢ | O otherwise

w, — | Bi—AEs it i€ {My, My, M3, My, Mg, Mg}
i =\ p if i € (M6, M7}

« L, = logic variable associated to the operative mode M,

(2

W, penalizes the choice of mode M,
« AE is a function of the current solar irradiation

« P. = fixed cost paid for using mode M, depends on
incentive for using solar irradiation
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HYSDEL Formulation

The cost function is easily formulated in HYSDEL
overall cost

LINEAR { C = cl + c2 + ... + c9; }
DA { cl = {IF 11 THEN pl - al*lg ELSE 0}; }

LOGIC/{ 11 = tvI21 & IvI23 & 'vI25 & 1vi3l & B4
& B1 & 'vml; }

cost of mode M,

operating mode [, is
a Boolean function
of logic inputs

121/166

Constraints

 Mode selection is unambiguous: >, [, =1

e EXxclude operating modes that are currently
inadmissible.

Example: avoid using tanks to feed the chiller when
their temperature is below the minimum value

AD { BOOL usetanks = Ttam >= 75 }

MUST { ' C 17 & lusetanks) }
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Hybrid MPC Formulation

Hysdel model has been converted into MLD form:

E>6(t) + E32(t) < Eaz(t) + E1u(t) + Es (static model)

* Using the Hybrid Toolbox for Matlab, the MLD model is
used to compute the hybrid MPC controller

» Controller complexity: # continuous variables 18
(MIQP optimization) # binary variables 32
# linear constraints 184
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Simulation Results

0 :

———Tinput

T output
— ——Cooling

DE e SR a R R ............................ .......................... ....................................................... =1

temperature (C)

(next experimental campaign scheduled end of May, 2007)
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milliseconds

Computational burden

CPU time (laptop PC 1.86 GHz, Cplex 9.1, Hybrid Toolbox)
! ! ! ! ! ! ! !

0.04
| ; | ~ Average CPU time: 4.7 fns
0035_ ................ f ................. ................ ....................................................................................... —
: : : Max CERPU time: 37 9 ms
| — T— ———— - 5.3.@9.'_'.?‘_9.._’F!FT_’.?___5__5__.____.__..__? ................ |
| _________________ Ji— _________________ S S e 1l
DDE_ ................ ................. ................ f ................. ................ ................. ................ —
] I S U _______________ il e | o 1 T _______________ 1l
oot LRILL B N T 1| 211 . S— ‘l ____________ By 11011 AU
0.005 ‘H H H ’H ’Hl L g |
I | i I | i
DD 1000 2000 SDDD leDD 5000 E000 7000 8000 S000

time steps (total simulation time: 48 h)
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Cement Mills Scheduling

(a joint work with D. Castagnoli, E. Gallestey)

Goal: Decide when to produce
a certain grade and on which mill

. Complexity

- Several mills, several cement
grades, several silos and conveyor
belts

- High power consumption, variable
tariffs, production and
transportation constraints

. Customer needs
- Lowest possible energy bill
- Less low grade cement

— Strict contractual constraints
satisfaction
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Problem Description

Problem data:

A single hybrid model for the milling and
dispatching parts;

e 2 Mills, 3 Grades, 2 Belts, 3 Silos
e Sampling time: 1 hour
e Prediction horizon: 3 days (=24x3 time slots)

Resulting optimization problem:

e 3075 constraints

« 1161 variables (648 binary)

MILP solved in 15.71 s
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Simulation Results

Mills scheduling Silo levels

Mill 1 - Grade 1 Mill 2 - Grade 1 Grade 1

I 1 T T T
05 05 500 -/—|/—|—L-
0 0 0t . . . . . . i
0 20 40 60 0 20 40 60 i} 10 20 a0 40 a0 50 70
Mill 1 - Grade 2 Mill 2 - Grade 2

1 1

05 05
1} 0

u] 20 40 60 o 20 40 B0

Mill 1 - Grade 3 Mill 2 - Grade 3
1 1

0.4 04
o o
o 20 40 B0

Power
installed

Data: courtesy of A Ltd.

128/166




Hybrid MPC of
Barcelona’s Sewer Network

(Ocampo-Martinez, Bemporad, Ingimundarson, Puig, 2007)
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Heavy Rain Consequences in Barcelona
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Barcelona's Sewer Network

ant Joan 2 Desvem - =1 NS
Desp ) 3

"1
Espluguas
de Liobregat '~
Comeil '
1 Liobragat
L%
t [Hosgitalet
de Liobragal o
i P2
':I‘
l\ P
N
b
e\
e

Pl L

SantiAdnia T
{111 deBests
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Problem Features

Nonlinear dynamics

Delays between subsystems
Continuous and discrete dynamics
Operating ranges and/or operational constraints
Stochastic disturbances (rain, leaks)

Main objectives:

Minimize flooding
Minimize pollution
Minimize sewage accumulation
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Hierarchical Control Structure

Operational
objectives MANAGEMENT LEVEL
determination
Set-points - _ \ . rain
dgtermination GLOBAL 'CAdOI\tITt'ROL LEVEL measurements
@ set of rules) aptation
Y Y Y
Control traiectors sewer network
-Ontrol rajectoties LocAL CONTROL LEVEL measurements
realization Avolication
(PID controllers) APPRce
/) A /)

SEWER NETWORK
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Modeling Principles

(Ocampo-Martinez, 2007)

The Virtual Tank approach:

@ Rain A Cj’; Rain B
)

Rain C

Rain

7

‘Water leaks
FLow B-C

Level o Rain-gauge
Sensor ,;---"‘_ B C;Tj Rain E
- Level -
Sensor -
—— ‘Water leaks
q:’rlll FLow D FLow E
] . D in out = ground absorption coefficient
U’Lk-i-l B Ulk + A lP’Lk + At (Q'Lk B qzk ) g = tank area
out \ — L . . .
qi% ik P precipitation intensity

At = sampling time
B = volume-flow conversion
factor
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Constitutive Elements

1
Level magnet . " —
Sensors
(limnimeters) | - —
pived y =
Pluviometer - ™ calibemtion
e TeOW
- drum T

(Control) gates

-I»;Ic I I - Jock rJuI-

Redirection

Gates Retention

Weir (type of node)

n
Qin = ZQi
i=0

Qout = min{QiTM qout}

Treatment §

Plan _
Recewver Environment ! Qover = maX{O, Qin — qout}
135/166
Pio g )
—_ =, Weir flow
Barcelona Test Catchment (BTC) ] | e
P L[ - firtua
! O [ Escola —
" . ‘" - I'JIN] I(ill‘:\i;ml Ej Real tank
g Qg : S M S5 minfl
Redirection
3! G
o Retention gate
Py =
A\ - — P
I = I
. ;_mm LHJ.T !‘ij\ITT Jﬂx]- i
R (WWTP 1) =t B i3
T S e Llohregat i.TT ] H.l-' '7 wu o
Tr;t::m g § = -_rE”—' v
v 22.6 Km? v' 1 real detention tank T N ! =
o fadd I
v 11 sub-catchments v" 5 rain gauges b"“\x\\\\;\i £mye T“?TM
v 4 Control gates v 2 WWTP >unwx?anA:Eﬁhﬁ"“*HHﬁmm‘:::r_ihhﬁgnaﬁm
EA ant
)
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Simulation Results

Rain Open Loop Closed Loop
. Flooding Pollution  Treated W. Flooding Pollution  Treated W.
Episodes x103 (m3) x103 (m3) x103 (m3) x103 (m3) x103 (m3)  x103 (m3)
14-09-1999 108 225.8 278.4 92.9 (14%) 223.5 280.7
09-10-2002 116.1 409.8 533.8 97.1 (16%) 398.8 544 .9
03-09-1999 1 42.3 234.3 0 (100%) 44 .3 232.3
31-07-2002 160.3 378 324 .4 139.7 (13%) 374.6 327.8
17-10-1999 0 65.1 288.4 0 58.1 295.3
(11%)
28-09-2000 1 104.5 285.3 1 98 291.9
(6%)
25-09-1998 0 4.8 399.3 0 4.8 398.8
22-09-2001 0 25.5 192.3 0 25 192.4
01-08-2002 0 1.2 285.8 0 1.2 285.8
20-04-2001 0 35.4 239.5 0 32.3 242.5
(9%)

Hybrid MPC setup: Sampling time=5min, prediction horizon=30min
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800

600

400

Computation time

200

150

100

50

Feasibility time

100

50

Rain intensity

comp

T

T

lexity

time steps (At=5 min)

» Worst-case CPU time on standard PC =~ 700 s > sampling time = 300 s

(CPLEX 9.1 4+ Hybrid Toolbox for Matlab)

» Suboptimal approach possible (or just use a better computer !)
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Hybrid Control of a DISC Engine

(Giorgetti, Ripaccioli, Bemporad, Kolmanovsky, Hrovat, IEEE Tr. Mechatronics, 2006)

FORD
RESEARCH LABORATORY

<>

Two distinct regimes:

DISC Engine

Regime fuel air-to-
injection fuel ratio
Homogeneous | intake Ar=14.64
combustion stroke
Stratified compression
combustion stroke A >14.64
Pro: reduce consumption up to 15%; R

Con: complex treatment of exhaust gas

States: intake manifold pressure (p,,)

Outputs: Air-to-fuel ratio (1), torque (7), | Weu
max-brake-torque spark timing (5,,,.) il

A
Inputs: spark advance (3), air flow (W,,), “ A, »
fuel flow (W), combustion regime (p); ’ —

r}m bt

Disturbance: engine speed (o) [measured]
kkkkkkkkkkkkkkkkkkkk - 140/166




DISC Engine — Control Objective

Objective: Design a controller for the engine that

e Automatically chooses operating mode
(homogeneous/stratified)

e Can cope with nonlinear dynamics

e Handles constraints

(on A/F ratio, air-flow, spark)

 Achieves optimal performance
(tracking of desired torque and A/F ratio)
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DISC Engine - HYSDEL List

SYSTEM hysdisc{

INTERFACE{

STATE{
REAL pm [1, 101.325];
REAL xtau [-1e3, 1e3];
REAL xlam [-1e3, 1e3];
REAL taud [O, 100];
REAL lamd [10, 60];
b

OUTPUT{
REAL lambda, tau, ddelta;

INPUT{
REAL Wth [0,38.5218];
REAL WF [o, 2];
REAL delta [0, 40];
BOOL rho;
b

PARAMETER{
REAL Ts, pml, pm2;
¥

}

IMPLEMENTAT 10N{

AUX{

REAL lam,taul,dmbtl, Imin, Imax;
DA{

+113*WF+114*delta+llc

lam={IF rho THEN I11*pm+112*Wth...

ELSE 101*pm+102*Wth+103*WF. . _
+104*delta+l0c }:

taul={1F rho THEN taull*pm+...
taul2*Wth+taul3*Wf+tauld*delta+taulc
ELSE  tauOl*pm+tau02*Wth. ..
+tau03*Wf+tauO4*deltat+tauOc };

dmbtl ={IF rho THEN dmbtll*pm+dmbtl2*Wth. ..
+dmbt13*Wf+dmbtl4*delta+dmbtlc+7
ELSE dmbtO1*pm+dmbt02*Wth. ..
+dmbt03*Wf+dmbt04*de lta+dmbtOc-1};

Imin ={IF rho THEN 13 ELSE 19};
Imax ={IF rho THEN 21 ELSE 38};

¥

CONTINUOUS{
pm=pml1*pm+pm2*Wth;
xtau=xtau+Ts*(taud-taul);
xlam=xlam+Ts*(lamd-l1am);
taud=taud; lamd=lamd;

OUTPUT{
lambda=lam-lamd;
tau=taul-taud;
ddelta=dmbtl-delta;

¥

MUST{
Imin-lam <=0;
lTam-Imax <=0;
delta-dmbtl <=0;
¥

3
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MPC of DISC Engine

N-1
min > (ug — ur) R(u — ur) + (v — yr)' Qyk — yr) 1
k=Q
+ (w41 — =)' S(@pp1 — 1)
Solve
subj. to [ 20 = z(t), MIQP problem
| hybrid model (mixed-integer
quadratic
u(t) = [Wi(t), Wy(t), 6(t), p(t)] program)
Waeidhts: to compute u(t)
(prevents
}{_,/081 Ujbl 8 8\ . unneedgd —
= 0 0 00 chatterlng)
L 0 0 01

main emphasis
on torque

Integral Action

Integrators on torque error and air-to-fuel ratio error
are added to obtain zero offsets in steady-state:

er(t+1) =)+ T (Tpef —7) T = sampling time
EA(t + 1) - E)\(t) +T- (Aref - >‘)

Tref >‘7’ef brake torque and air-to-fuel references

Simulation based on nonlinear model
confirms zero offsets in steady-state

(despite the model mismatch)
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Simulation Results (nominal engine speed)

®=2000 rpm  Ajr-to-Fuel Ratio

[Nm]

Engine Brake Torque

Time (s)

Combustion mode

homogeneous 1

0&r

0

04r

0zr

stratified °

]

1 2 2 4

Time (s)

K ~3 ms per time step /i

40

3

30

2

0|

15| <& 14
M (Purge
; ; ; ; s
Time (s) NOx Trap)

\ ‘

e Control horizon N=1;
e Sampling time Ts=10 ms;
e PC Xeon 2.8 GHz 4+ Cplex 9.1

g
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Simulation Results (varying engine speed)

70

60

50+

[Nm]

30r

2800

2400

2300

2200

2100

2000

1900

Engine Brake Torque

A0+

QOIE‘

5 10 15
Time (s)

Engine speed

20

1700
a

L L L
5 10 15

Time (s)

20

Air-to-Fuel Ratio
A

40

35

30

25

20

5 10 15 20
Time (s)

20 s segment of the European
drive cycle (NEDC)

Hybrid MPC design is quite

robust with respect to
engine speed variations
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Simulation Results (varying engine speed)

Engine Brake Torque Air-to-Fuel Ratio

Control code too complex
(MILP) = not implementable !

Time (s) 147/166
Explicit MPC Controller
Explicit control law: f(O(t)) N=1 (control horizon)
where: u = [Wy, W; § pl/ :> 42 partitions |
0 — [pm €7 €)\ Tref AI’ of §§§§§/§E‘Sﬁ%i’i‘E‘§3§§§§§S?S‘E&?S{fﬁ%ﬁ?&"iﬁé@iw@ﬁﬁ?ﬁiﬁg%
Pm,ref Win,ref Wy ref Srer] KTime to compute explicit MPC: \
~ 3s; ]
Cross-section b#“"e TrerMrer PlANE « Sampling time Ts=10 ms;

« PC Xeon 2.8 GHz 4+ Cplex 9.1

p=0 ~8 us per time step

-
e

~ 3ms on

pcontroller
Motorola
MPC 555
43kb RAM
(custom made for Ford)
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Traction Control System

(Borrelli, Bemporad, Fodor, Hrovat, IEEE Tr. Mechatronics, 2006)

Vehicle Traction Control

Improve driver's ability to control a vehicle
under adverse external conditions (wet or icy roads)

Model
nonlinear, uncertain,
constraints

Controller
suitable for real-time
implementation

MLD hybrid framework 4+ optimization-based control strategy
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Tire Force Characteristics

A Longitudinal Force

Tire Forces

Slip Target
Zone

-
Maxm_mm Max mum MaX|mu_m Tire Slip
Braking Cornering Acceleration

Longitudinal

Steer Angle Force

Lateral
Force

Gord MotorGompany,
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Simple Traction Model

(Borrelli, Bemporad, Fodor, Hrovat, 2006)

T .
g . * Mechanical system
l e « . 1 o
Manifold/ T g, We = — | Te— beUJe e
Fueling G / Te gr
Tt

e Manifold/fueling dynamics

Te — b?'_Td(t - Tf) I
e —————— Asphalildry]

o oo « Tire torque t, is a function of
T slip Aw and road surface
ool adhesion coefficient p
g lce
A A SR A A wheel slip
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Torque

Hybrid Model

Nonlinear tire torque t,=f(Aw, W)
SIS
u'”“;‘- ]
PWA Approximation
(PWL Toolbox, Julian, 2000)

, Mixed-Logical
> HYSDEL - Dynamical (MLD)
Hybrid Model |

,,,,,,,,,,, (discrete time)

153/166

MLD Model
z(t+1) = Az(t) + Biu(t)+B206(t) + B3z(t) + Bs
y(t) Cxz(t) + Diu(t)+D25(t) + D3z(t) + Ds

IA

Er6(t) + E3z(t) Eaz(t) + E1u(t) + Es
State x(t) 4 variables
Input u(t) 1 variable
Aux. Binary vars () 1 variable
Aux. Continuous vars z(t) 3 variables

Mixed-integer inequalities 14

#The MLD matrices are automatically
generated in Matlab format by HYSDEL

go to demo /demos/traction/init.m 154/166




Performance and Constraints

 Control objective:

N
k=0
sk, MLD dynamics

e Constraints:
 Limits on the engine torque: -20 Nm < 75 < 176 Nm

e Note: a logic constraint
(hysteresis) may be also
taken into account Controller OFF + . ‘*

Controller ON i
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Experimental Results

eel Speeds, [rads]

Wh

3’5{%{0)‘%}»)3/2@;% .
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Experiment

* =500 regions

e 20ms sampling time
e Pentium 266Mhz +
Labview

g/hy.ﬂ’/‘f[{?éfz'%(/m/szf;g
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Current Research Activities
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Decentralized MPC

. (Alessio, Bemporad, ECC'07)
Process model: coupled dynamics

Tht1 = Az, + Buy, T € R™, «w € R™ (Hp: system open-loop as. stable)

Cost function: full matrices Q,R,P
N-1

Z [x;CQa:k + u;{:Ruk} + 2y Pxy
k=0

Constraints: Umin < ur < umax

Main idea: replace centralized MPC algorithm with m simpler
decentralized MPC algorithms, one for each actuator

e Limited communication among subsystems
e Drop optimality in favor of computation simplicity ...

e ... but still guarantee closed-loop stability !
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Decentralized MPC

Prediction models: partially decoupled dynamics
' (k+ 1) = A;z (k) + Byul(k), ' € R™, ' ¢ R™
(Hp: A, strictly Hurwitz)

' = subset of of z, u* = subset of of u

i-th MPCcontroller

, | Estimated optimal moves
. , of neighboring subsystems
:> = @ "73 --,] (not applied)

Applied to ¢-th subsystem |

Stability result: local stability can be checked by
eigenvalue computation, global stability via LMIs

State x1
0.005

—0.005

-93.7776 58.3261 17.5837 i CoN
u(t) = [-23.5555 295.7687 -4.8290 }m(t) centrallged S W
-91.0992 -6.3035 -169.0643 (local gain) S A
-107.7638 0 14.7213 " e
u(t) = { -19.2757 -95.4731 0 }x t ntraliz Yo [T Decenraize
®) -89.7068 0 -168.7838 ®) de(clfca][ gim)ed N = |
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Hybrid MPC & Wireless Sensor Networks

Base Station

Desired Behavi . Winless or Wired packet
LSRR o MY TCPIPLAN loss
Human
U packet
Operstor Inu:‘:w = Predictor Aﬁ) loss
x(1h .T

network links

Process

Local Feedback System

Local u with
Controller

T
Fali)

__'ﬁ<——__

b=

Winzless Sensor o
Network V)]

 Measurements acquired and sent to base station (MPC) by

wireless sensors

e MPC computes the optimal plan when new measurements arrive

» Optimal plan implemented by local controller if received in time,

otherwise previous plan still kept

Packet loss possible along both network links,
delayed packets must be discarded (out-of-date data)

stochastic / robust hybrid MPC needed
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Demo Application in Wireless Automation

(Automatic Control Lab, Univ. Siena)

e Telos motes provide wireless
temperature feedback in Matlab/Simulink
e xPC-Target link

* MPC algorithm adjusts belt speed
and turns lamps on/off (HybTBX+4+CPLEX)

(Bemporad, Di Cairano, Henriksson)

Telos mote

TinyOS— Java— Matlab
interface developed at UNISI

Hybrid MPC problem:

e 2 binary inputs (lamps)

e 1 continuous input (speed)

« PWL state function
heating=f(position)

e Outputs: temp, position

e Sampling = 4Hz
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Conclusions

 Hybrid systems as a framework for new applications, where
both logic and continuous dynamics are relevant

» Supervisory MPC controllers schemes can be synthesized via
on-line mixed-integer programming (MILP/MIQP)

* Piecewise Linear MPC Controllers can be synthesized
off-line via multiparametric programming for fast-sampling
applications

Hybrid modeling
and MPC design

Fiz+Eir+g1 if B [f]< Ky , C-code download

Multiparametric & testing

programming

Fyz + Eyr 4+ gy iF Hy [F] < K
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Conclusions

 Hybrid systems as a framework for new applications, where
both logic and continuous dynamics are relevant

» Supervisory MPC controllers schemes can be synthesized via
on-line mixed-integer programming (MILP/MIQP)

* Piecewise Linear MPC Controllers can be synthesized
off-line via multiparametric programming for fast-sampling
applications (z,r)-space

[ Fiz+ Eyr+g1 if HH[¥] < K;
u(z,m) =1 |
| Fuz + Exr + g if Hy [8] < Ko |

* Matlab tools are available to assist the whole design process

http://www.dii.unisi.it/hybrid/toolbox
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