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Model	
  Predictive	
  Control	
  (MPC)

Use	
  a	
  dynamical	
  model	
  of	
  the	
  process	
  to	
  predict	
  its	
  future	
  
evolution	
  and	
  choose	
  the	
  “best”	
  control	
  action
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processembedded	
  model-­‐based	
  optimizer
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Model	
  Predictive	
  Control	
  (MPC)
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•	
  Apply	
  the	
  first	
  optimal	
  move	
  u(t)= u0*,	
  throw	
  the	
  rest	
  of	
  the	
  sequence	
  away

predicted	
  outputs

manipulated	
  inputs

t t+k t+N

uk

r(t)

t+1  t+1+k t+N+1

•	
  At	
  time	
  t+1:	
  Get	
  new	
  measurements,	
  repeat	
  the	
  optimization.	
  And	
  so	
  on	
  …	
  

yk

•	
  At	
  time	
   t:	
  consider	
  optimal	
  control	
  problem	
  over	
  a	
  future	
  horizon	
  of	
  N	
  steps
past

feedback !

Quadratic	
  Program	
  (QP)

• Solve	
  QP	
  w.r.t.	
  {u0,...,u N-1}

Used	
  in	
  process	
  industries	
  since	
  the	
  80's.	
  Now	
  spreading	
  in	
  auto	
  &	
  aero



tire	
  
deflection

suspension
deflection
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Automotive	
  applications	
  of	
  MPC
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Bemporad,	
  Bernardini,	
  Borrelli,	
  Di	
  Cairano,	
  Giorgetti,	
  Hrovat,	
  Kolmanovsky,	
  Ripaccioli,	
  Trimboli,	
  Tseng,	
  Yanakiev	
  
(2001-­‐2014)

Homogeneous Stratified

Vehicle	
  dynamics
•traction	
  control
•active	
  steering	
  
•semiactive	
  suspensions

(Borodani,	
  Mannelli)

(Esen,Tashiro)

(Assadian,	
  Dextreit)

Powertrain
•direct-­‐inj.	
  engine	
  control
•A/F	
  ratio	
  control
•magnetic	
  actuators
•robotized	
  gearbox	
  
•power	
  MGT	
  in	
  HEVs
•cabin	
  heat	
  control	
  in	
  HEVs
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Requirements	
  for	
  embedded	
  optimization	
  code
1. Speed	
  (throughput):	
  fast	
  enough	
  to	
  provide	
  the	
  control	
  
decision	
  within	
  short	
  sampling	
  intervals	
  (e.g.,	
  10-­‐100	
  ms)

2.Require	
  simple/cheap	
  hardware	
  (microcontroller,	
  
microprocessor,	
  FPGA)	
  and	
  little	
  memory	
  to	
  store	
  
problem	
  data	
  and	
  code

5

3.Worst-­‐case	
  execution	
  time	
  must	
  be	
  (tightly)	
  estimated	
  for	
  
embedding	
  the	
  controller	
  in	
  a	
  real-­‐time	
  platform

4.Code	
  simple	
  enough	
  to	
  be	
  verifiable/certifiable
(or	
  at	
  least	
  understandable	
  by	
  production	
  engineers)
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Contents	
  of	
  my	
  talk

•Explicit	
  MPC	
  and	
  multiparametric	
  quadratic	
  programming

•Recent	
  advances	
  in	
  embedded	
  quadratic	
  programming	
  

– Feasibility-­‐based	
  methods	
  

– Fixed-­‐point	
  implementations

• Simulations	
  and	
  hardware-­‐in-­‐the-­‐loop	
  results,	
  comparing	
  
different	
  embedded	
  QP	
  solvers
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min
z

1

2
z0Hz + x0(t)F 0z +

1

2
x0(t)Y x(t)

s.t. Gz  W + Sx(t)

A.	
  Bemporad Embopt'14	
  -­‐	
  Lucca	
  -­‐	
  September	
  8-­‐9,	
  2014

Embedded	
  Linear	
  MPC
• Linear	
  MPC	
  requires	
  solving	
  a	
  Quadratic	
  Program	
  (QP)

z =

2

6664

u0
u1
...

uN�1

3

7775

• A	
  variety	
  of	
  algorithms	
  exist	
  to	
  solve	
  the	
  QP	
  on-­‐line	
  given	
  x(t):

active	
  set	
  (AS),	
  interior	
  point	
  (IP),	
  gradient	
  projection	
  (GP),	
  alternating	
  direction	
  
method	
  of	
  multipliers	
  (ADMM),	
  proximal	
  methods,	
  ...

• Explicit	
  MPC:	
  pre-­‐solve	
  the	
  QP	
  off-­‐line	
  for	
  all	
  x(t)	
  to	
  find	
  the	
  control	
  law	
  
u0*(x)	
  explicitly	
  via	
  multiparametric	
  quadratic	
  programming	
  (mpQP)

The	
  control	
  law	
  u(t)= u0*(x(t))	
  is	
  implicitly	
  defined	
  by	
  the	
  QP	
  solver
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Properties	
  of	
  multiparametric	
  QP
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V ⇤(x) = 1
2x

0Y x+minz 1
2x

0Hz + x0F 0z
s.t. Gz  W + Sx

continuous,	
  piecewise	
  affine	
  

convex,	
  continuous,	
  
piecewise	
  quadratic,	
  
(even	
  C1,	
  if	
  no	
  degeneracy)

Corollary:	
  The	
  linear	
  MPC	
  control	
  law	
  is	
  continuous	
  and	
  piecewise	
  affine

(Bemporad,	
  Morari,	
  Dua,	
  Pistikopoulos,	
  2002)

z⇤ =

2
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u⇤0
u⇤1...

u⇤N�1

3

7775

polyhedron



• A	
  variety	
  of	
  mpQP	
  solvers	
  is	
  available

• Most	
  computations	
  are	
  spent	
  in	
  operations	
  on	
  polyhedra	
  (=critical	
  regions)

-­‐ checking	
  emptiness	
  of	
  polyhedra
-­‐ removal	
  of	
  redundant	
  inequalities
-­‐ checking	
  full-­‐dimensionality	
  of	
  polyhedra

• All	
  such	
  operations	
  are	
  usually	
  done	
  via	
  linear	
  programming	
  (LP)
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Multiparametric	
  QP	
  solvers
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x0•	
  

(Bemporad	
  et	
  al.,	
  2002)
(Tøndel,	
  Johansen,	
  Bemporad,	
  2003)

(Baotic,	
  2002)

(Spjøtvold	
  et	
  al.,	
  2006)(Patrinos,	
  Sarimveis,	
  2010)

feasibility of primal solution
feasibility of dual solution

Ĝz

⇤(x)  Ŵ + Ŝx

�̃

⇤(x) � 0



The	
  polyhedron
is	
  nonempty	
  iff	
  the	
  PNNLS	
  problem

has	
  zero	
  residual	
  

• New	
  approach:	
  use	
  Nonnegative	
  Least	
  Squares	
  (NNLS)	
  for	
  polyhedral	
  
computations

• Partially	
  Nonnegative	
  Least	
  Squares	
  (PNNLS)	
  problem

Aiu  bi
A.	
  Bemporad Embopt'14	
  -­‐	
  Lucca	
  -­‐	
  September	
  8-­‐9,	
  2014

A	
  new	
  mpQP	
  algorithm	
  based	
  on	
  NNLS
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(Lawson,	
  Hanson,	
  1974)

minv,u kAv +Bu� ck22
s.t. v � 0, u free

minv kAv � bk22
s.t. v � 0

efficiently	
  solved	
  e.g.
via	
  active	
  set	
  algorithm

(Bemporad,	
  2014)

PNNLS	
  =	
  pseudo-­‐inverse	
  of	
  B	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  +	
  solve	
  NNLS

P

redundant non 
redundant

• Key	
  result:	
  
P = {u 2 Rn : Au  b}

(v⇤, u⇤) = argminv,u kv +Au� bk22
s.t. v � 0, u free

kv⇤ +Au⇤ � bk22 = 0



m NNLS 1 NNLS 2 NNLS 3 LP
2 0.0051 0.0035 0.0006 0.0046
4 0.0351 0.0301 0.0019 0.0103
6 0.1297 0.1233 0.0038 0.0193
8 0.4046 0.3976 0.0071 0.0340
10 1.0185 1.0082 0.0111 0.0554
12 2.0665 2.1030 0.0178 0.0955
14 4.5279 4.5546 0.0263 0.1426
16 7.9159 7.9133 0.0357 0.1959

Aiu = bi
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Polyhedral	
  computations	
  based	
  on	
  NNLS
• Three	
  possible	
  methods	
  to	
  check	
  inequality	
  redundancy	
  via	
  NNLS:
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• Numerical	
  results

random	
  polyhedra	
  of	
  Rm	
  with	
  10m	
  inequalities

check	
  if	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (Farkas	
  lemma)P i 6= ; P̃ i 6= ;

P̃ i

check	
  if

P

P i

P i

P i

P i

P i 6= ; check	
  if	
  facet

NNLS 1 NNLS 2 NNLS 3

NNLS	
  =	
  compiled	
  Embedded	
  MATLAB
LP	
  =	
  compiled	
  C	
  code	
  (GLPK)

CPU	
  time	
  =	
  seconds	
  (this	
  Mac)

(Bemporad,	
  2014)

• Other	
  polyhedral	
  operations	
  can	
  be	
  also	
  tackled	
  by	
  NNLS	
  
(full-­‐dimensionality	
  check,	
  Chebychev	
  radius,	
  union,	
  projection)

Aiu = bi

Aiu = bi



q m Hybrid Tbx MPT NNLS

4 2 0.0174 0.0256 0.0026
4 3 0.0263 0.0356 0.0038
4 4 0.0432 0.0559 0.0061
4 5 0.0650 0.0850 0.0097
4 6 0.0827 0.1105 0.0126
8 2 0.0347 0.0396 0.0050
8 3 0.0583 0.0680 0.0092
8 4 0.0916 0.0999 0.0140
8 5 0.1869 0.2147 0.0322
8 6 0.3177 0.3611 0.0586
12 2 0.0398 0.0387 0.0054
12 3 0.1121 0.1158 0.0191
12 4 0.2067 0.2001 0.0352
12 5 0.6180 0.6428 0.1151
12 6 1.2453 1.3601 0.2426
20 2 0.1029 0.0763 0.0152
20 3 0.3698 0.2905 0.0588
20 4 0.9069 0.7100 0.1617
20 5 2.2978 1.9761 0.4395
20 6 6.1220 6.2518 1.2853
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A	
  new	
  mpQP	
  algorithm	
  based	
  on	
  NNLS
• New	
  mpQP	
  algorithm	
  based	
  on	
  NNLS	
  +	
  dual	
  QP	
  formulation	
  to	
  compute	
  
active	
  sets	
  and	
  deal	
  with	
  degeneracy

• Comparison	
  with:	
  

– Hybrid	
  Toolbox
– Multiparametric	
  Toolbox	
  2.6	
  (with	
  default	
  opts)

• Included	
  in	
  MPC	
  Toolbox	
  5.0	
  (R2014b)

12

(Bemporad,	
  2003)

(Kvasnica,	
  Grieder,	
  Baotic,	
  2006)

(Bemporad,	
  2014)



1

107.5 MHz
= 9.3 ns
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Hardware	
  (ASIC)	
  implementation	
  of	
  explicit	
  MPC

13

http://www.mobydic-project.eu/
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Complexity	
  of	
  multiparametric	
  solutions
•The	
  number	
  of	
  regions	
  depends	
  (exponentially)	
  on	
  the	
  number	
  of	
  
possible	
  combinations	
  of	
  active	
  constraints

•Weak	
  dependence	
  on	
  the	
  number	
  of	
  states	
  and	
  references

?

•Explicit	
  MPC	
  gets	
  less	
  attractive	
  when	
  number	
  of	
  regions	
  grows:
too	
  much	
  memory	
  required,	
  too	
  much	
  time	
  to	
  locate	
  state	
  x(t)

•Fast	
  and	
  simple	
  on-­‐line	
  QP	
  solvers	
  may	
  be	
  preferable
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Linear	
  time-­‐varying	
  MPC
•MPC	
  can	
  easily	
  extend	
  to	
  linear	
  time-­‐varying	
  (LTV)	
  problems

15

LTV-­‐MPC	
  still	
  leads	
  to	
  
a	
  convex	
  QP

•QP	
  matrices	
  must	
  be	
  constructed	
  on	
  line,	
  H	
  and	
  G	
  are	
  a	
  function	
  of	
  t

prediction
model

constraints

cost function
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Reqs	
  for	
  embedded	
  optimization	
  algorithms

•Distinguish	
  between	
  off-­‐line	
  and	
  on-­‐line	
  computations

– off-­‐line:	
  double	
  precision	
  (MATLAB/Python/Julia)	
  on	
  a	
  PC	
  (arbitrarily	
  complex)

– on-­‐line:	
  single-­‐precision/fixed-­‐point	
  on	
  a	
  μ-­‐processor	
  (please	
  simple!)

• Have	
  degrees	
  of	
  freedom	
  to	
  trade	
  off	
  throughput	
  vs.	
  memory

• Typical	
  problem	
  size:	
  10÷50	
  variables,	
  10÷100	
  constraints

•Numerical	
  robustness	
  (of	
  on-­‐line	
  computations):	
  must	
  perform	
  
well	
  in	
  single	
  precision	
  (or	
  even	
  fixed-­‐point)	
  computations

16
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Reqs	
  for	
  embedded	
  optimization	
  algorithms

• Limited	
  linear	
  algebra	
  operations	
  (in	
  on-­‐line	
  computations)	
  for	
  code	
  
simplicity	
  (example:	
  at	
  most	
  matrix-­‐vector	
  products)

•Dense	
  problems,	
  no	
  need	
  for	
  sparse	
  linear	
  algebra

• Suboptimal	
  solutions	
  are	
  ok.	
  Optimality	
  is	
  of	
  less	
  concern	
  than	
  feasibility	
  
(the	
  prediction	
  model	
  is	
  approximate,	
  the	
  cost	
  function	
  usually	
  comes	
  
from	
  trial	
  &	
  error	
  tuning)	
  

17
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Reqs	
  for	
  embedded	
  optimization	
  algorithms
•Need	
  to	
  be	
  able	
  to	
  estimate	
  the	
  worst-­‐case	
  number	
  of	
  iterations:	
  

– Iterative	
  methods,	
  for	
  a	
  given	
  solution	
  quality,	
  are	
  ok	
  as	
  long	
  as	
  the	
  number	
  of	
  
iterations	
  can	
  be	
  well	
  predicted	
  (in	
  theory	
  and/or	
  in	
  experiments)

– Active-­‐set	
  methods	
  provide	
  best	
  solution	
  quality	
  (within	
  machine	
  precision)

• Insensitivity	
  to	
  problem	
  scaling	
  (or	
  have	
  good	
  automatic	
  scaling	
  
methods).	
  Many	
  QP	
  problems	
  from	
  MPC	
  are	
  badly	
  scaled	
  
(e.g.:	
  soft	
  constraints	
  =	
  high	
  penalties)

• The	
  simpler	
  the	
  code,	
  the	
  easier	
  is	
  to	
  exploit	
  super-­‐optimized	
  
processor-­‐specific	
  functions	
  (e.g.:	
  scalar	
  products)

18



•QP	
  problem:

• Apply	
  gradient-­‐projection	
  to	
  dual	
  QP

• Iterate	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  from	
  y0=0	
  

until	
  convergence	
  to	
  optimal	
  y*	
  (guaranteed	
  if	
  QP	
  is	
  feasible)

• Set
A.	
  Bemporad Embopt'14	
  -­‐	
  Lucca	
  -­‐	
  September	
  8-­‐9,	
  2014

Gradient	
  projection	
  method	
  for	
  QP	
  (very	
  simple!)

19

L	
  =	
  max	
  eigenvalue	
  of	
  M,	
  or	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (Frobenius	
  norm)

z	
  =	
  optimization	
  vector
x	
  =	
  parameter	
  vector

min
z

1

2
z0Hz + x0Fz

s.t. Gz  W + Sx

M = GH�1G0

D = GH�1F 0 + S

min
y�0

1

2
y

0
My + (Dx+W )0y

L =

vuuut
mX

i,j=1
|Mi,j|2

y

k+1

= max{(I � 1

L

M)y

k

� 1

L

(Dx+W ),0}

z⇤ = �H�1(G0y⇤ + F 0x)

(Goldstein,	
  1964) (Levitin	
  &	
  Poljak,	
  1965)

prepared
off-line
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y-1 =y0=0K = H�1G0

J = H�1F 0
wk = yk + �k(yk � yk�1

)

zk = �Kwk � Jx

sk =

1

LGzk � 1

L(Sx+W )

yk+1

= max {yk + sk,0}

•Apply	
  fast	
  gradient	
  method	
  to	
  dual	
  QP:

• Termination	
  criterion	
  #1:	
  primal	
  feasibility

• Termination	
  criterion	
  #2:	
  primal	
  optimality

20

f(zk)� f⇤  f(zk)� ⇥(wk) = �w0
kskL  �V

dual function

(Nesterov,	
  1983)

feasibility tol

optimality tol

(Patrinos,	
  Bemporad,	
  IEEE	
  TAC,	
  2014)

�k =

(
0 k = 0
k�1
k+2 k > 0
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  gradient	
  projection	
  for	
  (dual)	
  QP
(Patrinos,	
  Bemporad,	
  IEEE	
  TAC,	
  2014)
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•Main	
  on-­‐line	
  operations	
  involve	
  only	
  
simple	
  linear	
  algebra

• For	
  MPC	
  problems,	
  using	
  Riccati-­‐like	
  iterations
complexity	
  per	
  iteration	
  is	
  O(N)  
[N =	
  prediction	
  horizon]

• Tight	
  bounds	
  on	
  maximum	
  number	
  of	
  iterations
theoretical

experimental

• Can	
  be	
  very	
  useful	
  to	
  warm-­‐start	
  other	
  methods	
  !
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• Early	
  stopping:	
  primal	
  methods	
  usually	
  provide	
  a	
  feasible	
  solution	
  if	
  
stopped	
  prematurely	
  (e.g.:	
  max	
  time	
  elapsed,	
  task	
  pre-­‐emption),	
  
dual	
  methods	
  do	
  not	
  (infeasible	
  &	
  super-­‐optimal	
  primal	
  solutions)

• Better	
  control	
  of	
  primal	
  solution	
  quality	
  with	
  primal	
  methods	
  

•Warm	
  starting	
  easier	
  in	
  primal	
  methods	
  (shifted	
  previous	
  optimal	
  
solution	
  [u1*(x(t-1)) ... uN-1*(x(t-1)), *]	
  is	
  often	
  a	
  good	
  initial	
  guess),	
  
more	
  difficult	
  with	
  dual	
  methods.

E.g.:	
  in	
  LCP	
  methods	
  w=Mz+d,	
  an	
  easy	
  initial	
  guess	
  is	
  z=0, w=d,	
  that	
  
satisfies	
  the	
  complimentarity	
  constraints.
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•Dual	
  methods	
  can	
  usually	
  handle	
  more	
  general	
  linear	
  constraints
(Az≤b	
  vs.	
  l≤z≤u)
	
  	
  

• Often	
  box-­‐constraints	
  l≤z≤u	
  are	
  enough,	
  so	
  no	
  need	
  to	
  go	
  to	
  dual	
  QP.
Example:	
  soft	
  constraints	
  can	
  be	
  remapped	
  into	
  cost	
  function:

• Primal	
  Hessian	
  H 	
  always	
  >0,	
  dual	
  Hessian	
  M=GH-1G ’usually	
  only	
  ≥0	
  

• Dual	
  Hessian	
  GH-1G’	
  may	
  be	
  larger	
  to	
  store	
  than	
  H	
  and	
  G

Az  b �! min ⇢kAz + s� bk2, s � 0, ⇢ � 1
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• Sometimes	
  reconstructing	
  primal	
  solution	
  after	
  solving	
  dual	
  problem	
  is	
  
numerically	
  troublesome	
  (a	
  small	
  error	
  in	
  dual	
  solution	
  can	
  propagate	
  to	
  
a	
  large	
  error	
  in	
  primal	
  solution)	
  

• Dual	
  methods	
  more	
  difficult	
  for	
  LTV	
  (need	
  to	
  compute	
  GH-1G’ on-­‐line)

Whether	
  to	
  prefer	
  primal	
  or	
  dual	
  method	
  depends	
  on	
  constraint	
  
type	
  (Ax≤b	
  vs.	
  l≤x≤u)	
  and	
  LTI	
  vs.	
  LTV	
  MPC	
  control	
  problem	
  setup
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• Fixed-­‐point	
  arithmetics	
  is	
  very	
  attractive	
  for	
  embedded	
  control:

– Computations	
  are	
  fast	
  and	
  cheap
– Hardware	
  support	
  in	
  all	
  platforms

• Cons:	
  
– Accumulation	
  of	
  quantization	
  errors	
  
– Limited	
  range	
  (numerical	
  overflow)

25

How	
  about	
  numerical	
  robustness	
  ?
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i
gi(zk)  2LD2

k+1

+ Lv✏
2

z +4D✏⇠

f(zk)�f?  L
2(k+1)(ky

?k2+ky0k2)+�

A.	
  Bemporad Embopt'14	
  -­‐	
  Lucca	
  -­‐	
  September	
  8-­‐9,	
  2014

Gradient	
  projection	
  in	
  fixed-­‐point	
  arithmetics
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p � log2
m

p
nr

"
LV

+
n
m

⇣
2D
LV

⌘2
�
q

n
m

2D
LV

� 1

•Convergence	
  to	
  feasibility	
  

•Convergence	
  to	
  optimality

•Design	
  guidelines
	
  	
  	
  (precision)

desired solution “quality”
# fractional bits

(Patrinos,	
  Guiggiani,	
  Bemporad,	
  2013)
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p=2

p=4

double~p=6

f(zk)-f* max	
  constraint	
  violation

p=2

p=4

p=6 (≅double	
  precision)

p=2

p=6

p=4

exponentially
decreasing with p

•Design	
  guidelines	
  for	
  required	
  #integer	
  bits	
  to	
  avoid	
  overflow	
  also	
  available



A.	
  Bemporad Embopt'14	
  -­‐	
  Lucca	
  -­‐	
  September	
  8-­‐9,	
  2014

Hardware	
  tests	
  (floating	
  vs	
  fixed	
  point)

27

32-­‐bit	
  Atmel	
  SAM3X8E	
  ARM Cortex-M3	
  processing	
  unit:	
  
84	
  MHz,	
  512	
  KB	
  of	
  flash	
  memory	
  and	
  100	
  KB	
  of	
  RAM.

(Patrinos,	
  Guiggiani,	
  Bemporad,	
  2013)

fixed
point

floating
point

fixed-point about 4x faster than floating-point



kz � fi(z)k 
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1 + (Q)kQ�1k (Nnu)
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Proximal	
  Newton	
  methods	
  (fixed-­‐point)

• Bound	
  on	
  round-­‐off	
  error	
  accumulated	
  at	
  each	
  iteration

28

(Patrinos,	
  Guiggiani,	
  Bemporad,	
  2014)

condition number
prediction horizon

number of inputs

r � log2

⇣

max

n

ẑ, ˆd
o

+ 1

⌘

+ 1

max {kzk1, kz̄k1}+ "z kQ�1k1 (kQk1ẑ + kqk1) + "d

• Number	
  of	
  integer	
  bits	
  to	
  avoid	
  overflow

• Proximal	
  Netwon	
  method	
  applied	
  to	
  box-­‐constrained	
  QP

# fractional bits

# integer bits
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  (fixed-­‐point)
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Proximal Newton
Fast Gradient
Simple Gradient

Avg. FIOPs/iter

9.700 4.900

fixed-­‐point	
  computations relative	
  accuracy

(Patrinos,	
  Guiggiani,	
  Bemporad,	
  2014)

ARM-based Cortex-M3 (Atmel SAM3X8E)
84 MHz, 100 KB of RAM and 512 KB of flash memory

kz � z⇤k
kz⇤k

Hardware	
  implementation floating floatingfixed fixedTable 2. Hardware implementation

Vars. Tfi [ms] Tfl [ms] Sizefi [KB] Sizefl [KB]

10 0.6 1.8 14.7 20.2
20 1.8 5 16 22

30 4.7 9.7 18 27

40 8.8 45.5 21 32.8
50 14.7 89.8 24.8 39.6
60 25.7 100.8 29.3 59.2
70 44.8 n/a 34.6 n/a
80 52.4 n/a 40.7 n/a

the system. Note that the controller sampling time should
be fast enough such that oscillations in system inputs due
to the quantization of the QP solution fall outside the
process bandwidth.

7. HARDWARE IMPLEMENTATION

An implementation of Algorithm 1 was deployed on a low-
power, low-cost, ARM-based Cortex-M3 general-purpose
processing unit, model Atmel SAM3X8E. This unit fea-
tures a 32-bit CPU operating at 84 MHz, 100 KB of RAM
and 512 KB of flash memory.

The device was assigned to solve a set of random QPs
of increasing size. The algorithm was coded both with
floating-point arithmetic (word length of 32 bits) and
fixed-point arithmetic (word length of 16 bits, of which
8 bits for the fractional part).

Table 2 shows the average experimental results: for each
problem size ranging from 10 to 80 variables, we report
overall computation time for the fixed-point arithmetic
(T

fi

) and floating-point arithmetic (T
fl

) versions; simi-
larly, we report code size for the compiled binary.

Table 2 shows that switching from floating- to fixed-point
arithmetic causes the computation time and code size to
become up to 4 and 2 times smaller, respectively. Advan-
tages become more evident as the number of variables
increases; for problems with n � 70 the floating point
version is not able to converge at all, probably due to lack
of memory.

8. CONCLUSION

In this work we investigated in detail the implementa-
tion with fixed-point arithmetic of a Newton-based QP
solver for embedded MPC applications. We analyzed the
propagation of the round-o↵ error coming from the quan-
tization of the number representation space, and derived
design guidelines to avoid overflow errors. Simulation re-
sults showed a good algorithm performance and solution
accuracy when compared to gradient-based approaches.
For ill-conditioned problems, we proposed an optimal scal-
ing method to hinder them. Finally, we showed how the
proposed solver can be deployed in low-cost, low-power
hardware.
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• Anytime	
  optimization	
  idea:	
  

Given	
  a	
  feasible	
  solution,	
  keep	
  improving	
  its	
  optimality	
  as	
  long	
  as	
  
CPU	
  is	
  available,	
  otherwise	
  stop	
  and	
  apply	
  best	
  solution	
  found	
  so	
  far

• Key	
  ingredients	
  needed:

-­‐ Proper	
  solver	
  that	
  recursively	
  improves	
  optimality	
  while	
  maintaining	
  
feasibility

-­‐ Proper	
  MPC	
  setup:	
  a	
  feasible	
  solution	
  always	
  immediately	
  available,	
  
and	
  feasibility	
  implies	
  stability

What	
  if	
  the	
  CPU	
  time	
  to	
  solve	
  QP	
  exceeds	
  sampling	
  
interval	
  or	
  optimization	
  task	
  is	
  preempted	
  ?

• Example:	
  dual	
  QP	
  methods	
  do	
  not	
  get	
  a	
  feasible	
  solution	
  until	
  the	
  end
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Feasibility-­‐based	
  methods

• Convex	
  feasibility	
  problem:	
  find	
  a	
  vector	
  x	
  such	
  that

31

(Bemporad,	
  Bernardini,	
  Patrinos,	
  2014)

• Key	
  idea:	
  solve	
  unconstrained	
  problem

• Use	
  Newton-­‐like	
  method	
  to	
  minimize	
  F(x)

very simple to
compute if fi's are
linear or quadratic

F(x)

x



A.	
  Bemporad Embopt'14	
  -­‐	
  Lucca	
  -­‐	
  September	
  8-­‐9,	
  2014

Feasibility-­‐based	
  methods

• Feasibility	
  algorithm	
  (regularized	
  piecewise-­‐smooth	
  Newton	
  method)
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(Bemporad,	
  Bernardini,	
  Patrinos,	
  2014)

Proof: Function F can be written as

F (x) =
1

2

mX

i=1

(max{f
i

(x), 0})2 =

1

2

mX

i=1

q( 
i

(x)),

where R 3 z 7! q(z) = z2 and R 3 z 7!  
i

(x) =

max{f
i

(x), 0}, q �  is convex since q is convex and
nondecreasing when its argument is nonnegative and  

i

is
convex (as the pointwise maximum of the convex function f

i

and 0) and nonnegative. Therefore F is convex as the sum of
convex functions. On the other hand, F (x) =

P
m

i=1

'(f
i

(x))
where R 3 z 7! '(z) =

1

2

(z)2
+

. Since ' is continuously
differentiable with d'(z)

dz

= (z)
+

, continuous differentiability
of F and formula (11) readily follow.
Our ultimate goal is to devise Newton-like methods for solv-
ing the unconstrained problem (10) and thus (9). Function F
is C1 but not C2, however its gradient rF (x) is a piecewise
smooth mapping, in the sense that for any x 2 Rn we have

rF (x) 2 {rF
I

(x)}
I2I , (12)

where I is the collection of all subsets I ✓ {1, . . . ,m} for
which there exists a x 2 Rn such that f

i

(x) � 0, i 2 I and
f
i

(x) < 0, i /2 I , whereas rF
I

(x) =

P
i2I

f
i

(x)rf
i

(x).
The pieces of rF are smooth with Jacobian given by
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I

(x) =
X
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rf
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(x)rf
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(x)0 + f
i

(x)r2f
i

(x). (13)

For any x 2 Rn let I(x) = {i 2 {1, . . . ,m} : f
i

(x) � 0}.
Then the matrix r2F

I(x)

will serve as a generalized Hessian
of F at x, furnishing a second-order approximation similar
to the one provided by the classical Hessian for C2 functions.
Another idea, stemming from Gauss-Newton methods for
solving least-squares problems, would be to use as a gen-
eralized Hessian the matrix

P
i2I(x)

rf
i

(x)rf
i

(x)0, which
results by omitting second-order terms r2f

i

(x)f
i

(x) from
r2F

I(x)

. This choice saves us from computing the Hessians
of f

i

, i 2 I(x) (notice that in case of f
i

(x) = a0
i

x� b
i

this
makes no difference). However, this is a good choice only
if we know that C is nonempty. In this case for any x̄ 2 C
we have f

i

(x̄) = 0 for i 2 I(x̄) and the term r2f
i

(x̄)f
i

(x̄)
vanishes.

Algorithm 1 is a regularized piecewise smooth Newton
method with line search. Its convergence properties can
be inferred as a special case of [20], [21]. Specifically,
every accumulation point of the sequence generated is a
stationary point of F , and if r2F

I(x

?
)

is nonsingular then
the convergence rate is quadratic.

A. Feasibility-based optimization
Problems involving minimization of a C2 convex function

can be attacked by solving a sequence of feasibility prob-
lems. Specifically consider the problem

min f
0

(x) (16a)
s.t. x 2 C (16b)

where C ✓ Rm is a closed convex set described as in (9).
Let f?

= inf

x2C

f
0

(x) and X?

= argmin

x2C

f
0

(x). We

Algorithm 1: [empty, x]=PSN FEAS(C)

Input: � 2 (0, 1/2), ⇣ 2 (0, 1), x0 2 Rn, k = 0

1 if F (xk

) = 0 then
2 empty false, x xk; exit
3 else if krF (xk

)k = 0 then
4 empty=true; exit
5 end
6 Compute dk 2 Rn that solves

(r2F
I

k(xk

) + �
k

I)d = �rF (xk

), (14)

where I
k

= {i 2 [m] | f
i

(xk

) � 0}, �
k

= ⇣krF (xk

)k.
7 Compute ⌧

k

= max{2�i | i = 0, 1, 2, . . .} such that

F (xk

+ ⌧
k

dk)  F (xk

) + �⌧
k

rF (xk

)

0dk. (15)

8 xk+1  xk

+ ⌧
k

dk

9 k  k + 1 and go to Step 1.

assume that the set of optimal solutions of (16) is nonempty.
We have that

f?

= inf{t : x 2 S(t)}, X?

= S(f?

)

where
S(t) = {x 2 C : f

0

(x)  t} (17)

is the lower level set of f
0

over C. Obviously we have that
t � f

?

if and only if S(t) is nonempty. This suggests that
we can test whether a given t is smaller or larger than f

?

by
solving the feasibility problem of finding x 2 S(t)

'(t) = inf

x2Rn
�(t, x) , 1

2

(f
0

(x)� t)2
+

+

1

2

mX

i=1

(f
i

(x)
+

)

2

(18)
using Algorithm 1. The following proposition, whose proof
is omitted here for lack of space, proves some interesting
properties enjoyed by function '.

Proposition 5: Assume problem (16) admits an optimal
solution and let function ' be defined as in (18).

(i) ' is real-valued with '(t) > 0 for t < f?, whereas
'(t) = 0 for t � f?,

(ii) ' is convex and continuously differentiable with

d'(t)

dt
= r

t

�(t, x
t

) = �(f
0

(x
t

)� t)
+

, (19)

where x
t

2 argmin

x2Rn �(x, t).
(iii) d'(t)

dt

< 0 for t < f?, whereas d'(t)

dt

= 0 for t � f?.
Proposition 5(i) shows that f? is the left endpoint of the
halfline {t 2 R : '(t) = 0}. Therefore problem (16)
has been reduced to finding the leftmost zero of the one-
dimensional, monotone decreasing function ' : R! R. One
way to find f? is to apply bisection to '. Starting from an
initial closed interval [t�, t+] with t�  f?  t

+

we pick
the midpoint t = (t�+t

+

)/2 and try to determine if the level
set S(t) is nonempty, by solving (18) using Algorithm 1 (of
course we could apply any other algorithm for unconstrained

solve linear system
(usually of small dimension)

line search (Armijo's rule)

F(x)=0, feasible point found

stationary point with F(x)>0,
problem infeasible



• Convex	
  optimization	
  problem: min f0(x)
s.t. f

i

(x)  0, i = 1, . . . ,m

f0(x)  f̄

k

f

i

(x)  0, i = 1, . . . ,m

f̄k =
UBk�1 + LBk�1

2

LBk = f̄k
UBk = UBk�1

UBk = f̄k
LBk = LBk�1

UBk � LBk  ✏
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Feasibility-­‐based	
  methods

33

(Bemporad,	
  Bernardini,	
  Patrinos,	
  2014)

• Solve	
  feasibility	
  problems	
  recursively	
  (bisection)	
  by	
  updating	
  upper	
  and	
  
lower	
  bounds	
  on	
  optimal	
  cost:

• Better	
  improvements	
  of	
  upper	
  and	
  lower	
  bounds	
  are	
  possible

solve	
  feasibility	
  problem

1.

2.

3. If	
  feasible,	
  set	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  otherwise	
  set	
  

4.	
  Repeat	
  from	
  step	
  1.	
  until

bound on optimality
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Feasibility-­‐based	
  methods
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(Bemporad,	
  Bernardini,	
  Patrinos,	
  2014)

• Numerical	
  results

QP	
  problems
(arising	
  from	
  MPC)

Quadratically	
  Constrained	
  QP	
  problems
(arising	
  from	
  MPC)

Gurobi	
  5.6.2

feasibility	
  +	
  bisection

Gurobi	
  5.6.2

feasibility	
  +	
  bisection



max CPU time (ms) Cumulated cost J

unbounded 9.0075

10 23.4491

5 26.4646

1 26.7551

max CPU time (ms) Cumulated cost J

unbounded 8.7865

60 22.6572

40 26.4663

20 31.4528
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Anytime	
  embedded	
  MPC

35

(Bemporad,	
  Bernardini,	
  Patrinos,	
  2014)

• Key	
  idea:	
  only	
  keep	
  bisecting	
  if	
  CPU	
  resources	
  are	
  available,	
  otherwise	
  
stop	
  and	
  apply	
  current	
  best	
  feasible	
  solution

terminal ellipsoidal 
constraint

terminal polyhedral 
constraint

Convergence	
  guaranteed	
  whatever	
  CPU	
  time	
  is	
  available	
  at	
  each	
  step	
  !



y = Pys

min
z

1

2
z0Hz + f 0z

s.t. Gz  W

M = GH�1G0

d = GH�1f +W

min
y

1

2
y0My + d0y

s.t. y � 0

min
ys

1

2
y0s(PMP )ys + d0Pys

s.t. ys � 0

1
p
Mii

Giz 
1

p
Mii

Wi

P = diag

 
1

p
Mii

!

z⇤ = �H�1(G0Py⇤s + f)
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Scaling	
  (or	
  preconditioning)
• Preconditioning	
  can	
  improve	
  convergence	
  rate	
  of	
  iterative	
  algorithms	
  
(in	
  particular	
  first-­‐order	
  methods	
  are	
  very	
  sensitive	
  to	
  scaling)

36

•Dual	
  scaling:

scaling

• This	
  is	
  equivalent	
  to	
  scale	
  constraints	
  in	
  primal	
  problem:

primal QP

scaled dual QP

• Primal	
  solution:



AFTI2 Max Avg

NS S NS S

GPAD 1605 498 668 92

ADMM 3518 1756 741 208

PQP 631075 49472 16293 3581

DRSA 3142 901 473 160

FBN 118 32 7 4

AFTI Max Avg

NS S NS S

GPAD 287 153 28 21

ADMM 1458 456 148 111

PQP 2396 2119 152 138

DRSA 441 278 57 32

FBN 6 7 3 2
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Scaling	
  example
•AFTI-­‐16	
  linearized	
  model	
  (4th	
  order,	
  unstable)

-­‐ 2	
  inputs	
  (elevator	
  &	
  flap	
  angles)
-­‐ 2	
  outputs	
  (attack	
  &	
  pitch	
  angles)

•MPC	
  problem:	
  
-­‐ prediction	
  horizon=10,	
  control	
  horizon=2	
  (-­‐>	
  4	
  free	
  optimization	
  vars)
-­‐ feasibility	
  threshold	
  =	
  optimality	
  threshold	
  =	
  0.01

number	
  of	
  iterations	
  (NS=	
  Not	
  Scaled,	
  S=Scaled)

only input constraints input + output constraints

PQP	
  =	
  Projection-­‐free	
  parallel	
  QP (Di	
  Cairano,	
  Brand,	
  Bortoff,	
  2013)
DRSA	
  =	
  Accelerated	
  Douglas-­‐Rachford	
  Splitting (Patrinos,	
  Stella,	
  Bemporad,	
  2014)
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Hardware-­‐In-­‐the-­‐Loop	
  experiments	
  (DSP)
• Control	
  of	
  a	
  brushless	
  DC	
  motor

38

Numerical Results - DSP Implementation

TMS320F28335 controlCARD
(Real-time Control Applications)

32-bit Floating Point (IEEE-754);

150MHz clock;

68KB Ram / 512KB Flash.

Benchmarking Problem: Brushless DC Motor Control

May 10, 2014 4 / 6
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Hardware-­‐In-­‐the-­‐Loop	
  experiments	
  (DSP)
• Linear	
  MPC	
  setup:

39

R	
  =	
  stator	
  resistance	
  [Ω]
L	
  =	
  stator	
  inductance	
  [H]
ω	
  =	
  rotor	
  speed	
  [rad/s]
λ	
  =	
  motor	
  flux	
  leakage	
  [Wb]

prediction	
  horizon	
  =	
  4
control	
  horizon	
  =	
  2
box	
  constraints	
  on	
  iq	
  and	
  uq

reference	
  speed	
  =	
  ±156	
  rad/s

0 0.05 0.1 0.15 0.2
−0.02

0

0.02
Observed Variables

Time (s)

i d
(A

)

0 0.05 0.1 0.15 0.2
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var ⇥ constr. GPAD AS ADMM FBN

4⇥ 16 332 µs (18) 120 µs (3) 1.42 ms (62) 208 µs (2)

8⇥ 24 1.1 ms (22) 446 µs (5) 4 ms (77) 396 µs (2)

12⇥ 32 2.59 ms (27) 1.19 ms (7) 8.25 ms (82) 652 µs (2)
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Hardware-­‐In-­‐the-­‐Loop	
  experiments	
  (DSP)
• Experimental	
  setup:

40

-­‐ PC	
  with	
  MATLAB/Simulink
-­‐ RS232	
  adapter
-­‐ TMS320F28335	
  Experimenter	
  Kit

• Active	
  set	
  dominates	
  on	
  small	
  problems

• Forward-­‐Backwards	
  Newton	
  (proximal	
  method)	
  better	
  for	
  larger	
  problems

(Goldfarb,	
  Idnani,	
  1983)
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Conclusions
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Explicit

MPC

Implicit	
  (=on-­‐line	
  QP)Implicit	
  (=on-­‐line	
  QP)Implicit	
  (=on-­‐line	
  QP)Implicit	
  (=on-­‐line	
  QP)Implicit	
  (=on-­‐line	
  QP)Implicit	
  (=on-­‐line	
  QP)Explicit

MPC active	
  
set

interior	
  
point

gradient
projection

proximal	
  
Newton

ADMM PQP

speed	
  (small	
  probs)

speed	
  (large	
  probs)

worst-­‐case	
  estimates

numerical	
  arithmetics

off-­‐line	
  computations

solution	
  quality	
  (feas/opt)

data	
  memory

control	
  code

best	
  for	
  problem	
  size small medium large medium medium medium small

Which	
  method	
  to	
  prefer	
  for	
  embedded	
  MPC	
  ?

small  ≤   6 vars,   15 constraints,    8 states/references

medium ≃  20 vars,   80 constraints,   50 states/references
large  ≥ 500 vars, 3000 constraints, 2000 states/references

very	
  rough	
  
classification:
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Conclusions

More	
  research	
  on	
  QP	
  is	
  still	
  needed	
  to	
  have	
  
an	
  impact	
  in	
  real	
  applications	
  !

42

• Embedded	
  QP	
  solvers	
  for	
  MPC	
  must	
  be	
  very	
  simple	
  to	
  code,	
  fast,	
  
amenable	
  for	
  low-­‐precision	
  arithmetic,	
  and	
  with	
  proved	
  bounds	
  on	
  
real-­‐time	
  execution

(Beale,	
  1955)

• Research	
  on	
  QP	
  solution	
  methods	
  started	
  ~60	
  years	
  ago	
  ...

• A	
  "best	
  QP	
  algorithm"	
  does	
  not	
  exist,	
  must	
  have	
  a	
  library	
  of	
  methods,	
  
depending	
  on	
  memory/throughput/precision	
  reqs.


