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Abstract control sequences. We also showed that when optimal con-
trol is implemented in a receding horizon fashion by repeat-
For continuous-time switched linear systems, this pa- edly_sp]ving MIQPs on-line, this leads to an asymppotically
per proposes an approach for solving infinite-horizon op- stablll_zmg COI’]tI’Q| law. _FOI’ those cases where _on—Ilne Optl-
timal control problemswhere the decision variablesarethe ~ Mization is not viable, in [2] we proposed multiparametric
switching instants and the sequence of operating modes. programming as an effective means for synthesizing piece-
The procedure iterates between a “ master” procedure that wise affine optimal controllers, that solve in state-feedback
finds an optimal switching sequence of modes, and a form the finite-time hybrid optimal control problem with
“gdave” procedurethat finds the optimal switching instants. performance criteria based on lineardr infinity) norms,
The effectiveness of the approach is shown through simple or, as shown more recently, on quadratic norms. Such a
simulation examples. control design flow for hybrid systems was applied to sev-

eral industrial case studies, in particular to automotive prob-
lems where the simplicity of the control law is essential for
. its applicability.

1 Introduction In the discrete-time case, the main source of complex-

ity is the combinatorial number of possible switching se-

Switched systems are a particular class of hybrid sys- quences. By combining reachability analysis and quadratic
tems that switch between many operating modes, whereoptimization, in [3] we proposed a technique that rules out
each mode is governed by its own characteristic dynami- switching sequences that are either not optimal or simply
cal law [1]. Typically, mode transitions are triggered by not compatible with the evolution of the dynamical system.
variables crossing specific thresholds (state events), by theAn algorithm to optimize switching sequences that has an
elapse of certain time periods (time events), or by exter- arbitrary degree of suboptimality was presented in [11].
nal inputs (input events). The problem of determining op-  In the continuous-time case, and in particular for
timal control laws for this class of hybrid systems has been switched linear systems composed by stable autonomous
widely investigated in the last years and many results candynamics, by assuming that the switching sequence is pre-
be found in the control and computer science literature. For assigned (and, therefore, that the only decision variables to
continuous-time hybrid systems, most of the literature is be optimized are the switching instants), in [7, 8] we proved
focused on the study of necessary conditions for a trajec-an important result: the control law is a state-feedback and
tory to be optimal [16], and on the computation of opti- there exists a numerically viable procedure to compute the
mal/suboptimal solutions by means of dynamic program- switching region<’; y, i.e., the points of the state space
ming or the maximum principle [5,6,10,13,14,18]. For de- where thei-th switch of a sequence of lengii should oc-
termining the optimal feedback control law some of these cur.
techniques require the discretization of the state space in In this paper we solve the optimal control problem for
order to solve the corresponding Hamilton-Jacobi-Bellman continuous-time switched linear systems in which both the
equations. In [9] the authors use a hierarchical decom- switching instants and the switching sequence are decision
position approach to break down the overall problem into variables. The procedure exploits a synergy of discrete-
smaller ones. In so doing, discretization is not involved and time and continuous-time techniques, by alternating be-
the main computational complexity arises from a higher- tween a “master” procedure that finds an optimal switch-
level nonlinear programming problem. ing sequence and a “slave” procedure that finds the optimal
The hybrid optimal control problem becomes less com- switching instants. A few simple heuristics can be added to

plex when the dynamics is expressed in discrete-time or asthe algorithm to improve its performance. Although the fi-
discrete-events. For discrete-time linear hybrid systems, innal optimal switching policy is computed for a given initial
[4] we introduced a rather general hybrid modeling frame- state, as a by-product of the algorithm it has a state-feedback
work and showed how mixed-integer quadratic program- nature, which is only valid however for “small” perturba-
ming (MIQP) can be efficiently used to determine optimal tions of the initial state such that the optimal switching se-



guence does not change. A related approach that optimizess:

hybrid processes by combining mixed-integer linear pro-
gramming (MILP) to obtain a candidate switching sequence
and dynamic simulation was proposed in [12]. A two-stage
procedure was also proposed in [18].

Although we formally prove that the algorithm always

converges to a local minimum, the global minimum is not
always reached. We run the algorithm on abidtrandom

tests and observed that it converges extremely quickly to the

global optimum on about 95% of the problems, and in the
remaining 5% the difference between the solution and the
global solution (computed via enumeration) is below 1%.

2 Problem Formulation

In this paper we consider the following class of hybrid
systems

it) = Ayya(d), i(t) € S (1)

that we denote aswitched linear systems, wherex(t) €

R™, i(t) € S is the control variable, and = {1,2,...,s}

is a finite set of integers, each one associated with a lin-
ear dynamics. We assume that all matrigesi € S) are
strictly Hurwitz (i.e., all dynamics are asymptotically sta-
ble) and that a positive semi-definite weight maix is

with respect to 74, ..

N+1
min > why [Zi — Al (8) Zi, Ay ()] g
b=t ©)
st. xp= A (k)wp—1, k=1,...,N+1
xo = x(0)

where ~ o
Ai(k) & eme—Te-1)Ai (4)
andZ; is the uniqué solution of the Lyapunov equation
AiZi+ ZiAi = = Q. 5)

Consider a decomposition of (3) into the following “mas-
ter” and “slave” subproblems:

Problem 1 (Master) For a fixed sequence of switched
times 7y, ..., 7y, solvethe optimal control problem (3) with
respecttoiy, ..., iy+1. Denote by

{i1,.. (6)

and Vi (71, ..., 7n) the optimizing index sequence and op-
timal value, respectively.

iyt = fu(T, ., 7N)

Praoblem 2 (Slave) For a fixed sequence of switching in-
dices 7y, ..., iny41, Solve the optimal control problem (3)
., 7n. Denote by

associated to each dynamics. For such a class of hybrid sys-

tems we want to solve the following optimal control prob-
lem

{F([, T2 /O b m’(t)Qi(t)x(t)dt}

&(t) = Aiyx(t)

(0) = o

Z(t) =qpform_1 <t <
€S, k=1,....N+1
T():O, TN+1 = +00

TR €ER>oVE=1,...,N

(2)

=

where N is the maximum allowed number of switches
(fixed a priori),7 £ {r,...,7n} is a finite sequence of
switching times] = {iy, ..., iy} is a finite sequence of
switching indices, and, is the initial state of the system.
We denote byi*(t), t € [0,400), i*(t) = ij for 7, <

t < 77 the switching trajectory solving (2), and', 7* the
corresponding optimal sequences.

This framework may be easily generalized. One may as-
sume that whenever at time, a switch fromiy t0 i1
occurs, the state should jump froa(r, ) to z(r;") =
Myz(r, ) asin [8]. One may also assume that a cost is as-
sociated to each switch as in [7]. However, to avoid heavy

notation in this paper we only restrict to the basic frame-
work.

The optimal control problem (2) may also be rewritten

with respect taiy, ..

e.g.

{Tl,.. (7)

and Vs (71, ...,2n+1) the optimizing timing sequence and
optimal value, respectively.

LTy = fs(m, .o, Tvg1)

3 Master Algorithm

For a fixed sequence of switched timas ..., 7n, the
master algorithm solves the optimal control problem (3)
.,in+1. Itis a purely combinatorial
problem that can be rephrased as:

N+1
. / 7.
min kz_:l th 1 Qi (k)2rs
- (8)
st wp=A, (K)xk—1, k=1,...,N+1
ro = l‘(O),
where
Ql(k) £ ZZA - A;k (k>ZZAAZA(k) (9)

Problem (8) can be efficiently solved via Mixed-
Integer Quadratic  Programming  (MIQP) (see
[15] or the free Matlab solver available at
http://control.ethz.ch/™hybrid/ m gp).

To this end, we need to introduce binary variables

1Because eacH, is asymptotically stable.



v¥ € {0,1} and continuous variablesf € R", i € S, A solution to this problem where the switching sequence
k=1,...,N+1,where is pre-assigned was already presented in [8] where it was
shown that the optimal control law turns out to be a "ho-
We=1] < [i(k)=1], Vk=1,....,N+1, > (10a) mogeneous feedback”, in the sense that fokal V: (a)
Vies it is possible to identify a regiof n of the state space

kil % s Vk=1,. such that thé&—th switch should occur if and only if we are
Zi = Ai(k)zr-177s Vi€ 5 (10D) within this region; (b) this region is homogeneous, i.e., if
1 Vies 10 x € Ci, N, thendz € Cy, v, for all real numbers.. We also
= x‘)% y VI E (10c)  provide an algorithmic way to construct the regions. In fact,

ht 1 we observe that it is sufficient to determine which points on
T = Z zi ', Vk=0,...,N (10d)  the unitary semi-sphere belong to a region to completely
determine the region (because it is a homogeneous space).
: In [8] we have also shown that thesgitching regions have
@wf = 1, Vk=1,...,.N+1 (10e) to be computed starting from the last one. More precisely,
j let us first define the residual cost from theh to N-th

. . switch, given a state, as:
where the last exclusive-or constraint follows by the fact g

that only one dynamics can be active in each intetval Fi(, 65,0001, ,0n) =S 2" Qi 14
Constraints (10b) can be transformed into the following set (@, 8k, Oy N) = 2k @0y (14)
of mixed-integer linear inequalities by using the so-called whereé; = 7; — 7,1 is the j—th switching interval and
“big-M" technique (see e.g. [4,17] for details): xr—1 = x. We also define the correspondihgh optimal
. . switching interval as:
2P < MAyF VE=1,...,N+1 (11a) . .
Op(z) = arg min_ Fy(z, 0k, 6541 (21), -+, On(TN-1))

—ZF<MAF VE=1,...  N+1 (11b) SkERY
k+1 A k
%S Ai(k)m’f—lv‘;]\f(ll - 7’&']{; (11c)  wherex; = % (“i=1)z; ;. Finally we can write that
A H{OEYRIS VIC U N Cov Ao Lok =0} (B2 L) 09
VE=1,...,N Thus, we choose a suitable discretization step and for each

1 ! point 2 on the unitary semi—sphere we determine if it be-

4 <o+ M1 —7;) (11e) longs toCn, N, Cn—1,~, €fC., also computing step by step
—z} < —xo+ M(1—7;) (11f) the corresponding values of the remaining cost.

The output of this procedure is the set of switching re-
gions. To determine the optimal switching instants, the evo-
lution of the systems is simulated starting from the initial
state and switching as soon as the next switching region is
reached.

forall i € S, whereM € R™ is an upper bound on the
state vector: (more precisely, thg-th componentl/ 7 of
M is an upper bound ofx?|, wherez’ is thej-th compo-
nent of the state vector), and therefore an upper bound on
Ai(k)xp_1 =xp, forallk =2,...,N +1,i € S. Usually )
M(ca>m be estimated on the basis of physical considerations®> Master-Slave Algorithm
on the hybrid system. Eq. (10e) can be instead expressed as

The proposed master-slave algorithm is structured as fol-

e lows:
=1, Vk=1,...,N+1. (12) _
. Algorithm 1
Summing up, the master problem (8) is equivalenttothe 1 | nitjalize 7(0) «— {r,...,7v} (e.9., 7
MIQP are randomy or uniformy distributed),
N+1 s k=1, I(0) = {-1,...,—1}; Let ¢ > 0 a given
: kN ). k
Ikr:}nzZC ;; ;(zi) Qi(k)z; tol erance;
k=1,...,N+1 B (13) 2. Solve the master problem I(k) «— fu(7T(k —
i = 1 L., S
’ ; 1))’
s.t. (10d), (11), (12) 3. |If |F(T(/€— 1),[(/{:))—F(T(k‘— 1),[(/{3— 1))| <e set

T(k)«—7T(k—1) and go to 7.

4 SlaveAlgorithm 4. Solve the slave problem 7T (k) — fs(I(k));
5. k—k+1;
For a fixed sequence of switching indicas. .., 7n 11, 6. Goto 2.;
the slave algorithm solves the optimal control problem ) 7. set {m,....en} —T(k), {ir,... ins1} < I(k);
with respect tary, ..., 7N . 8. End



Proposition 1 Algorithm 1 stops after a finite number of
steps Nitop-

Proof: Let V (k) £
V(k-1)

F(T(k),I(k)). Clearly,

=F(T(k—1),I(k—1)) > F(T(k—
> F(T(k),1(k))

1), I(k))
V (k).

Since{V(k)} is a monotonically nonincreasing sequence
bounded betweel (0) and 0, it admits a limit aé — oo.
ThereforeV (k) — V(k — 1) — 0 ask — oo, and hence 3.

is satisfied after a finite number of iteratibpfor any given
positive tolerance. m]

Assumption 1 The optimal control problem (2) is said
switch-degenerati there exist a sequence 7 and 11 # I
such that F'(I,,7) = F(I2,7T), time-degeneratd there
exist a sequence I and 7; # 7, such that F(I,7;) =
F(I,T).

Proposition 2 Let ¢ = 0 and assume problem (2) is not
switch-degenerate. Let step 3. be modified as follows

3. U (k) =1I(k—

Then Algorithm 1 stops after a finite number of steps
Nstop-

1) go to 7.;

Proof : By contradiction, assume the stopping criterion 3'.
is never met. Since the number of possible sequehdgs
finite, there must exist indices k such that/ (j) = I(k).
Since step 3'. never succeeds, necessgtity k| > 2, and
moreoverl (j + 1) # I(j). As (2) is not switch-degenerate,

V() F(T(),1()) > F(T(5),1(j + 1))
V(i+1) = V(k) =F(T(k),I(k))
F(T(k), 1(3)),

which contradicts the optimality &f (5) for the slave prob-
lem at stepy. a

vl

Note that Proposition 2 proves that Algorithm 1 cannot cy-
cle over the same switching sequences, Bid # 1(j) for
allj #k,j,ke{l,..., Ngop — 1}.

We remark that aIthough Algorithm 1 converges to a so-
lution I, 7 after a finite numbeN g, of steps, such a so-

lution may not be the optimal one, as it may be a local min-

We finally remark that Algorithm 1 may be formulated
by optimizing with respect t@ first, for a given initializa-
tion of the switching sequende The advantage of switch-
ing between the master and slave procedures depends on
the information available a priori about the optimal solu-
tion. For instance when the algorithm is solved repeatedly
for subsequent values of the state vector (such as in a reced-
ing horizon scheme), it may be useful to use the previous
switching sequence as a warm start and optimize with re-
spect to7 first.

5.1 Degeneracies

We remark the following about degeneracies:

1. Time-degeneracyi;, = ir—1 implies that the switch-
ing instantry, is undetermined (multiple solutions for
7)

2. Switch-degeneracy:ty Tk,—1 implies that the
switching index, is undetermined (multiple solutions
for I)

6 Numerical Examples

Example 1 Let us consider a second order linear sys-
tem whose dynamics may be chosen within a finite set
{A;, Ay, A3}. In particular, we assume:

A = [751179 716414} , As =

[ 7102,115 730()82 ] ,

Ay = [72414 710414}
Each dynamics has an associated weighting mapix:=
diag{1, 1}, @, = diag(8, 2}, Qs = [o}; %]

We also assume that only three switchings are possible,
thus N = 3 and the control variablé(t) may only take
values from the finite set of intege® = {1,2,3}. The
initial state vector has been taken equat o= [1 1]7.

We apply the master—slave algorithm to determine the
optimal index sequence. The initial timing sequence
has been randomly generated and taken equéalyto=
{0.290,0.498,0.672}. The master—slave algorithm finds
out that the optimizing index sequencelis = {1,2, 3,3}

imum where both the master and the slave problems do notand the optimal cost value i8;” = 1.44026. Note that in

give any further improvement. Note that the global solution

this case only two switches are required to get the optimal

can be computed by enumeration by solving a slave prob- cost value.

lem for all possibles™ switching sequencek As we will

Detailed intermediate results are reported in Table 1

exemplify later, our computational experience with about where we may also observe that the procedure converges
100 random tests shows convergence to the global optimumafter only5 steps. This also implies that the most burden-
on about 95% of the problems, and in the remaining 5% some part of the algorithm, i.e., the slave problem, has only
the difference between the solution and the global solution been solved twice.

(computed via enumeration) is below 1%.
Algorithm 1 computes the optimal switching policy for a

The correctness of the solution has been validated
through an exhaustive inspection of all admissible index

given initial state. On the other hand, for small enough per- sequences. More precisely, for each admissible index se-
turbations of the initial state such that the optimal switching quence we have computed the optimizing timing sequence
sequence does not change, the optimal time-switching pol-and the corresponding cost value using the slave algo-
icy is immediately available as a by-product of the slave rithm. In such a way we have verified;” = 1.44026
algorithm, because of its state-feedback nature. is indeed the global optimum. Obviously, being only two



se| | u [ 1o [t [iifi[is]is] FO.T) |
1 | M|029[048|0.672|1|3|3|3| 1.44619
1] S/028[0290]030|1|3|3|3| 1.44615
2 |M|0.28]0.290]0.30|1|2|3|3]| 1.44459
2 1 S$]018/0.2490|0.290|1/2|3|3]| 1.44026
3| M|0.18/0.240|0.290|1|2|3|3]| 1.44026

Table 1: Detailed results of the numerical example 1.

the switches required to optimize the cost value, the min-
imum cost may also be obtained by using other index se-
qguences. As an example, if we conside= {3,1,2,3}
and7 = {0,0.180, 0.240}, this solution is optimal as well.

In Figure 1 we have reported the switching regiéns,
j = 1,2,3, when the index sequence is the optimal one.

The darker region represents the set of states where the sys-

tem still evolves with the same dynamics, while the lighter

Figure 1: The switching regions for the system in example 1

region represents the set of states where the system switcheshen the initial state is, = [1 1]7 and the index sequence

to the next dynamics. Clearly, @ 3 we have no light por-
tion because it corresponds to a non—effective switch, being
i(3) =1i(4) = 3.

Finally, in the bottom right of Figure 1 we have shown
the system evolution for the chosen initial state= [1 1]7.

On the basis of several random tests we performed, we
observed that the convergence of the algorithm to a global
minimum is heavily influenced by two factors. Firstly, the
initial switching times sequence should be such that-
Tk—1: in fact, if 7, = 7,1 for somek, only a suboptimal
solution — that corresponds to a minor number of switches
— is usually computed. Secondly, the first switching time
should not be greater than two or three times the maximum

is the optimal one: (&1 ,3, (b)C2 3, (C)Cs,3. (€) The system
evolution forzy = [1 1]7.

‘SIQJ‘ ‘ T ‘ T | T3 ‘il‘iz‘i3|i4‘ F(1,T) |
1 | M|0.011/0.146|02%#|2|2|2|2| 1.66123
1| S|0.00/000|000|2(2|2|2| 1.66123
2 |M|0.00|000000[1|1|1]|2| 1.66123
2 | S|000| 000 000[1|1|1]|2| 1.66123
3 | M|0.00|000000[1|1|1]|2| 1.66123

Table 2: Detailed results of the numerical example 2 when
the master—slave algorithm is applied in its original form.

time constant associated to each dynamics: if this is not the

case, only degenerate solutions with no switch are usually
found.
Example 2 In this second example we present an heuris-

tics that in some cases improves the performance of the al-

gorithm.

We consider a second order linear system whose dynam-

ics may be chosen within a finite setl;, As, A3} where:

[ —1.851 —1.002
A 1 0 }

[ —0.7445 —1.289
A2: 1 0 :|a

[ —2.754 —2.839
ay- [ ],

To each dynamic we associate a weighting matrix:
Q: = diag{1, 1}, Qo = diag{0.466, 0.4186}, Q3 =
diag{2, 8}.
As in the previous example we assume that 3, i.e.,
at most three switchings are possible, agd= [1 1]7.
We take as initial timing sequencel,
{0.011,0.145,0.234} and apply the master-slave al-
gorithm to determine the optimal index sequence. The
provided solution i = {1,1, 1,2} and the corresponding

performance index i9/73 1.66123. Detailed results

are reported in Table 2. Nevertheless, this solution is
not optimal and this may be easily verified through an
exhaustive inspection of all admissible index sequences.

A careful examination of the solution, suggests us
that such a case may be considered as degenerate, being
{1,1, 1,2} an index sequence that corresponds to only one
switch. Thus, when it is used by the slave algorithm at the
fourth step, it may only compute a suboptimal solution.

A simple heuristic solution to this problem — that is ef-
fective in this case, as well as in many other numerical ex-
amples we have examined — may be summarized as fol-
lows. The index sequence computed via the master algo-
rithm that corresponds to a number of switches that is less
that V, is modified before being used by the slave algo-
rithm. In particular, we suggest to arbitrarily change the in-
dex sequence so that the original sequence is still contained
in the new one but two consecutive indices should never be
the same.

In the numerical case at hand the results of the master—
slave algorithm, when the above caution is adopted, are
those reported in Table 3. In particular, we may observe
that at the second step of the whole procedure, the slave
algorithm does not examine the index sequence firstly com-
puted by the master algorithm, but computes the optimal
timing sequence corresponding to a new index sequence



so] | u | v | 1 |ifii]l] FOT) |
1 | M|0011|0146|02%2]|2]|2|2]| 1.66123
1| S|0000.00[000W1|3]1|2] 1.66123
2 |[M|0.000|0.00[000|1]1]|1|2]| 1.66123
2 | S|1789|3.130[480|1|3|1|2]| 1.51340
3 | M|1780]3.10[48601|3|1|2] 151340

Table 3: Detailed results of the numerical example 2 when

(4]

(5]

(6]

A. Bemporad and M. Morari. Control of systems integrating
logic, dynamics, and constraintsAutomatica, 35(3):407—
427, Mar. 1999.

M. Branicky, V. Borkar, and S. Mitter. A unified framework
for hybrid control: model and optimal control theomeEE
Trans. Automatic Control, 43(1):31-45, 1998.

M. Branicky and S. Mitter. Algorithms for optimal hybrid
control. InProc. 34th |EEE Conf. on Decision and Control,
pages 2661-2666, New Orleans, LA, USA, Dec. 1995.

the master—slave algorithm is applied with the proposed [7] A. Giua, C. Seatzu, and C. V. D. Mee. Optimal control of

heuristic.

I = {1,3,1,2}, that has been randomly generated by ar-
bitrarily modifying all indices — apart from the last one —
S0 as to avoid switch degeneracy. At this step, the value of

(8]

the performance index does not decrease, thus the artifice is [9]

useless. The same reasoning is repeated at the fourth step
and in this case we find out a better value of the cost and

at the following fifth step the procedure stops. Moreover,

the results of the exhaustive search show that the computed10]
solution is optimal thus revealing the effectiveness of the

modified procedure.

Although this heuristic is not always effective, it often
improves the performance of the algorithm while it may
never make it worse. Its only drawback is that, to avoid cy- [12]
cling, itis necessary to add a stopping condition that detects

loops.

7 Conclusions

In this paper we have proposed an approach for solving
infinite-horizon optimal control problems for continuous-
time switched linear systems, where both the switching in- [15]
stants and the sequence of operating modes must be deter-

mined.1

There are several ways in which the proposed approach
can be extended. In many practical applications a direct

switch from dynamicg to dynamics; may not be admis-

[11]

[13]

[14]

[16]

sible. Generalizing, it may be useful to restrict the set of [17)

switching sequences based on reachability sets of finite au-

tomata. This additional constraint may be easily taken into [18]

account in the master algorithm. We believe that it should
be possible to relax the assumptions (required by the slave
algorithm) that all dynamics are stable and linear. In partic-
ular we plan to explore the case in which all subsystems are

affine systems.
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