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Abstract. Hybrid systems describe the dynamical interaction between continuous and discrete sig-
nals in one common framework. This paper focuses on discrete-time models of hybrid systems that
are suitable for solving model predictive control problems and presents the Hybrid Toolbox, a MAT-
LAB/Simulink tool for modeling, simulating, and verifying hybrid dynamical systems, for designing
and simulating model predictive controllers for hybrid systems subject to constraints, and for gener-
ating linear and hybrid MPC control laws in piecewise affine form that can be directly embedded as
C-code in real-time applications.

1 Hybrid models

The mathematical model of a dynamical system is traditionally associated with differential or difference equations,
typically derived from physical laws governing the dynamics of the system. Consequently, systems science has
mainly focused on models describing the evolution of continuous signals according to smooth linear or nonlinear
state transition functions, typically differential or difference equations. In many applications, however, a dynamical
system also involves discrete signals satisfying Boolean relations, if-then-else conditions, on/off conditions, etc.,
that interact with the continuous signals.

The lack of a general theory and of systematic control design tools for systems having such a heterogeneous
dynamical discrete and continuous nature led to a considerable interest in the study of hybrid systems. After the
seminal work [86] in the sixties, only in the mid-nineties there has been a renewed interest in the study of hybrid
systems. The main reason for such an interest is probably the advent of technological innovations, in particular in
the domain of embedded systems, where a logical/discrete decision device is “embedded” in a physical dynamical
environment to change the behavior of the environment itself. Another reason is the availability of several software
packages for simulation and numerical/symbolic computation that support the theoretical developments.

Several modelling frameworks for hybrid systems have appeared in the literature. We refer the interested reader
to [5] and the references therein. Each class is usually tailored to solve a particular problem, and many of them
look largely dissimilar, at least at first sight. Two main categories of hybrid systems were successfully adopted for
analysis and synthesis [26]: hybrid control systems [62,63], where continuous dynamical systems and discrete/-
logic automata interact (see Figure 1), and switched systems [27,53,77,78,87], where the state-space is partitioned
into regions, each one being associated with a different continuous dynamics (see Figure 2). Today, there is a
widespread agreement in defining hybrid systems as dynamical systems that switch among many operating modes,
where each mode is governed by its own characteristic dynamical laws, and mode transitions are triggered by vari-
ables crossing specific thresholds (state events), by the elapse of certain time periods (time events), or by external
inputs (input events) [5].

Hybrid systems arise in a large number of application areas and are attracting increasing attention in both academic
theory-oriented circles as well as in industry, for instance in the automotive industry [6,25,29,41,54,71]. More-
over, many physical phenomena admit a natural hybrid description, like circuits involving relays or diodes [7],
biomolecular networks [3], and TCP/IP networks in [47].

In this paper we focus on hybrid models formulated in discrete time, that we will call discrete hybrid automata
(DHA), whose continuous dynamics is described by linear difference equations and whose discrete dynamics
is described by finite state machines, both synchronized by the same clock. Despite the fact that the effects
of sampling can be neglected in most applications, we note, however, that interesting mathematical phenomena
occurring in hybrid systems, such as Zeno behaviors [55] do not exist in discrete time, as switches can only occur
at sampling instants. On the other hand, most of these phenomena are usually a consequence of the continuous-
time switching model, rather than the real behavior. Our main motivation for concentrating on discrete-time models
stems from the need to solve optimal control problems, for which the continuous-time counterpart would not be
easily computable.
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Hrovat, I.V. Kolmanovsky, S. Di Cairano, and H.E. Tseng. The European Commission is also acknowledged for supporting several theoretical
developments through project CC (IST-2001-33520), the network of excellence HYCON (FP6-IST-511368), and project WIDE (FP7-IST-
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Figure 1: A discrete hybrid automaton (DHA) is the connection of a finite state machine (FSM) and a switched affine
system (SAS), through a mode selector (MS) and an event generator (EG)

1.1 Discrete hybrid automata

Discrete hybrid automata (DHA) [83] are the interconnection of a finite state machine and a switched linear
dynamic system through a mode selector and an event generator (see Figure 1).

1.1.1 Switched affine system (SAS)

A switched affine system is a collection of linear affine systems:

Xe(k+1) = Ajpyxe(k) + Biggye (k) + fiw) (1a)
velk) = Cigyxe(k) + Djgoyu C(k)+gz() (1b)

where k € Z+ £ {0,1,...} is the time indicator, x, € 2. C R" is the continuous state vector, u. € %, C R™ is
the exogenous continuous input vector, 2, and %, are convex and closed polyhedra, y. € RP¢ is the continuous
output vector, {A;,B;, f;,Ci,D;,gi}ic. is a collection of matrices of opportune dimensions, and the mode i(k) €

# 2 {1,...,s} is an input signal that chooses the affine state update dynamics.

1.1.2 Boolean Algebra

Before dealing in detail with the other blocks constituting the DHA and introduce further notation, we recall here
some basic definitions of Boolean algebra. A variable  is a Boolean variable if § € {0, 1}, where “0 = 0" means
something is false, “6 = 17 that is true. A Boolean expression is obtained by combining Boolean variables through
the logic operators — (not), V (or), A (and), «— (implied by), — (implies), and < (iff). A Boolean function

£ {0,131+ {0,1} is used to define a Boolean variable §, as a logic function of other variables &y, ...,8, 1,
6, = f(81,02,...,0,—1). Given n Boolean variables Jy, ..., 8,, a Boolean formula F’ defines a relation F(§y,...,8,)
that must hold true. Every Boolean formula F (9, 62, . . ., 0,) can be rewritten in the conjunctive normal form (CNF)
m
(CNF) ANlV&V ~& )
j=1 \ieP; ieN;

Nj,Pjg{l,...,n}, Vj:l,...,m

1.1.3 Event generator (EG)

An event generator is a mathematical object that generates a logic signal according to the satisfaction of a linear
affine constraint:

8e (k) = fu(xc(k),uc(k), k) A3)
where fi: 2o X U x ZT — {0,1}" is a vector of descriptive functions of a linear hyperplane, and 7t £{0,1,...}
is the set of nonnegative integers. In particular threshold events are modeled as [8; (k) = 1] < [a” x (k) +b"u ( ) <
c|, where ! denotes the i-th component of a vector. Time events can be also modeled as: [8i(k) = 1] < [t(k) > to],

where 7(k+ 1) = t(k) + T, denotes time, T} is the sampling time, and 7 is a given time.
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Figure 2: Piecewise affine systems. Mode switches are triggered by threshold events

1.1.4 Finite state machine (FSM)

A finite state machine” (or automaton) is a discrete dynamic process that evolves according to a logic state update
function:

xe(k+1) = fa(xe(k), ue(k), 0 (k) (4a)

where x¢{0,1}" is the Boolean state, u, € {0,1}" is the exogenous Boolean input, ,(k) is the endogenous
input coming from the EG, and fg : {0, 1}"¢t™+7 — {0, 1} is a deterministic logic function. A FSM can be
conveniently represented using an oriented graph. A FSM may also have an associated Boolean output

ve(k) = g (xe(k), ur (k), 8 (k) (4b)
where y; € {0, 1}7¢ and g : {0, 1} — {0,1}7¢.

1.1.5 Mode selector (MS)

The logic state x;(k), the Boolean inputs u(k), and the events &,(k) select the dynamic mode i(k) of the SAS
through a Boolean function fy : {0,1}" ™+ — & which is therefore called mode selector. The output of this
function

i(k) = fm(xe(k),ue(k), 8 (k) S))

is called active mode. We say that a mode switch occurs at step k if i(k) # i(k—1). Note that, in contrast to
continuous-time hybrid models, where switches can occur at any time, in our discrete-time setting a mode switch
can only occur at sampling instants. In the following we will use the fact that any discrete variable & € {a, ..., ¢},
admits a Boolean encoding a € {0,1}9U), where d( ) is the number of bits used to represent o, . . ., ;. From now
on we will refer to either the variable or its encoding with the same name. In this way, fy can be also represented
as a Boolean function.

DHA are related to Hybrid Automata (HA) [4], the main difference is in the time model: DHA admit time in
the natural numbers, while in HA the time is a real number. Moreover DHA models do not allow instantaneous
transitions, and are deterministic, opposed to HA where any enabled transition may occur in zero time. This has
two consequences: (/) DHA do not admit live-locks (infinite switches in zero time); (i) DHA do not admit Zeno
behaviors (infinite switches in finite time). Finally in DHA models, guards, reset maps and continuous dynamics
are limited to linear affine functions. Moreover, contrarily to HA, in DHA the continuous dynamics is not a
property of the state of the automaton but is selected by the mode selector (MS) according also to discrete inputs
and events. For equivalence results between linear hybrid automata and continuous-time piecewise affine systems
see [28]. Reset maps in DHA can be dealt with as described in [83].

1.2 Piecewise Affine Systems

A particular case of DHA is the popular class of piecewise affine (PWA) systems introduced by Sontag [78].
Essentially, PWA systems are switched affine systems whose mode only depends on the current location of the
state vector, as depicted in Figure 2. PWA systems are defined by partitioning the set of states and inputs into

2Here we will only refer to synchronous finite state machines, where the transitions may happen only at sampling times. The adjective
synchronous will be omitted for brevity.
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polyhedral regions and associating with each region different linear state-update and output equations:

Xe(k+1) = Ajgpx(k)e+ Bigue(k) + fi (6a)
yelk) = Cigxe(k) + Digyuc (k) + ik (6b)
i(k) such that Hi(k)xc (k) +J,»(k)uc (k) < Ki(k) (6¢)

where x.(k) € R is the state vector at time r € Z7 is the set of nonnegative integers, u.(k) € R is the input
vector, y.(k) € RP¢ is the output vector, i(k) € .# £ {1,...,s} is the current mode of the system, the matrices A; ),
Biwys fik)s Citky» Dick)» 8ik)» Hitk)» Jik)» Ki(y are constant and have suitable dimensions, and the inequalities in (6¢)
should be interpreted component-wise. Each linear inequality in (6¢) defines a half-space in R” and a corresponding
hyperplane, that will be also referred to as guardline. Each vector inequality (6¢) defines a polyhedron Zj) in
state+input space R"™"" that will be referred to as cell, and the union of such polyhedral cells as partition.

If the mappings (x(k),u(k)) — x(k+ 1) and (x(k),u(k)) — y(k) are continuous across the guardlines that are facets
of two or more cells (and, therefore, they are continuous on their domain of definition), such mappings are single
valued and the PWA system is well posed. Discontinuous dynamical behaviors can only be approximated by
disconnecting the domain. For instance, the discontinuous state-update equation

k- { O <)

can be approximated by
] xe(k)Fuc(k) if xe(k) <1
Xe(k+1) _{ 0 if xe(k)>1+e (7b)

where € > 0 is an arbitrarily small number, for instance the machine precision. Clearly, system (7) is not defined
for I < x.(k) < 1-+g¢,i.e., for the values of the state that cannot be represented in the machine. However, note that
the trajectories produced by (7a) and (7b) are identical as long as x.(k) > 14 € or x.(k) < 1.

In case the partition 2" does not cover the whole space R"™", well-posedness does not imply that trajectories
are persistent, i.e., that for all # € N a successor state x(k+ 1) and an output y(k) are defined. A typical case of
2 # R"™ is when we are dealing with bounded inputs and bounded states upin < t(k) < thmax, Xmin < X(k) < Xmax.
By embedding such ranges in the inequalities (6¢), the system becomes undefined outside the bounds, as no index
i exists that satisfies any of the set of inequalities (6¢).

PWA systems can model a large number of physical processes, as they can model static nonlinearities through a
piecewise-affine approximation, or approximate nonlinear dynamics via multiple linearizations at different oper-
ating points. Moreover, tools exist nowadays for obtaining piecewise affine approximations automatically [17, 38,
76].

1.3 Mixed logical dynamical systems

Despite the fact that DHA expressive enoughand are therefore quite suitable for modeling and simulating a wide
class of hybrid dynamical systems, they are not directly suitable for solving optimal control problems, because of
their heterogeneous discrete and continuous nature. In this section we want to describe how DHA can be translated
into a different hybrid model that is more suitable for optimization. In particular, we describe how to transform a
DHA into an equivalent hybrid model described by linear mixed-integer equations and inequalities, by generalizing
several results already appeared in the literature [20,49,70,73, 85].

1.3.1 Logical functions

Boolean formulas can be equivalently represented as integer linear inequalities. For instance, 8; VV 6, = 1 is equiv-
alent to Oy + & > 1 [85]. Some recurrent equivalences are reported in Table 1.

In general, for every Boolean formula F(8,8,...,8,) there exists a polyhedral set P such that a set of binary
values {01, 0,,...,8,} satisfies the Boolean formula F if and only if 6 = [6; &, ... 8,]' € P.

Given a formula F', one way of constructing one of such polyhedra P is to rewrite F' in an equivalent conjunctive
normal form (2) and then simply define P as

1<Yicp 6 +Lien, (1-6)
plsciony: - ®

1 <Yiep, 6 +YLien,(1-6)
The smallest polyhedron P associated with formula F has the following geometric interpretation: Assume to list
all the 0-1 combinations of §;’s satisfying F' (namely, to generate the truth table of F), and think each combination

as an n-dimensional binary vector in R”, then P is the convex hull of such vectors [33, 48, 69]. For methods to
compute convex hulls, we refer the reader to [39].
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[ relation [ Boolean | linear constraints |
AND 61/\62 5|:1,622101'51+5222
OR 6 VX O1+06>1
NOT ~ 8 5 =0
XOR 01D o+0 =1
IMPLY 5 — & 5 -6 <0
IFF 8 «— & 6 —6=0
ASSIGNMENT S+ (1-&)>1
B=06N& 58NS SH+(1-86)>1
(1-0)+(1-8)+86=>1

Table 1: Basic conversion of Boolean relations into mixed-integer inequalities. Relations involving the inverted literals
~ § can be obtained by substituting (1 — d) for & in the corresponding inequalities. More conversions are reported
in [68], or can be derived by (2)—(8)

1.3.2 Continuous-logic interfaces

By using the so-called “big-M” technique, events of the form (3) can be equivalently expressed as
fialxe (k) uc (k) k) < M'(1-8,) (9a)
S (e (k) ue(k), k) > m'8,, i=1,...n (9b)

where M’, m' are upper and lower bounds, respectively, on f};(x.(k),uc(k),k). Sometimes from a computational
point of view it may be convenient to have a system of inequalities without strict inequalities. In this case we will
follow the common practice [85] to replace the strict inequality (9b) as

fir(xe(k),uc(k),k) > &+ (m' — €)8} (9c)

where € is a small positive scalar, e.g., the machine precision, although the equivalence does not hold for 0 <
fiy(xe(k),uc(k),k) < €, the numbers in the interval (0, €) cannot be represented in a computer.

The most common logic fo continuous interface is the if-then-else construct
IF 8 THEN z =al x+bTu+ fi ELSE z=alx+blu+ f> (10)

which can be translated into [23]

(my—M)06+z < ax+bu+fo (11a)
(mi—My)0—z < —ax—bu—f> (11b)
(ml—Mz)(l—S)-‘rZ < ax+bu+fi (11¢)
(my—M)(1-6)—z < —aix—biu—fi (114d)

where M;, m; are upper and lower bounds on a;x+bu+ f;, i =1,2,6 € {0,1}, z€ R, x € R", u € R™. Note that
when ay, by, f> are zero, (10)—(11) coincide with the product z = 8 - (ax+ bu + f) described in [85].

1.3.3 Continuous dynamics

A SAS can be rewritten as the combination of linear terms and if-then-else rules, as the state-update equation (1a)
is equivalent to

_ J Awxe(k)+Buuc(k) + fi, if (i(k) = 1)
a1 (k) = { 0, otherwise (122)
o Asxc(k) +Bsuc(k) +fs, if (l<k) = S)
z5(k) = { 0, otherwise (120)
N
xe(k+1) =Y zi(k) (12¢)
i=1
where z;(k) € R" i=1,...,s, and (1b) admits a similar transformation.

1.3.4 Mixed logical dynamical models

Given a DHA representation of a hybrid process, by following the techniques for converting logical relations into
inequalities that we just described, we obtain an equivalent representation of the DHA as a mixed logical dynamical
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(MLD) system [20] described by the following relations

x(k+1) = Ax(k) + Biu(k) + B26 (k) + B3z(k) + Bs (13a)
y(k) = Cx(k) + Dyu(k) + D26 (k) + D3z(k) + Ds (13b)
E25(k) —|—E3Z(k) < E]M(k)+E4x(k) + Ej5 (13¢)

where x € 2, x {0,1}" is a vector of continuous and binary states, u € % x {0,1}"™ are the inputs, y € RP< x
{0,1}7¢ the outputs, § € {0,1}"¢ are auxiliary binary variables, z € R’ are continuous auxiliary variables, and A,
B, By, B3, C, Dy, Dy, D3, Ej,... Es are matrices of suitable dimensions. Given the current state x(k) and input
u(k), the time-evolution of (13) is determined by finding a feasible value for §(k) and z(k) satisfying (13c), and
then by computing x(k+ 1) and y(k) from (13a)—(13b).

As MLD models consist of a collection of linear difference equations involving both real and binary variables and
a set of linear inequality constraints, they are model representations of hybrid systems that can be easily used in
optimization algorithms, as described in Section 3. The hybrid systems modeling language HYSDEL introduced
in [83] and described in Section 2 was developed to describe DHA and to automatically operate the transformations.

A definition of well-posedness of the MLD system (13) can be given by requiring that for all x(k) and u(k) within a
given bounded set the pair of variables 6 (k), z(k) satisfying (13¢) is unique, so that the successor state x(k+ 1) and
output y(k) are also uniquely defined functions of x(k), u(k) through (13a)—(13b)3. The well-posedness assumption
is usually guaranteed by the procedure described in Section 1.1.2 used to generate the linear inequalities (13c).
Nevertheless, a numerical test for well-posedness is reported in [20, Appendix 1].

Note that the constraints (13c) allow one to specify additional linear constraints on continuous variables (e.g.,
constraints over physical variables of the system), and logical constraints over Boolean variables. The ability to
include constraints, constraint prioritization, and heuristics adds to the expressiveness and generality of the MLD
framework. Note also that despite the fact that the description (13) seems to be linear, clearly the nonlinearity is
concentrated in the integrality constraints over binary variables.

Finally we recall that the MLD model is similar to the model presented in [37] for verification of safety properties
as they both aim at translating a hybrid system in a set of mixed integer linear equalities and inequalities using
similar techniques.

1.4 Model Equivalences

In the previous chapters we have presented three different classes of discrete-time hybrid models: PWA systems,
DHA, and MLD systems. For what we described in Section 1.1.2, under the assumption that the set of valid states
and inputs is bounded, DHA systems can always be equivalently described as MLD systems. Also, a PWA system
is a special case of a DHA whose threshold events and mode selector function are defined by the PWA partition.
Therefore, a PWA system with bounded partition 2~ can always be described as an MLD system (an efficient way
of modeling PWA systems in MLD form is reported in [20]).

The converse result, namely that MLD systems (and therefore DHA) can be represented as PWA systems, is
less obvious. Under the condition that the MLD system is well-posed, this result was proved in [16]. A slightly
different and more general proof is reported in [8], where the author also provides efficient MLD to PWA translation
algorithms. A different algorithm for obtaining a PWA representation of a DHA is reported in [40].

Such equivalence results are of interest because DHA are most suitable in the modeling phase, but MLD are
most suitable for solving open-loop finite-time optimal control problems, and PWA are most suitable for solving
finite-time optimal control problems in state-feedback form, as will be described in Section 3.

The fact that PWA systems are equivalent to interconnections of linear systems and finite automata was also pointed
out by Sontag [79]. In [46] the authors proved the equivalence of discrete-time PWA/MLD systems with other
classes of discrete-time hybrid systems (possibly under some hypothesis) such as linear complementarity (LC)
systems [44, 45, 84], extended linear complementarity (ELC) systems [35], and max-min-plus-scaling (MMPS)
systems [36].

2 The HYSDEL Modeling Language

A modeling language was proposed in [83] to describe DHA models, called HYbrid System DEscription Lan-
guage (HYSDEL). The HY SDEL description of a DHA is an abstract modeling step. The associated HY SDEL
compiler then translates the description into several computational models, in particular into a MLD using the
technique presented in Section 1.3, and PWA form using either the approach of [40] or the approach of [8]. HY S-
DEL can generate also a simulator that runs as a function in MATLAB. The HYSDEL compiler is available at
http://control.ee.ethz.ch/“hybrid/hysdel and is supported by the Hybrid Toolbox [9].

3For a more general definition of well-posedness of MLD systems see [20].
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Any HYSDEL list is composed of two parts. The first one, called INTERFACE, contains the declaration of all
variables and parameters, so that it is possible to make the proper type checks. The second part, IMPLEMENTA-
TION, is composed of specialized sections where the relations among the variables are described. These sections
are described next (see Table 2 for an example).

AUX Section The HYSDEL section AUX contains the declaration of the auxiliary variables used in the model.
These variables will become the § and z variables in the MLD model (13).

AD Section The HYSDEL section AD allows one to define Boolean variables from continuous ones, and is
based exactly on the same semantics of the event generator (EG) described earlier. HYSDEL does not provide
explicit access to the time instance, however this limitation can be easily overcome as described in Section 1.1.3.

LOGIC Section The section LOGIC allows one to specify arbitrary functions of Boolean variables; in particular
the mode selector is a Boolean function that can be modeled in this section.

DA Section The HYSDEL section DA defines continuous variables according to if-then-else conditions. This
section models part of the switched affine system (SAS), namely the variables z; defined in (12a)—(12b). Note that
HYSDEL can handle compound logic formulas in the DA section, therefore there is no need to explicitly define a
Boolean variable for each mode.

CONTINUOUS Section The CONTINUOUS section describes the linear dynamics, expressed as difference
equations. This section models (12c¢).

A HYSDEL description may have additional sections that we describe below. For a set of examples and the
detailed syntax we refer the interested reader to [82] and to the demos of the Hybrid Toolbox [9].

LINEAR Section HYSDEL allows also one to define a continuous variable as an affine function of continuous
variables in the LINEAR section. This section, together with the CONTINUOUS and AD sections allows more
flexibility when modeling the SAS. This extra flexibility allows algebraic loops that may render undefined the
trajectories of the model. The HYSDEL compiler integrates a semantic checker that is able to detect and report
such abnormal situations.

AUTOMATA Section The AUTOMATA section specifies the state transition equations of the finite state ma-
chine (FSM) as a collection of Boolean functions x;;(k+ 1) = f;(x¢(k),ue(k),8.(k)), i =1,...,ny.

OUTPUT Section The OUTPUT section allows one to specify static linear and logic relations for the output
vector y = [3¢].

Finally HYSDEL allows one more section:

MUST Section This section specifies arbitrary linear and logic constraints on continuous and Boolean variables,
and therefore it allows for defining (mixed) linear/logical constraints on states, inputs, and outputs).

HYSDEL allows generating MLD models in MATLAB. Thanks to the equivalences mentioned in the previous
section, such models can be immediately (and efficiently) translated into PWA systems [8, 40].

3 Model predictive control of hybrid systems

Model Predictive Control (MPC) is a widely spread technology in industry for control design of highly complex
multivariable processes [10,32,64,72,74]. The idea behind MPC is to start with a model of the open-loop process
that explains the dynamical relations among system’s variables (command inputs, internal states, and measured
outputs). Then, constraint specifications on system variables are added, such as input limitations (typically due to
actuator saturation) and desired ranges where states and outputs should remain. Desired performance specifications
complete the control problem setup and are expressed through different weights on tracking errors and actuator
efforts (as in classical linear quadratic regulation). At each sampling time, an open-loop optimal control problem
based on the given model, constraints, weights, and with initial condition set at the current (measured or estimated)
state, is repeatedly solved through numerical optimization. The result of the optimization is an optimal sequence
of future control moves. Only the first sample of such a sequence is actually applied to the process; the remaining
moves are discarded. At the next time step, a new optimal control problem based on new measurements is solved
over a shifted prediction horizon.

After reviewing the basics of MPC based on linear models, in this section we focus on MPC based on MLD models
for control design of hybrid systems.
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3.1 Linear model predictive control

The simplest MPC algorithm is based on the linear discrete-time prediction model

yE) = Cx(k) 1

{xm+1) = Ax(k) + Bu(k)
of the open-loop process, where x(k) € R" is the state vector at time 7, u(k) € R™ is the vector of manipulated
variables to be determined by the controller, y(k) € R™ is the vector of controlled outputs, and on the solution of
the finite-time optimal control problem

N—1
n}}n vaPxN—f—ijxlexj—i—u/jRuj (15a)
s.t. xjy1 =Ax;+Buj, j=0,...,N—1 (15b)
vj =Cx; (15¢)
xo = x(k) (15d)
Unin S Uj < Umax, j=0,...,N—1 (15¢)
Ymin <Vj < Ymax, J=1,...,N (15f)

where N is the prediction horizon, U = [uf ... uy_, }' € RV is the sequence of manipulated variables to be optimized,
0=0 >0,R=R >0,and P = P’ > 0 are weight matrices of appropriate dimensions defining the performance
index, Umin, Umax € R™, Ymin, Ymax € R”,C € RP*" define constraints on input and state variables, respectively, and
“<” denotes component-wise inequalities. By substituting x; = Alx (k) + Z{;(}AiBuj_l_,-, Eq. (15) can be recast
as the Quadratic Programming (QP) problem

U*(x(k)) = argmin %U’HU +x'(k)C'U + %x’(k)Yx(k) (162)
st GU<W +Sx(k) (16b)

where U*(x(k)) = [u (x(k)) ... ufy_,(x(k))]" is the optimal solution, H = H' > 0 and C, Y, G, W, S are matrices of
appropriate dimensions [9,21,22]. Note that Y is not needed to compute U* (x(k)), it only affects the optimal value
of (16a).

The MPC control algorithm is based on the following iterations: at time 7, measure or estimate the current state
x(k), solve the QP problem (16) to get the optimal sequence of future input moves U*(x(k)), apply

u(k) = up(x(k)) (17)
to the process, discard the remaining optimal moves, repeat the procedure again at time k + 1.

In the absence of constraints (15¢) — (15f), for N — oo (or, equivalently, for N < o and by choosing P as the solution
of the algebraic Riccati equation associated with matrices (A, B) and weights (Q,R)), the MPC control law (16) —
(17) coincides with the Linear Quadratic Regulator (LQR) [21]. From a design viewpoint, the MPC setup (15) can
be therefore thought as a way of bringing the LQR methodology to systems with constraints.

The basic MPC setup (15) can be extended in many ways. In particular in tracking problems usually one has to
make the output vector y(k) track a reference signal r(k) € R” under constraints (15e)-(15f). In order to do so, the
cost function (15a) is replaced by

N—1
Y v —r(k)Qy(yj — r(k)) + Au;RAu; (18)
Jj=0

where Q, = Q) > 0 € RP*? is a matrix of output weights, and the increments of command variables Au(k) =
u(k) —u(k — 1) are the new optimization variables, possibly further constrained by Aupyiy, < Auj < Auyi,. In
the above tracking setup vector [x'(k) r/(k) u'(k — 1))’ replaces x(k) in (16b) and the control law (17) becomes
u(k) = u(k— 1)+ Aui(x(k),r(k),u(k—1)).

The standard way of computing the linear MPC control action, which is implemented in most commercial MPC
packages, is to solve the QP problem (16) on line at each time k (for example in the MPC Toolbox for MATLAB,
The Mathworks, Inc., [22]).

Besides MPC schemes based on linear prediction models, several formulations of MPC based on general smooth
nonlinear prediction models (as well as on uncertain linear models) exist. Most of them rely on nonlinear op-
timization methods for generic nonlinear functions/constraints to compute the control actions, and are therefore
more rarely deployed in practical applications.
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3.2 Hybrid model predictive control

MPC based on hybrid dynamical models has emerged in recent years as a very promising approach to operate
switching linear dynamics, on/off inputs, logic states, subject to combinations of linear and logical constraints on
input and state variables [20]. Hybrid dynamics are often so complex that a satisfactory feedback controller cannot
be synthesized by using analytical tools, and heuristic design procedures usually require trial and error sessions,
extensive testing, are time consuming, costly and often inadequate to deal with the complexity of the hybrid control
problem properly.

As for the linear MPC case, hybrid MPC design is a systematic approach to meet performance and constraint
specifications in spite of the aforementioned switching among different linear dynamics, logical state transitions,
and more complex logical constraints on system’s variables. The approach consists of modeling the switching
open-loop process and constraints as a discrete hybrid automaton using the language HYSDEL [83], and then
automatically transforming the model into the MLD form (13) as described in Section 1.3.

The associated finite-horizon optimal control problem based on quadratic costs takes the form (16) with U =
[ -y 8 Sy 2 o Ay ]/ and subject to the further restriction that some of the components of U must be
either O or 1. The problem is therefore a Mixed-Integer Quadratic Programming (MIQP) problem, for which both
commercial [34,51] and public domain solvers (such as the one of [19]) are available. When infinity norms || Qx||e,
||Rutg||co, ||Px || are used in (15a) in place of quadratic costs, the optimization problem becomes a Mixed-Integer
Linear Programming (MILP) problem [9, 12], which can be also handled by efficient public domain solvers such
as [65], as well as by commercial solvers [34,51].

Unfortunately MIP’s are 4" P-complete problems. However, the state of the art in solving MIP problems is growing
constantly, and problems of relatively large size can be solved quite efficiently. While MIP problems can always
be solved to the global optimum, closed-loop stability properties can be guaranteed as long as the optimum value
in (16) decreases at each time step. Usually MIP solvers provide good feasible solutions within a relatively short
time compared to the total time required to find and certify the global optimum. In the worst-case the complexity
of optimally computing the control action u(k) in (17) on line at each time # depends exponentially on the number
of integer variables [73]. In principle, this limits the scope of application of the proposed method to relatively slow
systems, since the sampling time should be large enough for real-time implementation to allow the worst-case
computation.

In general an MIP solver provides the solution after solving a sequence of relaxed standard linear (or quadratic)
problems (LP,QP). A potential drawback of MIP is (1) the need for converting the discrete/logic part of the hybrid
problem into mixed-integer inequalities, therefore losing most of the original discrete structure, and (2) the fact
that its efficiency mainly relies upon the tightness of the continuous LP/QP relaxations. Such drawbacks are not
suffered by techniques for solving constraint satisfaction problems (CSP), i. e., the problem of determining whether
a set of constraints over discrete variables can be satisfied. Under the class of CSP solvers we mention constraint
logic programming (CLP) [66] and satisfiability (SAT) solvers [43], the latter specialized for the satisfiability of
Boolean formulas. The approach of [18] combines MIP and CSP techniques in a cooperative way. In particular,
convex programming for optimization over real variables, and SAT solvers for determining the satisfiability of
Boolean formulas (or logic constraints) are combined in a single branch and bound solver.

Another approach for reducing the complexity of on-line computations is to look for suboptimal solutions. For
instance in [52] the authors propose to suitably constrain the mode sequence over the prediction horizon, so that
on-line optimization is solved more quickly. Although closed-loop stability is still guaranteed by this approach,
clearly in general the overall tracking performance of the feedback loop gets deteriorated.

In the last decade, explicit model predictive control has been proposed as a way to completely get rid of the need
of on-line solvers (see [2] for a survey on explicit MPC).

For linear MPC, to get rid of on-line QP an approach to evaluate the MPC law (17) was proposed in [21]. Rather
then solving the QP problem (16) on line for the current vector x(k), the idea is to solve (16) off line for all vectors x
within a given range and make the dependence of u on x explicit (rather than implicitly defined by the optimization
procedure (16)). The key idea is to treat (16) as a multiparametric quadratic programming problem, where x(k)
is the vector of parameters. It turns out that the optimizer U* : R" — R™ is a piecewise affine and continuous
function, and consequently the MPC controller defined by (17) can be represented explicitly as

Fix+gr if Hix<k
u(x) = 5 (19)
Fyx+gy it Hyx <ky.
It turns also out that the set of states X* for which problem (16) admits a solution is a polyhedron, and that
the optimum value in (16) is a piecewise quadratic, convex, and continuous function of x(k). The controller

structure (19) is simply a look-up table of linear gains (F;, g;), where the ith gain is selected according to the set of
linear inequalities H;x < K; that the state vector satisfies. Hence, the evaluation of the MPC controller (17), once
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put in the form (19), can be carried out by a very simple piece of control code. In the most naive implementation,
the number of operations depends linearly in the worst case on the number M of partitions, or even logarithmically
if the partitions are properly stored [81].

An alternative way to solving MIP problems on line is to extend explicit MPC ideas to the hybrid case. For hybrid
MPC problems based on infinity norms, [12] showed that an equivalent piecewise affine explicit reformulation —
possibly discontinuous, due to binary variables — can be obtained through off-line multiparametric mixed-integer
linear programming techniques.

Thanks to the possibility of converting hybrid models (such as those designed through HYSDEL) to an equivalent
piecewise affine (PWA) form [8], an explicit hybrid MPC approach dealing with quadratic costs was proposed
in [24], based on dynamic programming (DP) iterations. Multiparametric quadratic programs (mpQP) are solved
at each iteration, and quadratic value functions are compared to possibly eliminate regions that are proved to never
be optimal. A different approach still exploiting the PWA structure of the hybrid model was proposed in [67], where
all possible switching sequences are enumerated, an mpQP is solved for each sequence, and quadratic costs are
compared on-line to determine the optimal input (in this respect, one could define the approach semi-explicit). To
overcome the problem of enumerating all switching sequences and storing all the corresponding mpQP solutions,
backwards reachability analysis is exploited in [1] (and implemented in the Hybrid Toolbox). A procedure to post-
process the mpQP solutions and eliminate all polyhedra (and their associated control gains) that never provide
the lowest cost was suggested in [1]. Typically the DP approach provides simpler explicit solutions when long
horizons N are chosen, but on the contrary tends to subdivide the state space in a larger number of polyhedra than
the enumeration approach for short horizons.

For closed-loop convergence results of hybrid MPC the reader is referred to [20, 30, 59-61] and to the PhD
thesis [58]. Extensions of hybrid MPC to stochastic hybrid systems was proposed in [13], and to event-based
continuous-time hybrid systems in [14].

4 The Hybrid Toolbox for MATLAB

The Hybrid Toolbox for MATLAB [9] provides a nice development environment for hybrid and explicit MPC
design. Hybrid dynamical systems described in HYSDEL are automatically converted to MATLAB MLD and
PWA objects. MLD and PWA objects can be validated in open-loop simulation, either from the command line
or through their corresponding Simulink blocks. Hybrid MPC controllers based on MILP/MIQP optimization can
be designed and simulated, either from the command line or in Simulink, and can be converted to their explicit
form for deployment. Several demos are available in the Hybrid Toolbox distribution. The toolbox can be freely
downloaded from http://www.dii.unisi.it/hybrid/toolbox. Similar functionalities are also included in
the Multi Parametric Toolbox [57].

4.1 Toolbox features

The toolbox offers the following features:

4.1.1 Hybrid model design, simulation, and reachability analysis

Hybrid models can be conveniently described in HYSDEL. HYSDEL models are converted to MLD models that
are handled as MATLAB objects. MLD objects can be automatically converted into PWA objects, using an imple-
mentation of the conversion algorithm described in [8]. MLD and PWA objects can be simulated in open-loop for
validation purposes through command-line functions or MATLAB scripts, or in Simulink. Safety properties can
be verified through reachability analysis based on mixed-integer programming.

4.1.2 Control design

Model predictive controllers (MPC) based on on-line mixed-integer linear or quadratic programming (MILP/MIQP)
can be designed for hybrid systems converted to MLD form. MPC performance functions based on both quadratic
and infinity norms are supported.

4.1.3 Explicit control design

The toolbox provides a multi-parametric quadratic programming (mpQP) solver based on the algorithm described
in [80], a multi-parametric linear programming (mpLP) solver based on a similar implementation, and a multi-
parametric hybrid optimal control solver based on the method described in [1]. Several functions for manipulation
and visualization of polyhedral objects and polyhedral partitions are provided by the toolbox.

MPC controllers designed for hybrid systems and for constrained linear systems can be converted to their equiv-
alent explicit piecewise affine form via offline optimization (multiparametric programming). Linear MPC con-
trollers designed with the Model Predictive Control Toolbox for MATLAB [22] can be also converted into piece-
wise affine form via multiparametric quadratic programming.
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Figure 3: Simulink library of the Hybrid Toolbox

4.1.4 C-code generation

Explicit controllers can be easily exported as C-code for direct implementation and rapid prototyping, by either
simply running Real Time Workshop or by embedding the generated C code in the application.

4.1.5 Simulink library

As depicted in Fig. 3, Simulink blocks are provided for controllers based on on-line optimization (MILP/MIQP or
QP), explicit piecewise linear controllers (for hybrid or linear systems), and for simulation and validation of MLD
and PWA models.

4.1.6 Solver support

The Hybrid Toolbox supports several solvers for linear, quadratic, and mixed-integer optimization. The list
of supported solvers includes the GNU Linear Programming Kit for LP/MILP [65] through the GLPKMEX
MATLAB interface, the QP solver of the MPC Toolbox, the LP/QP/MILP/MIQP solvers of Cplex [50] through
the CPLEXMEX interface, the LP/QP/MILP/MIQP solvers of Xpress-MP [34] through the MEXPRESS inter-
face, the LP/QP solvers of the NAG Foundation Toolbox, the LP/QP solvers of the Optimization Toolbox, and
the free MIQP solver MIQP.M [19]. The source code of the MEX interfaces can be downloaded from http:
//www.dii.unisi.it/hybrid/tools.

4.1.7 Demos

Several demos are provided to highlight different functionalities of the toolbox. In the following we briefly describe
the features of the toolbox through simple illustrating examples.

Consider the problem of regulating the temperatures 77 and 7> of two bodies in a room (see demo heatcool.min
the demos/hybrid/ directory of the Hybrid Toolbox). The room is equipped with a heater and an air conditioning
system, which are automatically activated according to the following rules:

* body #1 turns the heater on whenever its temperature 77 is below a certain threshold 7141, and similarly
turns the air conditioning system on when 77 is above a certain threshold Ty 1;

* body #2 turns the heater on whenever its temperature 75 is below a certain threshold T¢14,2, unless body #1
is hot (T1 > Thor,1); similarly, body #2 turns the air conditioning system on whenever 75 is above a certain
threshold T2, unless body #1 is cold (77 < Teolq,1);

* otherwise, both the heater and the air conditioning system are off.

The dynamics can be interpreted as a double thermostat, with thermostat #2 having lower priority than thermostat
#1.

By letting upo be the amount of heat produced by the heater, and u..q the amount of heat subtracted by the air
conditioner, the dynamics of 77, 75 is

Tl = —0 (Tl — Tamb) + ki (uhot - ucold) (20)
I = —0(Ts— Tamb) + ko (ttnot — Uecola) @D

where the ambient temperature 7, is treated as a continuous input to the system (assume for instance that the
ambient temperature of the room can be changed by opening a window), and k; = 0.8, ko = 0.4, oy = 1, ap = 0.5,
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/* Heat and cool example - (C) 2003 by A. Bemporad */
SYSTEM heatcool {
INTERFACE {
STATE { REAL T1 [-10,50];
REAL T2 [-10,50];

}

INPUT { REAL Tamb [-50,50];
}

OUTPUT {REAL y1;

REAL y2;}
PARAMETER {
REAL Ts, alphal, alpha2, ki1, k2;
REAL Thotl, Tcoldl, Thot2, Tcold2, Uc, Uh;
}
}
IMPLEMENTATION {
AUX { REAL uhot, ucold;
BOOL hotl, hot2, coldl, cold2;

}

AD { hotl = T1>=Thotl;
hot2 = T2>=Thot2;
coldl = T1<=Tcoldil;
cold2 = T2<=Tcold2;

}

DA { uhot = {IF coldl | (cold2 & ~hotl) THEN Uh ELSE 0};
ucold = {IF hotl | (hot2 & ~coldl) THEN Uc ELSE 0};

}
CONTINUOUS { T1 = T1+Ts*(-alphal*(T1-Tamb)+kl*(uhot-ucold));
T2 = T2+Ts*(-alpha2*(T2-Tamb)+k2* (uhot-ucold)) ;
}
OUTPUT {y1=T1;
y2=T2;
}

Table 2: HY SDEL model for the hybrid thermal system (heatcoolmodel.hys)

U.=Uj, =2, Teoia,1 = 15, Thor,1 = 30, Teola,2 = 10, Thor2 = 35 (no physical units are provided here as the model is
a toy example with little physical significance).

To obtain a HYSDEL model of the system, we sample the continuous dynamics with sampling time 7y = 0.5,
T(k+1)-T

by replacing 7" with #“‘) in (21) (Euler approximation). The overall hybrid dynamics is described by the
HYSDEL model heatcoolmodel.hys reported in Table 2.

The corresponding MLD model is simply obtained through the MATLAB command

>> S=mld(’heatcoolmodel’,Ts);

which returns the MLD object S containing all MLD matrices, dimensions of system variables, etc. In this case the
system has 2 continuous states, 1 continuous input, 2 continuous auxiliary variables, 6 binary auxiliary variables,
and consists of 20 mixed-integer linear inequalities.

The PWA equivalent P of S is obtained as follows:
>> P=pwa(S);

and consists of 5 regions in the three-dimensional space (77, T2, Tymp ), as depicted in Fig. 4.

The MLD system S or its equivalent PWA system P can be now simulated in open loop for inspecting the dynamical
behavior of the hybrid system and for validation purposes. For example, given the initial condition 7;(0) = 30,
7>(0) = 20 and input signal Ty, (k) =20+ 10cos(k/10), k=0,1,..., the command

>> [X,T,D,Z,Y]=sim(S, [30;20] ,Tamb) ;
generates the trajectories of state, auxiliary, and output vectors of the MLD system, and similarly
>> [X,T,I,Y]=sim(P, [30;20],Tamb);

generates state, mode, and output trajectories of the PWA system. Clearly, the state and output trajectories gener-
ated by the MLD and PWA system coincide.
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Figure 4: PWA equivalent of thermal system. Note that the partition does not depend on the input variable Ty

4.2 Verification of safety properties

Simulation tools allow probing a model for a certain initial condition and input excitation. Reachability analysis
aims at detecting whether a hybrid model will eventually reach unsafe state configurations for all possible initial
conditions and input excitations within a prescribed set.

For MLD systems the problem is to test whether a certain terminal unsafe set X = {x : S;x < T;} can be reached
after exactly N steps, starting from a set of initial states Xo = {x : Sox < Ty} for some input sequence u(0), ...,
u(N —1) with umin < u(k) < umax, Vk=0,...,N — 1. Such a sequence exists if the following set of mixed-integer
linear inequalities is feasible:

Sox(0) < Tp

x(k+1) =Ax(k)+Byu(k)+ B8 (k) +Bsz(k), k=0,1,....N—1

Ey8(k)  +E3z(k) <Eyu(k)+Esx(k)+Es, k=0,1,...,N—1 22)
Umin Su(k)gumamk:OJ»---aN_l

Sx(N)  <T,

with respect to the unknowns u(0), 8(0), z(0), ..., u(N—1), (N — 1), z(N — 1), x(0). Complex conditions can
be posed in the reachability analysis by adding constraints (such as linear constraints, logical constraints, and
combinations of both) in the MUST section of the HYSDEL file that defines the MLD model.

Consider again the thermal example. We want to test if the set of states Xy = {(77,72) : 10 < T;,7> < 15} can be
reached after N = 10 steps from an initial state x(0) in the set Xo = {(71,72) : 35 < 71, T» < 40} with a bounded
input 10 < T, < 30} The reachability analysis question is answered through the following code:

>> Xf.A=[eye(2);-eye(2)];

>> Xf.b=[15;15;-10;-10];

>> X0.A=[eye(S.nx);-eye(S.nx)];

>> X0.b=[40;40;-35;-35];

>> umin=10;

>> umax=30;

>> [flag,x0,U,xf,X,T]=reach(S,N,Xf,X0,umin,umax) ;

The answer is flag=1, which means that the set of states X is reachable from X, under the above dynamics and
input bounds. The code also returns an example of initial state x(0) = x, sequence of inputs [u(0) u(1) ... u(N —
1)] = U, and the corresponding final state x(N) = x; and state sequence [x(0) x(1) ... x(N —1)] = X, satisfying
the reachability analysis problem. With the lower bound Ty, > 20, the MILP problem (22) is infeasible, meaning
that no input exists driving xo to Xy.

A more extended “safety” question is whether the state can never reach Xy at any time k, 1 < k < N, can be also
tested. Instead of solving this extended problem by solving the MILP (22) for all horizons between 1 and N,
the Hybrid Toolbox provides the answer with one MILP, by introducing an auxiliary binary variable as described
in [9]. The corresponding command is

>> [flag,x0,U]=reach(S, [1 N],Xf,X0,umin,umax) ;
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For a constructive way to embed Linear Temporal Logic (LTL) specifications within the MLD framework the
reader is referred to [56].

4.3 Hybrid model predictive control design

Consider the problem to command T, so that 75 tracks a given reference trajectory r(k) = 15 sin(%t) under the
constraint 71 (k) > 25, V¢ > 0. To this end we design the hybrid MPC controller based on the optimization problem

N—1
min |Q(Ta(t +k|t) — r(k))| (23)
{u8.23) " k;
s.t. x(t+k|t) >25 k=1,...,.N (24)

Using the Hybrid Toolbox the problem is formulated as

>> refs.x=2; % only state x(2) is weighted
>> Q.x=1; % weight on state x(2)

>> Q.rho=Inf; 9% hard constraints

>> Q.norm=Inf; % infinity norm

>> N=2; % prediction horizon

>> limits.xmin=[25;-Inf];

>> C=hybcon(S,Q,N,limits,refs);

where C is now an MPC controller object of type @hybcon. A closed-loop simulation over a time interval of
Tsop = 100 time units from the initial condition 77 (0) = 30, 7>(0) = 30 is obtained through the commands

>> r.x=30+15*%sin(2/5%(0:Ts:Tstop-Ts) ’/5) ;
>> [X,U,D,Z,T,Y]=sim(C,S,r, [30;20] ,Tstop) ;

producing the closed-loop trajectories reported in Fig. 5. The closed-loop control system can also be simulated in
Simulink using the “Hybrid Controller” block reported in Fig. 3.

In case we want to use the quadratic penalty (7 (¢ +k|t) — r(k))? and the MIQP solver of CPLEX, it is enough to
set

>> Q.norm=2; % use quadratic costs
>> C=hybcon(S,Q,N,limits,refs);
>> C.mipsolver=’cplex’;

4.4 Explicit hybrid model predictive control

The hybrid MPC controller C can be converted to its equivalent explicit PWA form through the following command
>> E=expcon(C,range,options) ;

where range is a structure defining the bounds of interest for measured states and references, and options is a
structure defining parameters for the multiparametric solvers. The output is an explicit @excpon controller object
consisting of 12 affine gains, defined over the polyhedral partition depicted in Fig. 6. The closed-loop system
containing the explicit controller can be either simulated in MATLAB through command sim or in Simulink using
the “Explicit Hybrid Controller” block reported in Fig. 3. In the latter case Real-Time Workshop can be employed
to rapidly prototype the controller.

The Hybrid Toolbox handles constrained linear MPC designs @lincon and their explicit counterparts @expcon in
a similar fashion.

5 Conclusions

Since its first release at the end of 2004 the toolbox has been requested to the author by approximately 2200 users
to date, and employed in several industrial applications in numerous different domains. The modeling and control
tools provided by the Hybrid Toolbox are mainly useful for the following areas [10]:

e MPC of complex dynamical plants that cannot be handled by linear models due to logical states, switch-
ing dynamics, nonlinearities, and to the enforcement of logical rules and other constraints. A hybrid MPC
controller can be designed through the toolbox and embedded in existing Simulink diagrams for realistic
simulation based on mixed-integer programming solutions. Real-time implementation was successfully car-
ried out through both the xPC-Target and OPC Toolbox for MATLAB (sampling time in the second to hour
range). Typical applications include on-line rescheduling of production plants and supervisory control of
industrial processes.
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* MPC of small-size fast dynamical processes without on-line optimization. Thanks to the capabilities of the
toolbox to convert linear or hybrid MPC laws into a lookup-table of linear gains and automatically generate
the corresponding C code, MPC can be smoothly embedded in any real-time application (sampling frequency
up to 100kHz, depending on the control platform).

Typical applications of explicit and hybrid MPC of fast dynamical processes are in the automotive industry, as
testified by numerous successful test cases: control of semi-active suspensions [41], control of magnetic actuators
subject to position and velocity contraints [15,29], optimal management strategies for the simultaneous control
of engine, electrical mootors, and battery in a hybrid vehicle [75], idle speed control of combustion engines [31],
traction control [25], air-to-fuel ratio and torque control in advanced technology gasoline direct injection strati-
fied charge (DISC) engines [42], control of robotized gearbox for reduction of consumptions and emissions [11],
adaptive cruise control [71].
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