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This paper proposes a decentralized model predictive control (DMPC) scheme for large-scale dynamical
processes subject to input constraints. The global model of the process is approximated as the decomposi-
tion of several (possibly overlapping) smaller models used for local predictions. The degree of decoupling
among submodels represents a tuning knob of the approach: the less coupled are the submodels, the
lighter the computational burden and the load for transmission of shared information; but the smaller
is the degree of cooperativeness of the decentralized controllers and the overall performance of the
odel predictive control
ecentralized control
ulti-layer control
etworked control
acket loss

control system. Sufficient criteria for analyzing asymptotic closed-loop stability are provided for input
constrained open-loop asymptotically stable systems and for unconstrained open-loop unstable systems,
under possible intermittent lack of communication of measurement data between controllers. The DMPC
approach is also extended to asymptotic tracking of output set-points and rejection of constant measured
disturbances. The effectiveness of the approach is shown on a relatively large-scale simulation example

ture
on decentralized tempera

. Introduction

Large-scale systems such as power distribution grids, water
etworks, urban traffic networks, supply chains, formations of
ooperating vehicles, mechanical and civil engineering structures,
nd many others, are often hard to control in a centralized way.
he spatial distribution of the process impedes collecting all the
easurements at a single location, where complex calculations

ased on all such information are executed, and redistributing the
ontrol decision to all actuators; moreover constructing and main-
aining a full dynamical model of the system for control design
s a time consuming task. Hence the current trend for decentral-
zed decision making, distributed computations, and hierarchical
ontrol.

In a decentralized control scheme several local control stations
nly acquire local output measurements and decide local control
nputs, possibly under the supervision of an upper hierarchical con-
rol layer improving their coordination. Consequently, the main

dvantages in controller implementation are the reduced and par-
llel computations, and reduced communications. However, all the
ontrollers are involved in controlling the same large-scale process,

� This work was partially supported by the European Commission under project
WIDE—Decentralized and Wireless Control of Large-Scale Systems”, contract num-
er FP7-IST-224168.
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and is therefore of paramount importance to determine conditions
under which there exists a set of appropriate local feedback control
laws stabilizing the entire system.

Ideas for decentralizing and hierarchically organizing the con-
trol actions in industrial automation systems date back to the 70’s
[1], but were mainly limited to the analysis of stability of decen-
tralized linear control of interconnected subsystems. The interest
in decentralized control raised again since the late 90’s because of
the advances in computation techniques like convex optimization
[2]. Decentralized control and estimation schemes based on dis-
tributed convex optimization ideas have been proposed recently
in [3,4] based on Lagrangean relaxations. Here global solutions can
be achieved after iterating a series of local computations and inter-
agent communications.

Large-scale multi-variable control problems, such as those aris-
ing in the process industries, are often dealt with model predictive
control (MPC) techniques. In MPC the control problem is formu-
lated as an optimization one, where many different (and possibly
conflicting) goals are easily formalized and constraints on state and
control variables can be included [5,6]. However, centralized MPC
is often unsuitable for control of large-scale and networked sys-
tems, mainly due to lack of scalability and to maintenance issues of
global models.

In view of the above considerations, it is then natural to look
for decentralized or for distributed MPC (DMPC) algorithms, in

which the original large-size optimization problem is replaced by
a number of smaller and easily tractable ones that work iteratively
and cooperatively towards achieving a common, system-wide
control objective. In a typical DMPC framework at each sample

dx.doi.org/10.1016/j.jprocont.2010.11.003
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
mailto:alessio@dii.unisi.it
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nstant each local controller measures local variables and update
tate estimates, solves the local receding-horizon control problem,
pplies the control signal for the current instant, and exchanges
nformation with other controllers. Besides some benefits, the
ecentralized design also introduces some issues: how to ensure
he asymptotic stability of the overall system, the feasibility of
lobal constraints, the loss of performance with respect to a cen-
ralized MPC design. We briefly review the main contributions
ddressing those issues in the following paragraphs, the reader is
eferred to [7] for a more detailed survey.

In [8] the system under control is composed by a number
f unconstrained linear discrete-time subsystems with decoupled
nput signals. The effect of dynamical coupling between neighbor-
ng states is modeled in prediction through a disturbance signal,

hile the information exchanged between control agents at the end
f each sample step is the entire prediction of the local state vector.
nder certain assumptions of the model state matrix, closed-loop

tability is proved by introducing a contractive constraint on the
tate prediction norm in each local MPC problem, which the authors
rove to be a recursively feasible constraint.

In [9–11] the authors propose a distributed MPC algorithm
ased on negotiations among DMPC agents. The effect of the

nputs of a subsystem on another subsystem is modeled by
sing an “interaction model”. All interaction models are assumed
table, and constraints on inputs are assumed decoupled (e.g.,
nput saturation). Starting from a multiobjective formulation, the
uthors distinguish between a “communication-based” control
cheme, in which each controller is optimizing his own local per-
ormance index, and a “cooperation-based” control scheme, in
hich each controller is optimizing a weighted sum of all per-

ormance indices. At each time step a sequence of iterations is
aken before computing and implementing the input vector. With
he communication-based approach, the authors show that if the
equence of iterations converges, it converges to a Nash equilib-
ium. With the cooperation-based approach, convergence to the
ptimal (centralized) control performance is established. The sta-
ility guarantees are not compromised by stopping the iterations
efore convergence, as only the optimality is affected in that case.

In [12] the authors consider the control of a special class
f dynamically decoupled continuous-time nonlinear subsystems
here the local states of each model represent a position and a

elocity signal. State vectors are only coupled by a global per-
ormance objective under local input constraints, and the overall
ntegrated cost is decomposed in distributed integrated cost func-
ions. Before computing DMPC actions, neighboring subsystems
roadcast in a synchronous way their states, and each agent trans-
its and receives an “assumed” control trajectory. Closed-loop

tability is ensured by constraining the state trajectory predicted
y each agent to stay close enough to the trajectory predicted at
he previous time step that has been broadcasted, which introduces
ome conservativeness.

Dynamically decoupled submodels are also considered in
13], where a special nonlinear discrete-time system structure is
ssumed, subject to local input and state constraints. Subsystems
re coupled by the cost function and by global constraints. Stabil-
ty is analyzed for the problem without coupling constraints under
ome technical assumptions.

Distributed MPC and estimation problems are considered in [14]
or square plants perturbed by noise. A distributed Kalman filter
ased on the local submodels is used for state estimation. The
MPC approach is similar to Venkat et al.’s “communication-based”
pproach, although only first moves are transmitted and assumed

rozen in prediction, instead of the entire optimal sequences. Only
onstraints on local inputs are handled by the approach. Exper-
mental results on a four-tank system are reported to show the
ffectiveness of the approach.
Control 21 (2011) 705–714

Another approach to decentralized MPC for nonlinear systems
has been formulated in [15]. Under some technical assumptions of
regularity of the dynamics and of boundedness of the disturbances,
closed-loop stability is ensured by the inclusion in the optimization
problem of a contractive constraint. The absence of information
exchange between controllers leads to some conservativeness of
the approach. Distributed Lyapunov-based MPC of nonlinear pro-
cesses was also addressed in [16], and sufficient conditions for
ultimately boundedness of the closed-loop system are derived in
[17] in the presence of delays and asynchronous measurements.

Finally, very recently in [18] the authors introduced a robust
DMPC for multiple dynamically decoupled subsystems in which
distributed control agents exchange plans to achieve satisfaction
of coupling constraints. The local controllers rely on the concept
of “tubes” rather than single trajectories, to achieve robust fea-
sibility and stability despite the presence of persistent, bounded
disturbances.

This paper proposes a decentralized MPC design approach for
large-scale processes that are possibly dynamically coupled and
that are subject to input constraints. The paper extends preliminary
work appeared in the conference papers [19–21]. A (partial) decou-
pling assumption only appears in the prediction models used by
different MPC controllers. The chosen degree of decoupling repre-
sents a tuning knob of the approach. Sufficient criteria for analyzing
the asymptotic stability of the process model in closed loop with the
set of decentralized MPC controllers are provided. If such conditions
are not verified, then the structure of decentralization should be
modified by augmenting the level of dynamical coupling of the pre-
diction submodels, increasing consequently the number and type of
exchanged information about state measurements among the MPC
controllers. To cope with the case of a non-ideal communication
channel among neighboring MPC controllers, sufficient conditions
for ensuring closed-loop stability of the overall closed-loop system
are also given when packets containing state measurements are
lost intermittently.

The paper is organized as follows. In Section 2 we propose a
model decentralization scheme and the associated decentralized
MPC formulation, whose closed-loop convergence properties are
analyzed in Section 3, under both ideal and lossy feedback channels.
The proposed DMPC approach is tested in Section 4 for decen-
tralized wireless control of the temperature in different passenger
areas in a railcar. The DMPC design and analysis tools and the sim-
ulation example proposed in the paper are included in the WIDE
Toolbox for MATLAB [22].

2. Decentralized model predictive control setup

Consider the problem of regulating the discrete-time linear
time-invariant system

{
x(t + 1) = Ax(t) + Bu(t)
y(t) = Cx(t)

(1)

umin ≤ u(t) ≤ umax (2)

to the origin while fulfilling the constraints (2) at all time
instants t ∈Z0+, where Z0+ is the set of nonnegative integers,
x(t) ∈Rn, u(t) ∈Rm and y(t) ∈Rp are the state, input, and output
vectors, respectively, and the pair (A, B) is stabilizable. In (2) the

constraints should be interpreted component-wise and we assume
umin < 0 < umax. A centralized MPC scheme would approach such a
constrained regulation problem by solving at each time t, given
the state vector x(t), the following finite-horizon optimal control
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ig. 1. Example of decomposition of a global model into four submodels. Each col-
red rectangle identifies the states belonging to the corresponding submodel.

roblem

in
U

x′
NPxN +

N−1∑
k=0

x′
kQxk + u′

kRuk (3a)

.t. xk+1 = Axk + Buk, k = 0, . . . , N − 1 (3b)

y = Cxk, k = 0, . . . , N (3c)

x0 = x(t) (3d)

umin ≤ uk ≤ umax, k = 0, . . . , Nu − 1 (3e)

uk = Kxk, k = Nu, . . . , N − 1 (3f)

here U � {u0, . . . , uNu−1} is the sequence of future input moves, xk
enotes the predicted state vector at time t + k, obtained by apply-

ng the input sequence u0, . . ., uk−1 to model (1), starting from
(t). In (3) N > 0 is the prediction horizon, Nu ≤ N − 1 is the control
orizon, Q = Q′ �0, R = R′ � 0, P = P′ �0 are square weight matrices
efining the performance index, and K is some terminal feedback
ain. Matrices P and K are usually chosen to ensure closed-loop
tability of the overall process [23].

.1. Decentralized prediction models

We construct a set of prediction submodels based on the obser-
ation that, typically, in large-scale systems matrices A, B have a
ertain number of zero or negligible components, corresponding
o a partial dynamical decoupling of the process. Fig. 1 depicts a
ynamically coupled system decomposed into four partially over-

apping subsystems.
For all i ∈ {1, . . ., M} we define xi ∈Rni as the vector collecting a

ubset Ixi ⊆ {1, . . . , n} of the state components,

i = W ′
i x =

[
xi

1 · · · xi
ni

]′ ∈Rni (4a)

here Wi ∈Rn×ni collects the ni columns of the identity matrix of
rder n corresponding to the indices in Ixi, and, similarly,

i = Z ′
iu =

[
ui

1 · · · ui
mi

]′ ∈Rmi (4b)

s the vector of input signals tackled by the i-th controller, where
i ∈Rm×mi collects mi columns of the identity matrix of order m
orresponding to the set of indices Iui ⊆ {1, . . . , m}. Note that

′
i Wi = Ini

, Z ′
iZi = Imi

, ∀i ∈ {1, . . . , M} (5)

here I(·) denotes the identity matrix of order ( · ). By definition of
i in (4a) we obtain

i(t + 1) = W ′
i x(t + 1) = W ′

i Ax(t) + W ′
i Bu(t) (6)

n approximation of (1) is obtained by changing W ′
i
A in (6) into
′
i
AWiW

′
i

and W ′
i
B into W ′

i
BZiZ

′
i
, therefore getting the new predic-

ion model of reduced order

i(t + 1) = Aix
i(t) + Biu

i(t) (7)
Control 21 (2011) 705–714 707

where matrices Ai = W ′
i
AWi ∈Rni×ni and Bi = W ′

i
BZi ∈Rni×mi are

submatrices of the original A and B matrices, respectively, describ-
ing in a possibly approximate way the evolution of the states of
subsystem #i.

The size (ni, mi) of model (7) in general will be much smaller than
the size (n, m) of the overall process model (1). The choice of the
decoupling matrices (Wi, Zi) (and, consequently, of the dimensions
ni, mi of each submodel) is a tuning knob of the DMPC procedure
proposed in this paper.

We want to design a controller for each set of moves ui according
to prediction model (7) and based on feedback from xi, for all i ∈ {1,
. . ., M}. Note that in general different input vectors ui, uj may share
common components. To avoid ambiguities on the control action
to be commanded to the process, we impose in the design that
only a subset I#

ui ⊆ Iui of input signals computed by controller #i is
actually applied to the process, with the following conditions

M⋃
i=1

I#
ui = {1, . . . , m} (8a)

I#
ui ∩ I#

uj = ∅, ∀i, j = 1, . . . , M, i /= j (8b)

Condition (8a) ensures that all actuators are commanded, condi-
tion (8b) that each actuator is commanded by only one controller.
For the sake of simplicity of notation, since now on we assume
that M = m and that I#

ui
= i, i = 1, . . ., m, i.e., that each controller #i

only controls the i-th input signal. As observed earlier, in general
Ixi ∩ Ixj /= ∅, meaning that controller #i may partially share the
same feedback information with controller #j, and Iui ∩ Iuj /= ∅.
This means that controller #i may model the effect of control actions
that are actually decided by another controller #j, i /= j, i, j = 1, . . .,
M, which ensures a certain degree of cooperation.

The designer has the flexibility of choosing the pairs (Wi, Zi) of
decoupling matrices, i = 1, . . ., M. A first guess of the decoupling
matrices can be inspired by the intensity of the dynamical interac-
tions existing in the model. The larger (ni, mi) the smaller the model
mismatch and hence the better the performance of the overall-
closed loop system. On the other hand, the larger (ni, mi) the larger is
the communication and computation efforts of the controllers, and
hence the larger the sampling time of the controllers. An example
of model decomposition is given in Section 4.

2.2. Decentralized optimal control problems

In order to exploit submodels (7) for formulating local
finite-horizon optimal control problems that lead to an overall
closed-loop stable DMPC system, let the following assumptions be
satisfied.

Assumption 1. Matrix A has all its eigenvalues inside the unit
circle.

Assumption 1 restricts the strategy and stability results of DMPC
to processes that are open-loop asymptotically stable, leaving to
the controller the mere role of optimizing the performance of the
closed-loop system.

Assumption 2. Matrix Ai has all its eigenvalues inside the unit
circle, ∀i ∈ {1, . . ., M}.
Assumption 2 restricts the degrees of freedom in choosing the
decentralized models. Note that if Ai = A for all i ∈ {1, . . ., M} is the
only choice satisfying Assumption 2, then no decentralized MPC
can be formulated within this framework. For all i ∈ {1, . . ., M} con-
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ider the following infinite-horizon constrained optimal control
roblems

i(x(t)) = min
{ui

k
}∞
k=0

∞∑
k=0

(xi
k)

′
Qix

i
k + (ui

k)
′
Riu

i
k = (9a)

= min
ui

0

(xi
1)

′
Pix

i
1 + xi(t)′Qix

i(t) + (ui
0)

′
Riu

i
0 (9b)

s.t. xi
1 = Aix

i(t) + Biu
i
0 (9c)

xi
0 = W ′

i x(t) = xi(t) (9d)

ui
min ≤ ui

0 ≤ ui
max (9e)

ui
k = 0, ∀k ≥ 1 (9f)

here Pi = P ′
i
� 0 is the solution of the Lyapunov equation

′
iPiAi − Pi = −Qi (10)

uch that x′Pix =
∑∞

k=0(Ak
i
x)

′
Qi(Ak

i
x) and that exists by virtue of

ssumption 2, Qi = W ′
i
QWi and Ri = Z ′

i
RZi. Problem (9) corresponds

o a finite-horizon constrained problem with control horizon Nu = 1
nd linear stable prediction model. Note that only the local state
ector xi(t) is needed to solve Problem (9).

At time t, each controller MPC #i measures the state xi(t) (usually
orresponding to local and neighboring states), solves problem (9)
nd obtains the optimizer

∗i
0 = [u∗i1

0 , . . . , u∗ii
0 , . . . , u∗imi

0 ]
′ ∈Rmi (11)

n the simplified case M = m and I#
ui

= i, only the i-th sample of u∗i
0

i(t) = u∗ii
0 (12)

ill determine the i-th component ui(t) of the input vector actually
ommanded to the process at time t. The inputs u∗ij

0 , j /= i, j ∈ Iui to
he neighbors are discarded, their only role is to provide a better
rediction of the state trajectories xi

k
, and therefore a possibly better

erformance of the overall closed-loop system.
The collection of the optimal inputs of all the M MPC controllers,

(t) = [u∗11
0 . . . u∗ii

0 . . . u∗mm
0 ]

′
(13)

s the actual input commanded to process (1), whose components
i(t) are broadcasted at time t + 1 to the interested local controllers
such that i ∈ Iuj .

The optimizations (9) are repeated at time t + 1 based on the
ew states xi(t + 1) = W ′

i
x(t + 1), ∀i ∈ {1, . . ., M}, according to the

sual receding horizon control paradigm in MPC. The degree of
oupling between the DMPC controllers is dictated by the choice
f the decoupling matrices (Wi, Zi). Clearly, the larger the number
f interactions captured by the submodels, the more complex the
ormulation (and, in general, better the solution) of the optimiza-
ion problems (9) and hence the computations performed by each
ontrol agent.

. Convergence properties

As mentioned in the introduction, one of the major issues in
ecentralized MPC is to ensure the stability of the overall closed-

oop system. The non-triviality of this issue is due to the fact that the
rediction of the state trajectory made by MPC #i about state xi(t) is

n general not correct, because of partial state and input information

nd of the mismatch between u∗ij (desired by controller MPC #i) and
∗jj (computed and applied to the process by controller MPC #j).

The following theorem summarizes the closed-loop conver-
ence results of the proposed DMPC scheme using the cost function
Control 21 (2011) 705–714

V(x(t))�
∑M

i=1Vi(W ′
i
x(t)) as a Lyapunov function for the overall sys-

tem.

Theorem 1. Let Assumptions 1 and 2 hold and define Pi as in (10),
∀i ∈ {1, . . ., M}. Define

�ui(t)�u(t) − Ziu
∗i
0 (t), �xi(t)� (I − WiW

′
i
)x(t)

�Ai � (I − WiW
′
i
)A, �Bi �B − WiW

′
i
BZiZ

′
i

(14a)

�Yi(x(t))�WiW
′
i (A�xi(t) + BZiZ

′
i�ui(t))

+ �Aix(t) + �Biu(t) (14b)

�Si(x(t))� (2(AiW
′
i x(t) + Biu

∗i
0 (t))

′

+ �Yi(x(t))′Wi)PiW
′
i �Yi(x(t)) (14c)

If at least one of the conditions

(i) x′Q̄x −
M∑

i=1

�Si(x) ≥ 0 (15a)

(ii) x′Q̄x −
M∑

i=1

�Si(x) +
M∑

i=1

u∗i
0 (x)′Riu

∗i
0 (x) ≥ ˛x′x (15b)

is satisfied for some scalar ˛ > 0 and ∀x ∈Rn, where Q̄ =(∑M
i=1WiW

′
i
QWiW

′
i

)
and Ri = Z ′

i
RZi, then the decentralized MPC

scheme defined in (9)–(13) in closed loop with (1) is globally asymp-
totically stable.

Proof. Since xi(t) = W ′
i
x(t), by exploiting (10) at time t the optimal

cost Vi(x(t)) of subproblem (9) can be rewritten as

Vi(x(t)) = (W ′
i x(t))′(W ′

i QWi)W
′
i x(t) + u∗i

0 (t)′Z ′
iRZiu

∗i
0 (t)

+ (AiW
′
i x(t) + Biu

∗i
0 (t))

′
Pi(AiW

′
i x(t) + Biu

∗i
0 (t)) (16)

where Pi is defined as in (10). As the input ui
0 = 0 satisfies the

constraints umin ≤ ui
0 ≤ umax, by (10) the optimal cost at time t + 1

satisfies the following inequality

Vi(x(t + 1)) ≤ (W ′
i x(t + 1))′(W ′

i QWi)W
′
i x(t + 1)

+ (W ′
i x(t + 1))′A′

iPiAiW
′
i x(t + 1)

= (W ′
i x(t + 1))′(A′

iPiAi + W ′
i QWi)W

′
i x(t + 1)

= x(t + 1)′WiPiW
′
i x(t + 1) (17)

By rewriting

x(t + 1) = Ax(t) + Bu(t) = (A ± WiW
′
i A)(x(t) ± WiW

′
i x(t))

+ (B ± WiW
′
i BZiZ

′
i )(u(t) ± Ziu

∗i
0 (t))

= Wi(AiW
′
i x(t) + Biu

∗i
0 (t)) + �Yi(x(t)) (18)

where ±[ · ] means that the same quantity [ · ] is added and sub-
tracted, from (17) and recalling (5) we obtain

Vi(x(t + 1)) ≤ (Wi(AiW
′
i x(t) + Biu

∗i
0 (t)) + �Yi(x(t)))

′
WiPi ·

·W ′
i (Wi(AiW

′
i x(t) + Biu

∗i
0 (t)) + �Yi(x(t))) = (AiW

′
i x(t)

+ Biu
∗i
0 (t))′Pi(AiW

′
i x(t) + +Biu

∗i
0 (t)) + �Si(x(t))

By (16), we obtain

Vi(x(t + 1)) ≤ Vi(x(t)) − x′(t)WiW
′
i QWiW

′
i x(t) +
− u∗i
0 (t)′Z ′

iRZiu
∗i
0 (t) + �Si(x(t)) (19)

Consider first condition (15a). By positive definiteness of R and
full column rank of all matrices Zi it follows that Z ′

i
RZi � 0
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nd hence that the function V(x(t))�
∑M

i=1Vi(W ′
i
x(t)) is non-

ncreasing. Since V(x(t)) ≥ 0, ∀t ≥ 0, it follows that there exists
im t→∞V(x(t)) = lim t→∞V(x(t + 1)) Hence, by (19) it also follows
hat

lim
→∞

x′(t)Q̄x(t) −
M∑

i=1

�Si(x(t)) +
M∑

i=1

u∗i
0 (x(t))′Riu

∗i
0 (x(t)) = 0

Because of (15a), it follows that
imt→∞

∑M
i=1u∗i

0 (x(t))′Riu
∗i
0 (x(t)) = 0, and by positive definiteness of

′
i
RZi, that limt→∞u∗i

0 (x(t)) = 0, and hence that limt→∞u∗ii
0 (x(t)) = 0,

i ∈ {1, . . ., M}, which in turn implies lim t→∞u(t) = 0. As by Assump-
ion 1 the open-loop process (1) is linear and asymptotically stable,
t is also input-to-state stable [24], and hence lim t→∞x(t) = 0.

The same follows under condition (15b), as lim t→∞˛x′(t)x(t) = 0
nd hence lim t→∞x(t) = 0. �

Theorem 1 provides two alternative conditions for verifying
losed-loop stability. Condition (15a) amounts to testing that the
umulated effect of model mismatch

∑M
i=1�Si(x) is dominated by

he global decreasing rate x′Q̄x, therefore advising the designer
o choose a weight Q large enough to dominate the influence of
he prediction error due to unmodeled dynamics. Condition (15b)
ttempts to exploit also the nonnegative term

∑M
i=1u∗i

0 (x)′Riu
∗i
0 (x)

o dominate model mismatch, provided that the slightly more strin-
ent condition “≥˛x′x” instead of “≥0” is satisfied for some ˛ > 0.

.1. Stability tests

By using the explicit MPC results of [23], each optimizer function
∗i
0 : Rn → R

mi , i = 1, . . ., M, can be expressed as a piecewise affine
unction of x:

∗i
0 (x) = Fijx + Gij if Hijx ≤ Kij, j = 1, . . . , nri (20)

ence, both condition (15a) and condition (15b) are a composition
f quadratic and piecewise affine functions, so that global stability
an be tested through linear matrix inequality relaxations [25] (cf.
he approach of [26]).

As umin < 0 < umax, there exists a ball around the origin x = 0 con-
ained in one of the regions, say {x ∈Rn : Hi1x ≤ Ki1}, such that
i1 = 0. Therefore, around the origin both (15a) and (15b) become
quadratic form x′(

∑M
i=1Ei)x of x, where matrices Ei can be eas-

ly derived from (14) and (15). Hence, local stability of (9)–(13) in
losed loop with (1) can be simply tested by checking the posi-
ive semidefiniteness of the square n × n matrix

∑M
i=1Ei. Note that,

epending on the degree of decentralization, in order to satisfy the
ufficient stability criterion one may need to set Q � 0 in order to
ominate the unmodeled dynamics arising from the terms �Si.

.2. Open-loop unstable subsystems

Vi(x(t + 1)) = (W ′
i
x(t + 1))′(W ′

i
QWi)W ′

i
x(t + 1) + (AiW

′
i
· x(t + 1) +

= (W ′
i
x(t + 1))′(Ai + BiKLQi

)′Pi(Ai + BiKLQi
)(W ′

i
· x(t + 1)

+(KLQi
W ′

i
x(t + 1))′Ri(KLQi

W ′
i
x(t + 1))

= x(t + 1)′Wi((Ai + BiKLQi
)′Pi(Ai + BiKLQi

) + W ′
i
QWi + K

= x(t + 1)′WiPiW
′
i
x(t + 1)
In the absence of input constraints, Assumptions 1, 2 can be
emoved to extend the previous DMPC scheme to the case where
A, B) is not an asymptotically stable system, although stabilizable.
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Theorem 2. Let the pairs (Ai, Bi) be stabilizable, ∀i ∈ {1, . . ., M}. Let
Problem (9) be replaced by

Vi(x(t)) = min
{ui

k
}∞
k=0

∞∑
k=0

(xi
k)

′
Qix

i
k + (ui

k)
′
Riu

i
k = (21a)

= min
ui

0

(xi
1)

′
Pix

i
1 + xi(t)′Qix

i(t) + (ui
0)

′
Riu

i
0 (21b)

s.t. xi
1 = Aix

i(t) + Biu
i
0 (21c)

xi
0 = W ′

i x(t) = xi(t) (21d)

ui
k = KLQi

xi
k, ∀k ≥ 1 (21e)

where Pi = P ′
i
� 0 is the solution of the Riccati equation

Qi + K ′
LQi

RiKLQi
+ (Ai + BiKLQi

)′Pi(Ai + BiKLQi
) = Pi (22)

KLQi
= −(Z ′

i
RZi + B′

i
PiBi)

−1B′
i
PiAi is the corresponding local LQR feed-

back, Qi = W ′
i
QWi and Ri = Z ′

i
RZi. Let �Yi(x(t)) and let �Si(x(t)) be

defined as in (14), in which Pi is defined as in (22). If (15a) is satis-
fied, or (15b) is satisfied for some scalar ˛ > 0, then the decentralized
MPC scheme defined in (21), (13) in closed-loop with (1) is globally
asymptotically stable.

Proof. By recalling that xi(t) = W ′
i
x(t) and exploiting (22), at time

t the optimal cost Vi(x(t)) of subproblem (21) can be rewritten as

Vi(x(t)) = (W ′
i x(t))′(W ′

i QWi)W
′
i x(t) + (AiW

′
i x(t)

+ Biu
∗i
0 (t))′Pi(AiW

′
i x(t) + Biu

∗i
0 (t))

+ u∗i
0 (t)′Z ′

iRZiu
∗i
0 (t) (23)

Now choose ui
0(t + 1) = KLQi

(W ′
i
x(t + 1)), with Pi, as solution of the

Riccati equation (22), and KLQi
as the correspond local LQR feedback.

By feasibility of Problem (21) at time t, the optimal cost at time t + 1
satisfies the following equality

(t + 1)) + Biu
∗i
0 (t + 1)′Pi(Ai · W ′

i
x(t + 1) + u∗i

0 (t + 1))
′
Riu

∗i
0 (t + 1)

(t + 1)′Wi(W ′
i
QWi)(W ′

i
x(t + 1))

RZ ′
i
KLQi

)(W ′
i
x(t + 1))

(24)

By rewriting x(t + 1) = Ax(t) + Bu(t) = Wi(AiW
′
i
x(t) + Biu

∗i
0 (t)) +

�Yi(x(t)) as in (18), from (24) and recalling (5) we obtain Vi(x(t +
1)) = (Wi(AiW

′
i
x(t) + Biu

∗i
0 (t)) + �Yi(x(t)))

′
WiPiW

′
i
(Wi(AiW

′
i
x(t) +

Biu
∗i
0 (t)) + �Yi(x(t))) = (AiW

′
i
x(t) + Biu

∗i
0 (t))

′
Pi(AiW

′
i
x(t) +

Biu
∗i
0 (t)) + �Si(x(t)), where �Si(x(t)) is defined as in (14c). By

(23), we obtain

Vi(x(t + 1)) ≤ Vi(x(t)) − x′(t)WiW
′
i
QWiW

′
i
+ x(t)+

−u∗i
0 (t)′Z ′

i
RZiu

∗i
0 (t) + �Si(x(t))

for which the same reasoning as in the proof of Theorem 1 can be
repeated. �

3.3. Decentralized MPC under arbitrary packet loss

So far we assumed that the communication model among
neighboring MPC controllers is faultless, so that each MPC agent
successfully receives the information about the states of its corre-
sponding submodel. However, one of the main issues in networked

control systems is the unreliability of communication channels,
especially in wireless automation systems, which may result in
data packet dropout. In this section we prove a sufficient con-
dition for ensuring convergence of the DMPC closed-loop in the
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ase packets containing measurements are lost for an arbitrary but
pper-bounded number N of consecutive time steps. The underly-

ng operating assumption is that if the actual number of lost packets
xceeds the given N, the decentralized controllers are turned off
nd u = 0 is applied persistently, so that a number of packet drops
arger than N is not considered. The results shown here are based
n formulation (9) and rely on the open-loop asymptotic stability
ssumptions 1 and 2.

Setting u(t) = 0 to an open-loop stable system is a natural backup
hoice when no state feedback is available because of a communi-
ation blackout. Because of (9f), setting ui(t) = 0 also amounts to
pplying the prosecution of the most recent available optimal con-
rol sequence, a practice often used in MPC in case of failures of
he QP solver. Different backup options may be considered, such
s solving (9) by replacing xi(t) with an estimate obtained through
odel (7) and the available measurements, for instance by apply-

ng distributed Kalman filtering techniques [27]. Of course whether
ne or the other approach is better strongly depends on the amount
f model mismatch introduced by the decentralized modeling.

The next theorem provides conditions for asymptotic closed-
oop stability of decentralized MPC under packet loss, generalizing
he result of Theorem 1.

heorem 3. Let N be a positive integer such that no more than N
onsecutive steps of channel transmission blackout can occur. Assume
(t) = 0 is applied when no packet is received. Let Assumptions 1, 2
old and ∀i ∈ {1, . . ., M} define Pi as in (10), �ui(t), �xi(t), �Ai, �Bi

s in (14a), �Yi(x(t)) as in (14b), let �i(x)�AiW
′
i
x + Biu

∗i
0 (x), and for

= 1, . . ., N let

Si
j
(x) � [2(AiW

′
i
x + Biu

∗i
0 (x))

′
W ′

i
+ �Yi(x)′] · ·(Aj−1)

′
WiPiW

′
i
Aj−1�Yi(x) (25)

f at least one of the conditions

i) x′Q̄x +
M∑

i=1

�i(x)′P̄ij�i(x) − �Si
j(x) ≥ 0 (26)

ii) x′Q̄x − ˛x′x +
M∑

i=1

�i(x)′P̄ij�i(x) − �Si
j
(x) + u∗i

0 (x)′Z ′
i
R · Ziu

∗i
0 (x) ≥ 0 (27)

s satisfied for some scalar ˛ > 0 and ∀x ∈Rn, ∀j ∈ {1, . . . , N}, where
¯ = (

∑M
i=1WiW

′
i
QWiW

′
i
) and P̄ij = Pi − W ′

i
(Aj−1)

′
WiPiW

′
i
Aj−1Wi,

hen the decentralized MPC scheme defined in (9)–(13) in closed loop
ith (1) is globally asymptotically stable under packet loss.

roof. Let {tk}∞k=0 be the sequence of sampling steps at which
acket information is received, and let jk = tk+1 − tk the correspond-

ng number of consecutive packet drops, 1 ≤ jk ≤ N. We want to
xamine the difference Vi(x(tk+1)) − Vi(x(tk)), where Vi(x(t)) is the
ptimal cost of subproblem (9) at time t. As the backup input
(tk + h) = 0 is applied from time tk to tk+1 − 1 (h = 0, . . ., jk − 1), we
ave

x(tk+1) = Ajk−1(Ax(tk) + Bu(tk))
= Ajk−1(�Yi(x(tk)) + Wi�(x(tk)))

Since xi(tk+1) = W ′
i
x(tk+1), at time tk+1 the optimal cost

i(x(tk+1)) of subproblem (9) can be rewritten as

Vi(x(tk+1)) = (W ′
i
x(tk+1))′W ′

i
QWiW

′
i
x(tk+1)

+ [AiW
′
i
x(tk+1) + (Biu

∗i
0 (tk+1))

′
Pi(AiW

′
i
x(tk+1)
+ Biu
∗i
0 (tk+1))] + u∗i

0 (tk+1)′Z ′
i
RZiu

∗i
0 (tk+1)

here Pi is defined as in (10) and is such that (xi
0)

′
Pix

i
0 =

∞
k=0(xi

k
)
′
W ′

i
QWix

i
k

with xi
k+1 = Aix

i
k
. Hence, considering that
Control 21 (2011) 705–714

ui
0(tk+1) = 0 is a feasible suboptimal choice for problem (9), we

obtain the following inequality

Vi(x(tk+1)) ≤ x′(tk+1)WiPiW
′
i x(tk+1)

≤ (Ajk−1[�Yi(x(tk)) + Wi�(x(tk))])
′
WiPi·

W ′
i A

jk−1(�Yi(x(tk)) + Wi�(x(tk)))

= �Y(x(tk))′(Ajk−1)′WiPiW
′
i A

jk−1�Y(x(tk))+
2�(x(tk))′W ′

i (A
jk−1)′WiPiW

′
i A

jk−1�Y(x(tk))+
�(x(tk))′W ′

i (A
jk−1)′WiPiW

′
i A

jk−1Wi�(x(tk))

= �Si
jk

(x(tk)) + �(x(tk))′W ′
i (A

jk−1)′·
·WiPiW

′
i A

jk−1Wi�(x(tk))

Since Vi(xi(tk)) = x′(tkW ′
i
W ′

i
QWiW

′
i
x(tk)) + �(x(tk))′Pi�(x(tk)) +

u∗i
0 (tk)′Z ′

i
RZiu

∗i
0 (tk) we get

Vi(x(tk+1)) − Vi(xi(tk)) ≤
�Si

jk
(x(tk)) + �(x(tk))′W ′

i (A
jk−1)′WiPiW

′
i A

jk−1·
·Wi�(x(tk)) − ((W ′

i x(tk))′(W ′
i QWi)W

′
i x(tk) + � · (x(tk))′Pi�(x(tk))

+u∗i
0 (tk)′Z ′

i
RZiu

∗i
0 (tk)) ≤ �Si

jk
(x(tk)) − u∗i

0 (tk)′Z ′
i
RZiu

∗i
0 (tk)+

x(tk)′Wi(W
′
i QWi)W

′
i x(tk) + −�(x(tk))′(Pi+

−W ′
i (A

jk−1)′WiPiW
′
i A

jk−1Wi)�(x(tk))

Let V(x(t))�
∑M

i=1Vi(W ′
i
x(t)). If (26) holds, then by (19) it fol-

lows that V(x(tk)) is a decreasing function of k lower-bounded
by zero, and therefore converges as k → ∞, which proves
lim k→∞V(x(tk+1)) − V(x(tk)) = 0. This in turn implies by (19) that

lim
k→∞

ui∗
0 (tk)′Z ′

iRZiu
i∗
0 (tk) = 0

As R � 0 and Zi are full-column-rank matrices, it follows that
Z ′

i
RZi � 0 and hence that lim k→∞u(tk) = 0. If (27) holds, then in

a similar way it is immediate to see that lim k→∞x(tk) = 0 which
again implies lim k→∞u(tk) = 0, as around the origin u(tk) is a lin-
ear function of x(tk) (corresponding to the unconstrained solution
of problem (9)). Since in the presence of packet drop u(t) = 0, the
input sequence { . . . , 0, 0, u(tk), 0, . . ., 0, u(tk+1), 0, . . ., 0, u(tk+2),
. . . } is actually applied to the process, and clearly lim t→∞u(t) = 0. As
asymptotically stable linear systems are also input-to-state stable
[24], it immediately follows that lim t→∞x(t) = 0.

Note that V(x(t)) is not a common Lyapunov function for the
switched system under consideration since V(x(tk)) ≤ V(x(tk − 1))
for tk − 1 /∈ {tk}∞k=0 does not hold for the general case. However,
Assumptions 1, 2, implies V(x(t)) to be decreasing when the plant
evolve unforced, i.e. u(t) = 0, condition that applies for t /∈ {tk}∞k=0.
Therefore V(x(t)) is upperbounded by

V̄(x(t)) =
{

V(x(t)) t ∈ {tk}∞k=0
V(x(tk)) tk ≤ t < tk+1

(28)

that is a common Lyapunov function for each mode of the switched
system. It is trivial to verify that V̄(x(t) ≥ V(x(t))), ∀t ∈Z0+ and that
V̄(x(t)) converge to 0 by virtue of measured instants. �

Note again that around the origin the conditions in (27) become
a quadratic form, so local stability of (9)–(13) in closed loop with
(1) under packet loss can be easily tested for any arbitrary fixed N.
Note also that conditions (27) are a generalization of (15), as for j = 1
(no packet drop) matrix Pi − W ′

i
(Aj−1)

′
WiPiW

′
i
Aj−1Wi = Pi − Pi = 0.

3.4. Extension to set-point tracking

Consider the following discrete-time linear global process

model{

z(t + 1) = Az(t) + Bv(t) + Fd(t)
h(t) = Cz(t)

(29)
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Fig. 2. Physical structure of the railcar.

here z ∈Rn is the state vector, v ∈Rm is the input vector, h ∈Rp is
he output vector, Fd ∈Rd is a vector of measured disturbances. Let A
atisfy Assumption 1 and assume Fd is constant. The considered set-
oint tracking problem is that of h tracking a given reference value
∈Rp, despite the presence of Fd. In order to recast the problem
s a regulation problem, assume steady-state vectors zr ∈Rn and
r ∈Rm exist solving the static problem

(I − A)zr = Bvr + Fd

r = Czr
(30)

nd let x = z − zr, y = h − r, and u = v − vr . Input constraints vmin ≤ v ≤
max are mapped into constraints vmin − vr ≤ u ≤ vmax − vr . Note
hat in case vr /∈ [vmin, vmax], perfect tracking under constraints is
ot possible, and an alternative is to set[
zr

vr

]
= arg min

∥∥∥∥
[

I − A −B
C 0

][
zr

vr

]
−

[
Fd

r

]∥∥∥∥
s.t. vmin ≤ vr ≤ vmax

roposition 1. Under the global coordinate transformation (30), the
rocess (29) under the decentralized MPC law (9)–(13) is such that h(t)
onverges asymptotically to the set-point r, either under the assump-
ion of Theorem 1 or, in the presence of packet sdrops, of Theorem
.

Note that problem (30) is solved in a centralized way. Defin-
ng local coordinate transformations vir , zir based on submodels
7) would not lead, in general, to offset-free tracking, due to the

ismatch between global and local models. This is a general obser-
ation one needs to take into account in decentralized tracking.
ote also that both vr and zr depend on Fd as well as r, so problem

30) should be solved each time the value of Fd or r change and
etransmitted to each controller.

. Decentralized temperature control in a railcar

In this section we test the proposed DMPC approach for decen-
ralized control of the temperature in different passenger areas
n a railcar. The system is schematized in Fig. 2. Each passen-
er area has its own heater and air conditioner but its thermal
ynamics interacts with surrounding areas (neighboring passen-
er areas, external environment, antechambers) directly or through
indows, walls and doors. Passenger areas are composed by a table

nd the associated four seats. Temperature sensors are located
n each four-seat area, in each antechamber, and along the cor-
idor. The goal of the controller is to adjust each passenger area
o its own temperature set-point to maximize passenger comfort.
emperature sensors may be wired or wireless, in the latter case
e assume that information packets may be dropped, because of

ery low power transmission, simplified transmission protocols,

o acknowledgement and retransmission, and because of interfer-
nces from passengers’ electronic equipment.

Let 2Na be the number of four-seat areas (Na = 8 in Fig. 2), Na the
umber of corridor partitions, and 2 the number of antechambers.
Control 21 (2011) 705–714 711

Under the assumption of perfectly mixed fluids in each j th volume,
j = 1, . . ., n where n = 3Na + 2, the heat transmission equations by
conduction lead to the linear model

dTj(�)
d�

=
n∑

i=0

Qij(�) + Quj, Qij(�) = SijKij(Ti(�) − Tj(�))
CjLij

(31)

j = 1, . . ., n, where Tj(�) is the temperature of volume # j at time
� ∈R, T0(�) is the ambient temperature outside the railcar, Qij(�)
is heat flow due to the temperature difference Ti(�) − Tj(�) with
the neighboring volume # i, Sij is the contact surface area, Quj is the
heat flow of heater # j, Kij is the thermal coefficient that depends on

the materials, Cj = Kj
cVj is the (material dependent) heat capacity

coefficient Kj
c times the fluid volume Vj, and Lij is the thickness of

the separator between the two volumes # i and # j. We assume that
Qij(�) = 0 for all volumes i, j that are not adjacent, ∀� ∈R. Hence, the
process can be modeled as a linear time-invariant continuous-time
system with state vector z ∈R3Na+2 and input vector v ∈R2Na{

ż(�) = Acz(�) + Bcv(�) + FT0(�)
h(�) = Cz(�)

(32)

where F ∈Rn is a constant matrix, T0(�) is treated as a piecewise
constant measured disturbance, and C ∈Rp×n is such that h ∈Rp

contains the components of z corresponding to the temperatures
of the passenger seat areas, p = 2Na. Since we assume that the ther-
mal dynamics are relatively slow compared to the sampling time
Ts of the decentralized controller we are going to synthesize, we
use first-order Euler approximation to discretize dynamics (32)
without introducing excessive errors:{

z(t + 1) = Az(t) + Bv(t) + FdT0(t)
h(t) = Cz(t)

(33)

where A = I + AcTs, B = BcTs, and Fd = FTs. We assume that A is asymp-
totically stable, as an inheritance of the asymptotic stability of
matrix Ac.

In order to track generic temperature references r(t), we adopt
the coordinate shift defined by (30). The next step is to decentral-
ize the resulting global model. The particular topology of the railcar
suggests a decomposition of model (1) as the cascade of four-seat
areas. There are two kinds of four-seat areas, namely (i) the ones
next to the antechambers, and (ii) the remaining ones. Besides
interacting with the external environment, the areas of type (i)
interact with another four-seat-area, an antechamber, and a section
of the corridor, while the areas of type (ii) only with the four-seat
areas at both sides and the corresponding section of the corridor.
Note that the decentralized models overlap, as they share common
states and inputs. The decoupling matrices Zi are chosen so that in
each subsystem only the first component of the computed optimal
input vector is actually applied to the process.

As a result, each submodel has 5 states and 2 or 3 inputs, depend-
ing whether it describes a seat area of type (i) or (ii), which is
considerably simpler than the centralized model (1) with 26 states
and 16 inputs. We apply the DMPC approach (9) with

Q =
[

200I16 0
0 2I10

]
R = 105I16

vmax = −vmin = 0.03 W Ts = 540 s
(34)

where vmin is the lower bound on the heat flow subtracted by the
air-conditioners, and vmax is the maximum heating power of the
heaters (with a slight abuse of notation we denoted by vmin, vmax

the entries of the corresponding lower and upper bound vectors

of R16). Note that the first sixteen diagonal elements of matrix Q
correspond to the temperatures of the four-seat areas. It is easy to
check that with the parameters in (34) condition (15a) for local sta-
bility is satisfied. For comparison, a centralized MPC approach (3)



712 A. Alessio et al. / Journal of Process Control 21 (2011) 705–714

0 50 100 150

4

5

6

7

8

9

10

0 50 100 150
17.7

17.8

17.9

18

18.1

Fig. 3. Exogenous signals used in the reported simulations.
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cies of packet failure burst length observed in [28]. Note that our
model assumes that the probability of losing a packet is null after N
packets, hence satisfying the assumption of an upper-bound on the
number of consecutive drops (as mentioned earlier, we can assume

Fig. 5. Decentralized MPC results. Upper plots: output variables h (continuous lines)
ith the same weights, horizon, and sampling time as in (34) is also
esigned. The associated QP problem has 16 optimization variables
nd 32 constraints, while the complexity of each DMPC controller is
ither 2 (or 3) variables and 4 (or 6) constraints. The DMPC approach
s in fact largely scalable: for longer railcars the complexity of the
MPC controllers remains the same, while the complexity of the
entralized MPC problem grows with the increased model size.
ote also that, even if a centralized computation is taken, the DMPC
pproach can be immediately parallelized.

.1. Simulation results

We investigate different simulation outcomes depending on
our ingredients: i) type of controller (centralized / decentral-
zed), ii) packet-loss probability, iii) change in reference values,
v) changes of external temperature (acting as a measured dis-
urbance). Fig. 3 shows the external temperature and reference
cenarios, respectively, used in all simulations.

In order to compare closed-loop performances in different sim-
lation scenarios, define the following performance index

=
Nsim∑
t=1

e′
z(t)Qez(t) + e′

v(t)Rev(t) (35)

here ez(t) = h(t) − r(t), ev(t) = v(t) − vr and Nsim = 160 (one day) is
he total number of simulation steps.

The initial condition is 17◦ C for all seat-area temperatures,
xcept for the antechamber, which is 15◦C. Note that the steady-
tate value of antechamber temperatures is not relevant for the
osed control goals. The closed-loop trajectories of centralized MPC
eedback vs. decentralized MPC with no packet-loss are shown
n Fig. 4 (we only show the first state and input for clarity). In
oth cases the temperatures of the four-seat areas converge to the
et-point asymptotically. Fig. 5 shows the temperature vector h(t)
racking the time-varying reference r(t) in the absence of packet-
oss, where the coordinate transformation (30) is repeated after
ach set-point and external temperature change.

To simulate packet loss, we assume that the probability of losing
packet depends on the state of a Markov chain with N states (see
ig. 6).

We parameterize with the probability parameter p, 0 ≤ p ≤ 1 the
robabilities associated with the Markov chain: the Markov chain

s in the j th state if j − 1 consecutive packets have been lost. The
robability of losing a further packet is 1 − p in every state of the
hain, except for the (N + 1) th state where no packet can be lost
ny more.
Let � be the stationary probability vector of the Markov chain of
ig. 6, obtained through the one-step probability matrix P, obtained
Fig. 4. Comparison between centralized MPC (dashed lines) and decentralized MPC
(continuous lines): output h1 (upper plots) and input v1 (lower plots). Gray areas
denote packet drop intervals.

by solving

⎧⎪⎨
⎪⎩

�′ = �′P
N∑

i=1

�i = 1
⇒ P =

⎡
⎢⎢⎢⎢⎣

p 1 − p 0 · · · 0
p 0 1 − p · · · 0
...

...
...

. . .
...

p 0 0 · · · 1 − p
1 0 0 · · · 0

⎤
⎥⎥⎥⎥⎦

Recalling the meaning of the nodes of the Markov chain, the
steady-state probability �i of the ith state is the probability of los-
ing consecutively exactly i − 1 packets. The packet-loss discrete
probability is shown in Fig. 7 when N = 10 maximum consecutive
packet-losses are possible and p = 0.7.

Fig. 7 highlights the exponential decrease of the stationary prob-
abilities as a function of consecutive packets lost. Such a probability
model is confirmed by the experimental results on relative frequen-
and references r (dashed lines). Lower plots: command inputs v. Gray areas denote
packet drop intervals.
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Fig. 6. Markov chain modeling packet-loss probability: the ne
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Fig. 7. Markov chain packet-loss probability with N = 10 and p = 0.7.

or instance that if k > N consecutive packets are lost, the control
oops are shut down). The simulation results obtained with p = 0.5
re shown in Section 4.1. In case of packet loss, we also compare the
erformance of centralized vs. decentralized MPC. Note that in case
acket loss occurs also on the communication channel between
he point computing the coordinate shift and the decentralized
ontrollers, the last received coordinate shift is kept. The stabil-
ty condition (26) of Theorem 3 was tested and proved satisfied for
alues of j up to 160.

Fig. 8 shows that the performance index J defined in Eq. (35)
ncreases as the packet-loss probability grows, implying perfor-

ance to deteriorate due to the conservativeness of the backup
ontrol action u = 0 (that is, v = vr). The results of Fig. 8 are averaged
ver 10 simulations per probability sample. As a general consider-
tion, centralized MPC dominates over the decentralized, although
or certain values of p the average performance of decentralized

PC is slightly better, probably due to the particular packet loss
equences that have realized. However, the loss of performance due
o decentralization, with regard to the present example, is largely
egligible.

The simulations were run on a MacBook Air 1.86 GHz running
atlab R2008a under OS X 10.5.6 and the Hybrid Toolbox for Matlab
29]. The average CPU time for solving the centralized QP problem
ssociated with (3) is 6.0 ms (11.9 ms in the worst case). For the
ecentralized case, the average CPU time for solving the QP problem

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

10
4.2

10
4.9

ig. 8. Performance indices of Centralized MPC (dashed line) and Decentralized MPC
solid line).
twork is in state i if the last i − 1 packets have been lost.

associated with (9) is 3.3 ms (7.4 ms in the worst case). Although
the decrease of CPU time is only a few milliseconds, we remark
that for increasing Na the complexity of DMPC remains constant,
while the complexity of centralized MPC would grow with Na. To
quantify this aspect consider that, if one thinks to the explicit form
of the MPC controllers [23], the number of regions of the centralized
MPC is upper bounded by 316, while in decentralized case by 32 for
submodels with two inputs and by 33 for submodels with three
inputs, respectively.

Note that in all simulations the reference vectors vr , zr are com-
puted globally by a higher-level control layer in the hierarchical
setting. In this example the complexity of such a static calculation
is negligible with respect to solving the QP problems. Moreover, the
communication burden is also negligible, as new reference vectors
are transmitted individually to each MPC agent only when set-point
and disturbances change.

5. Conclusions

In this paper we have proposed an approach for controlling
large-scale processes subject to input constraints using the cooper-
ation of multiple decentralized model predictive controllers. Each
controller is based on a submodel of the overall process, and differ-
ent submodels may share common states and inputs, to possibly
decrease modeling errors in case of dynamical coupling, and to
increase the level of cooperativeness of the controllers. The pos-
sible loss of global optimal performance is compensated by the
gain in controller scalability, reconfigurability, and maintenance.
Open research issues remain to be further explored to extend the
proposed DMPC scheme, such as: systematic ways to decompose
the model into local submodels, when this is not obvious from
the physics of the process, determining the optimal model decom-
position (i.e., the best achievable closed-loop performance) for a
given channel capacity and computer power available to the control
agents; hierarchical MPC schemes, in which the DMPC controllers
are supervised by a centralized (possibly hybrid) MPC controller
running at a slower sampling frequency to enforce global con-
straints.
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