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Abstract— This article investigates the use of extended Kalman
filtering to train recurrent neural networks with rather general
convex loss functions and regularization terms on the network
parameters, including ℓ1-regularization. We show that the learning
method is competitive with respect to stochastic gradient descent
in a nonlinear system identification benchmark and in training a
linear system with binary outputs. We also explore the use of the
algorithm in data-driven nonlinear model predictive control and
its relation with disturbance models for offset-free closed-loop
tracking.

Index Terms— Recurrent neural networks, nonlinear system
identification, extended Kalman filtering, nonlinear model predic-
tive control.

I. INTRODUCTION

The use of artificial neural networks (NNs) for control-oriented
modeling of dynamical systems, already popular in the nineties [1],
is again flourishing thanks to the vast success of machine learning in
many application domains and the availability of excellent software
libraries for training NN models. Most frequently, feedforward NNs
are used for modeling the output function in a neural-network autore-
gressive model with exogenous inputs (NNARX). On the other hand,
recurrent neural networks (RNNs), as they are state-space models,
are often more adequate for capturing the behavior of dynamical
systems in a compact way. However, contrarily to training NNARX
models based on minimizing the one-step-ahead output prediction
error, training RNNs is more difficult due to the presence of the
hidden states of the network. To circumvent this issue, procedures for
learning neural state-space models were proposed in [2], [3], based
on the idea of finding a (reduced-order) state-space realization of a
NNARX model during training and considering the values of a (thin)
inner layer of the model as the state vector.

To avoid unrolling the open-loop prediction of an RNN over the
entire training dataset, suboptimal approaches were proposed, such
as truncated backpropagation through time (truncated BPTT) [4].
Motivated by the fact that a similar issue of recurrence occurs in
minimizing the simulation error when training NNARX models,
the authors in [5] proposed to learn RNNs based on splitting the
dataset into smaller batches and penalizing the inconsistency between
state predictions across consecutive batches. Due to the difficulty of
computing gradients of full unrolls and/or the presence of a large
number of optimization variables, these approaches are used for
offline learning and rely on (batch, mini-batch, or stochastic) gradient
descent methods that, although often proved to converge only for
convex problems, are widely adopted with success.

To circumvent their very slow convergence and, at the same time,
be able to learn NN models incrementally when new data become
available, training methods based on extended Kalman filtering (EKF)
have been explored in [6] for feedforward networks, treating the
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weight/bias terms of the network as constant states to estimate.
When dealing with recurrent networks, the authors in [7] distinguish
between parallel-EKF, which estimates both the hidden states and the
weights/bias terms, and parameter-based EKF, that only estimates
the network parameters, and focus on the latter approach, whose
convergence properties were investigated in [8].

Parallel-EKF was also studied in [9] for coinciding output and state
vectors, which is, therefore, measurable as for NNARX models. In
the context of nonlinear filtering, the authors in [10] investigated a
parallel-EKF approach for the special case of RNNs that are linear in
the input and the output. The method was extended in [11] to make
the EKF implementation more efficient by considering how much
each network parameter affects the predicted output. An ensemble
Kalman filter method was proposed in [12]. An important aspect of
EKF-based learning methods is that, as remarked in [13], the filter
approximately provides the minimum variance estimate of the model
parameters, and hence a quantification of model uncertainty via the
covariance matrix associated with the state estimation error. All the
aforementioned EKF-based methods consider quadratic penalties on
the output prediction errors and the weight/bias terms of the RNN.

In this article, we also consider a parallel-EKF approach to
recursively learn a general class of RNNs whose state-update and
output functions are described by neural networks, including long-
short term memory (LSTM) models [14], under arbitrary convex and
twice-differentiable loss functions for penalizing output open-loop
prediction errors and for regularizing the weight/bias terms of the
RNN, and also extend to the case of ℓ1-regularization for network
topology selection. We also compare EKF to different formulations
based on stochastic gradient descent (SGD) methods, in which the
initial state, and possibly also the intermediate states, of the RNN are
treated as optimization variables. We show the superiority of EKF
with respect to SGD in a nonlinear identification benchmark, and
apply the method in identifying a linear dynamical system with binary
outputs. We also explore the use of EKF-based learning for data-
driven nonlinear MPC design, showing a relation between the use of
constant disturbance models and the adaptation of the bias terms in
the neural networks for offset-free tracking, which we illustrate in a
nonlinear control benchmark problem.

A. Notation
Given a vector v ∈ Rn and a matrix A ∈ Rm×n, vi denotes

the ith real-valued component of v, Ai,: the ith row of A, A:,j its
jth column, Aij its (i, j)th entry. Given v ∈ Rn and a symmetric
positive semidefinite matrix Q = Q′ ⪰ 0, Q ∈ Rn×n, we denote by
∥v∥2Q the quadratic form v′Qv, by ∥v∥1 =

∑n
i=1 |vi| the 1-norm of

v, and by sign(v) the vector whose ith component is the sign of vi,
sign : R → {−1, 0, 1}. Given a, b ∈ N, δa,b denotes the Kronecker
delta function (δa,b = 1 if a = b or 0 otherwise).

II. RECURRENT NEURAL NETWORK MODEL

Consider a recurrent neural network (RNN) model with input
u ∈ Rnu , predicted output ŷ ∈ Rny , and state vector x ∈ Rnx whose



state-update and output equations are described by the following
parametric model

x(k + 1) = fx(x(k), u(k), θx)
ŷ(k) = fy(x(k), u(k), θy)

(1)

In (1), θx ∈ Rnθx and θy ∈ Rnθy collect the parameters of the
model to learn from data. Special cases of (1) are recurrent (deep)
neural networks (RNNs)
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(2b)

where Lx − 1 ≥ 0 and Ly − 1 ≥ 0 are the number of hidden layers
of the state-update and output functions, respectively, vxi ∈ Rn

x
i ,

i = 1, . . . Lx − 1, vxLx
∈ Rnx , and vyi ∈ Rn

y
i , i = 1, . . . Ly ,

the values of the corresponding inner layers, fxi : Rn
x
i → Rn

x
i+1 ,

i = 1, . . . Lx − 1, fyi : Rn
y
i → Rn

y
i+1 , i = 1, . . . Ly − 1 the

corresponding activation functions, and fyLy
: R

n
y
Ly → Rny the

output function, e.g., fyLy
(vyLy

) = vyLy
to model numerical outputs or

[fyLy
(vyLy

)]i =

(
1 + e

[v
y
Ly

]i
)−1

, i = 1, . . . , ny , for binary outputs.

The strict causality of the RNN (2) can be simply imposed by zeroing
the last nu columns of Ay1 .

The hyperparameters describing the RNN (2) are nx, {nxi }, {nyy},
{fxi }, {fyi } and dictate the chosen model structure. The parameters
to learn are Ax1 , . . ., AxLx−1, bx1 , . . ., bxLx−1, Ay1 , . . ., AyLy−1, by1 ,

. . ., byLy−1, where Axi ∈ Rn
x
i ×n

x
i−1 is the matrix of weights for layer

#i of the state-update neural function, bxi ∈ Rn
x
i the corresponding

vector of bias terms, and nx0 ≜ nx + nu, nxLx
≜ nx, and Ayi ∈

Rn
y
i ×n

y
i−1 is the matrix of weights for layer #i of the output neural

function, bxi ∈ Rn
x
i the corresponding vector of bias terms, and

ny0 ≜ nx + nu. In this case, θx and θy are the vectors obtained by
stacking all the entries of the weight/bias terms defining the state and
output equations, respectively, with nθx =

∑Lx
i=1 n

x
i (n

x
i−1 +1) and

nθy =
∑Ly
i=1 n

y
i (n

y
i−1 + 1).

We remark that all the results reported in this article also apply
to feedforward neural networks, a special case of (2) for nx = 0
and nθx = 0. Moreover, they can be clearly applied also to identify
linear models, that is another special case of (2) when Lx = Ly = 1,
bx1 = 0, by1 = 0, as previously shown in [15]. Another popular
instance of model (1) is the single-layer LSTM model [14], which
we will consider in the form proposed in [16] with output equation
as in (2b).

III. RNN TRAINING PROBLEM

Consider the following RNN learning problem: Given a training
dataset DN ≜ {u(0), y(0), . . . , u(N − 1), y(N − 1)}, determine an

optimal solution (x∗0, θ
∗) to the following mathematical program

min
x0,θ

V (x0, θ) ≜ rθ(θ) + rx(x0) +
1

N

N−1∑
k=0

ℓ(y(k), ŷ(k))

s.t. model equations (1) with x(0) = x0

(3)

where θ ≜
[
θx
θy

]
, ℓ : Rny × Rny → R is a loss function penalizing

the dissimilarity between the training samples y(k) and the predicted
values ŷ(k) generated by simulating (1) from x0, and rθ : Rnθ → R,
rx : Rnx → R are regularization functions. In the examples reported
in Section VI we will consider the (weighted) mean-square error
(MSE) loss ℓMSE(y, ŷ) = 1

2∥y − ŷ∥2Wy
where Wy = W ′

y ≻ 0 is
a weight matrix, the (modified) cross-entropy loss ℓCEϵ(y(k), ŷ) =∑ny
i=1 −yi(k) log(ϵ + ŷi) − (1 − yi(k)) log(1 + ϵ − ŷi) for binary

outputs, the Tikhonov (or ℓ2) regularization terms rθ(θ) =
ρθ
2 ∥θ∥22,

rx(x0) = ρx
2 ∥x0∥22 with ρθ, ρx ≥ 0, and the ℓ1-regularization

rθ(θ) = λ∥θ∥1.
In this article we consider learning problems based on a single

training dataset DN . The extension to multiple training datasets
D1
N1
, . . . , D

nd
Nnd

, DndNd
≜ {ud(0), yd(0), . . . , ud(Nd−1), yd(Nd−

1)}, d = 1, . . . , nd, nd > 1 can be simply formulated as

min
x10,...,x

nd
0 ,θ

rθ(θ) +

nd∑
d=1

rx(x
d
0) +

1

Nd

Nd−1∑
k=0

ℓ(yd(k), ŷd(k))

s.t. ŷd(k), xd(k), and ud(k) satisfy model (1)
xd(0) = xd0, d = 1, . . . , nd.

(4)

A. Condensed learning

An optimizer (x∗0, θ
∗
0) of Problem (3) can be computed by different

unconstrained nonlinear programming (NLP) solvers [17], including
the approach recently proposed in [18]. For a given value of (x0, θ),
evaluating V (x0, θ) requires processing an epoch, i.e., the entire
training dataset. Since the cost function in (3) is not separable due to
the dynamic constraints (1), a gradient descent method corresponds
to the steepest-descent steps[

xt+1
0
θt+1

]
=

[
xt0
θt

]
− αt

[
∂V
∂x0

(xt0, θ
t)

∂V
∂θ (x

t
0, θ

t)

]
(5)

where αt is the learning rate at epoch t = 1, . . . , Ne. By applying
the chain rule for computing derivatives, the gradient of the objective
function with respect to (x0, θ) can be evaluated efficiently by
BPTT [19]. However, gradient computation involves well-known
issues; for example, in the case of vanilla RNNs vanishing gradi-
ents [20] and exploding gradients effects have been reported. While
heuristic remedies to alleviate this effect, such as approximating
the gradients by truncated BPTT or different architectures such as
LSTMs [14] were proposed, the root-cause lies in having condensed
the problem by eliminating the intermediate variables x(k), k =
1, . . . , N − 1.

Problem (3) can be interpreted as a finite-horizon optimal control
problem with free initial state x0 (penalized by rx(x0)), where
θ(k) ≡ θ is the vector of manipulated inputs to optimize, rθ(θ) the
corresponding penalty, ŷ(k) the controlled output, y(k) the output
reference, u(k) a measured disturbance (alternatively, x0 could be
also seen as an input only acting at time −1 to change x(0) from
x(−1) = 0). As well-known in solving MPC problems, the effect
of condensing the problem (a.k.a. “direct single shooting” [21]) by
eliminating state variables potentially leads to numerical difficulties.
For example in standard linear MPC formulations an unstable linear
prediction model x(k + 1) = Ax(k) + Bu(k) leads to a quadratic



program with ill-conditioned Hessian matrix, due to the presence of
the terms Ak that appear in constructing the program (cf., [22]). The
reader is also referred to the recent work [23] for a re-interpretation
of the training problem of feedforward neural networks as an optimal
control problem and the benefits of avoiding condensing from a
solution-algorithm perspective.

B. Relaxed non-condensed learning

By following the analogy with MPC, the problem in (3) can be
solved in non-condensed form (a.k.a. “direct multiple shooting” [24])
by also treating x(1), . . . , x(N−1) (and possibly also vxi (k), v

y
j (k))

as additional optimization variables, subject to the equality constraints
imposed by the RNN model (2) or, more generally, (1). By further
relaxing the model equations we get the following unconstrained
nonlinear optimization problem

min
x0, θ

x1, . . . , xN−1

rθ(θ) + rx(x0) +
1

N

N−1∑
k=0

ℓ(y(k), fy(xk, u(k), θy))

+
γ

2N

N−2∑
k=0

∥xk+1 − fx(xk, u(k), θx)∥22 (6)

where γ > 0 is a scalar penalty promoting the consistency of the
state sequence with model (1).

Note that in the case of MSE loss and ℓ2-regularization, (6) can
be solved as a nonlinear least-squares problem, for which efficient
solution methods exist [17]. The relaxation (6) is also amenable for
stochastic gradient-descent iterations that only update (xk, xk+1, θ)
when sample k is processed:xk+1

k+1

xk+1
k
θk+1

 =

xkk+1

xkk
θk

− αk

 0
∂ℓ
∂x (y(k), fy(x

k
k, u(k), θ

k
y ))

∂ℓ
∂θ (y(k), fy(x

k
k, u(k), θ

k
y ))



−γαk

 I
∂fx
∂x (xkk, u(k), θ

k
x)

′

∂fx
∂θ (xkk, u(k), θ

k
x)

′

 (xk+1 − fk)−
αk
N

 0

∇rx(xk0)δk,0
∇rθ(θk)


(7)

where fk ≜ fx(x
k
k, u(k), θ

k
x)), k = 0, . . . , N − 1. Clearly, (7) can

be also run on multiple epochs by resetting k = 0 at each epoch
t = 1, . . . , Ne.

Finally, we remark that in case of multiple training datasets (nd >
1), the number of optimization variables remains Nnx + nθ , where
N =

∑nd
d=1Nd, and simply some regularization terms γ∥xk+1 −

fx(xk, uk, θx)∥22 are skipped in (6) to take into account that the
initial state of a new training sequence is not related to the final
predicted state of the previous sequence.

C. Relaxed partially-condensed learning

The non-condensed form (6) has nθ+Nnx optimization variables,
where in the present context of control-oriented RNN models usually
Nnx ≫ nθ . Partial condensing [25] can reduce the training problem
as follows. Let us split the dataset DN into M batches, M ≤ N ,
of lengths L1, . . . , LM , respectively (for example, L1 = L2 =
LM−1 = ⌈NM ⌉, LM = N − (M − 1)⌈NM ⌉). Then, we solve the
following problem:

min
x0,x1,...,xM−1,θ

1

N

M−1∑
j=0

Lj−1∑
h=0

ℓ(y(kij), fy(x̂h|j , u(kij), θy)

+rθ(θ) + rx(x0) + γ
N − 1

2N(M − 1)

M−2∑
j=0

∥xj+1 − x̂Lj |j∥
2
2

(8)

where kij ≜ h +
∑j−1
s=0 Ls and x̂h|j is the hidden state predicted

by iterating (1) over h steps from the initial condition xj under the
input excitation u(Lj), . . . , u(Lj + h − 1), h = 1, . . . , Lj , j =
0, . . . ,M − 1. Similarly to the approach of [5], problem (8) can be
solved by an SGD method by processing Lj samples at the time, that
results in updating (xj+1, xj , θ) at each SGD iteration. Note that (8)
includes (6) as a special case by setting M = N , Lj ≡ 1.

IV. TRAINING BY EXTENDED KALMAN FILTERING

To address the recursive estimation of θ from real-time streams
of input and output measurements, and to counteract the slow
convergence of SGD methods, we consider the use of extended
Kalman filtering (EKF) techniques as in [10], [11] to recursively
update θ and the current hidden state vector. To this end, let us rewrite
model (1) as the following nonlinear system affected by noise

x(k + 1) = fx(x(k), u(k), θx(k)) + ξ(k)

y(k) = fy(x(k), u(k), θy(k)) + ζ(k)

θ(k + 1) = θ(k) + η(k), θ(k) ≜

[
θx(k)
θy(k)

] (9)

where ξ(k) ∈ Rnx , ζ(k) ∈ Rny , and η(k) ∈ Rnθ are white, zero-
mean, noise vectors with covariance matrices Qx(k), Qy(k), and
Qθ(k), respectively, with Qx(k) = Qx(k)

′ ⪰ 0, Qx(k) ∈ Rnx×nx ,
Qy(k) = Qy(k)

′ ≻ 0, Qy(k) ∈ Rny×ny , Qθ(k) = Qθ(k)
′ ⪰ 0,

Qθ(k) ∈ Rnθ×nθ for all k.
The model coefficient vector θ̂(k) and the hidden state x̂(k) are

estimated with data up to time k according to the following classical
recursive EKF updates:

C(k) =
[
∂fy
∂x 0

∂fy
∂θy

]∣∣∣
θ̂(k|k−1),x̂(k|k−1),u(k)

M(k) = P (k|k − 1)C(k)′[C(k)P (k|k − 1)C(k)′

+Qy(k)]
−1

e(k) = y(k)− fy(x̂(k|k − 1), u(k), θ̂y(k|k − 1))[
x̂(k|k)
θ̂(k|k)

]
=

[
x̂(k|k − 1)

θ̂(k|k − 1)

]
+M(k)e(k)

P (k|k) = (I −M(k)C(k))P (k|k − 1)

(10a)

[
x̂(k + 1|k)
θ̂(k + 1|k)

]
=

[
fx(x̂(k|k), u(k), θ̂x(k|k))

θ̂(k|k)

]

A(k) =


∂fx
∂x

∂fx
∂θx

0

0 I 0

0 0 I


∣∣∣∣∣∣∣
θ̂(k|k),x̂(k|k),u(k)

P (k + 1|k) = A(k)P (k|k)A(k)′ +
[
Qx(k) 0

0 Qθ(k)

]
.

(10b)
Note that in the single output case (ny = 1), the matrix inversion
in (10a) becomes a simple division.

Let us recall the equivalence between the EKF (10) and Newton’s
method [26, Sect. 5.2] for solving (6) in the case of loss ℓMSE and



ℓ2-regularization, and of an additional penalty on updating θ:

min
x0, x1, . . . , xN−1
θ0, θ1, . . . , θN−1

1

2

∥∥∥∥[x0θ
]
−

[
x(0| − 1)
θ(0| − 1)

]∥∥∥∥2
P (0|−1)−1

+
1

2

N−1∑
k=0

∥y(k)− fy(xk, u(k), θyk)∥2Q−1
y (k)

+
1

2

N−2∑
k=1

∥xk+1 − fx(xk, u(k), θxk)∥2Q−1
x (k)

+∥θk+1 − θk∥2Q−1
θ

(k)
.

(11)
By dividing the cost function in (11) by N , we have that Qx = 1

γ I ,
Qy = W−1

y , while Qθ(k) = 1
αk
I induces a learning-rate due

to minimizing the additional term αk
2 ∥θk+1 − θk∥22. The initial

vector
[
x(0)
θ(0)

]
is treated as a random vector with mean

[
x(0|−1)
θ(0|−1)

]
and covariance P (0| − 1) = P (0| − 1)′ ⪰ 0, P (0| − 1) ∈
R(nx+nθ)×(nx+nθ). By the aforementioned analogy between EKF
and Newton’s method, we have that

P (0| − 1) =

[
1

Nρx
I 0

0 1
Nρθ

I

]
(12)

is directly related to the ℓ2-regularization terms rθ(θ) =
ρθ
2 ∥θ∥22,

rx(x0) =
ρx
2 ∥x0∥22 used in (6) when x(0| − 1) = 0, θ(0| − 1) = 0.

We remark that the EKF iterations (10) are not guaranteed to converge
to a global minimum of the posed training problem. The reader is
referred to the EKF convergence results reported in [15], [27] for
further details.

In the next section, we show how to extend EKF-based training to
handle generic strongly convex and twice differentiable loss functions
ℓ and regularization terms rθ , rx.

A. EKF with general output prediction loss

Lemma 1: Let ℓ : Rny ×Rny → R be strongly convex and twice
differentiable with respect to its second argument ŷ. Then by setting

Qy(k) ≜

(
∂2ℓ(y(k), ŷ(k|k − 1))

∂ŷ2

)−1

(13a)

e(k) = −Qy(k)
∂ℓ(y(k), ŷ(k|k − 1))

∂ŷ
(13b)

the EKF updates (10) attempt at minimizing the loss ℓ.
Proof: At each step k, let us take a second-order Taylor

expansion of ℓ(y(k), ŷ) around ŷ(k|k − 1) to approximate

argmin ℓ(y(k), ŷ) ≈ argmin{ 1
2∆y

′
kQ

−1
y (k)∆yk

+φ′
k∆yk}

= argmin{ 1
2∥ŷ(k|k − 1)−Qy(k)φk − ŷ∥2

Q−1
y (k)

}
(14)

where ∆yk = ŷ − ŷ(k|k − 1) and φk ≜ ∂ℓ(y(k),ŷ(k|k−1))
∂ŷ .

Due to the parallel between EKF and Newton’s method recalled
in (11), feeding the measured output y(k) = ŷ(k|k− 1)−Qy(k)φk
gives e(k) and Qy(k) as in (13).

Remark 1: Note that for the MSE loss ℓMSE(y(k), ŷ) =
1
2∥y(k)−

ŷ∥2Wy
, as Qy(k) = W−1

y , we get φk = Q−1
y (k)(ŷ(k|k − 1) −

y(k)) and hence from (13b) the classical output prediction error term
e(k) = y(k)− ŷ(k|k − 1).

Remark 2: When the modified cross-entropy loss ℓCEϵ(y(k), ŷ) is
used to handle binary outputs y(k) ∈ {0, 1} and predictors ŷ(k|k −
1) ∈ [0, 1] we get φk = − y(k)

ϵ+ŷ(k|k−1)
+

1−y(k)
1+ϵ−ŷ(k|k−1)

and

Qy(k) =

(
y(k)

(ϵ+ ŷ(k|k − 1))2
+

1− y(k)

(1 + ϵ− ŷ(k|k − 1))2

)−1

.

(15a)
Hence, from (13b), we get e(k) = −1− ϵ− ŷ(k|k−1) for y(k) = 0
and e(k) = ϵ+ ŷ(k|k − 1) for y(k) = 1, or equivalently

e(k) = (1 + 2ϵ)y(k) + ŷ(k|k − 1)− 1− ϵ. (15b)

Note that ϵ > 0 is used to avoid possible numerical issues in
computing Q−1

y (k) when ŷ(k|k − 1) tends to 0 or 1.

B. EKF with generic regularization terms

We have seen in (12) how a quadratic regularization rθ can be
embedded in the EKF formulation by properly defining P (0| − 1).
We now extend the formulation to handle more general regularization
terms.

Lemma 2: Consider the generic regularization term

rθ(θ) = Ψ(θ) +
1

2
ρθ∥θ∥22

and let Ψ : Rnθ → R be strongly convex and twice differentiable.
Then by extending model (9) with the additional system output

yΨ(k) = θ(k) + µΨ(k) (16)

where µΨ(k) has zero mean and covariance

QΨ(k) = (∇2
θΨ(θ(k|k − 1)))−1 (17a)

and by feeding the error term

eΨ(k) = −QΨ(k)∇θΨ(θ(k|k − 1)) (17b)

the EKF updates (10) attempt at minimizing rθ(θ).
Proof: Since Ψ(θ) = 1

N

∑N−1
k=0 Ψ(θ), at a given prediction

step k consider the further loss term Ψ(θ) and its approximate
minimization around θ(k|k − 1)

argminΨ(θ) ≈ argmin

{
1

2
∆θ′kQ

−1
Ψ ∆θk + γ′k∆θk

}
= argmin

{
1

2
∥∆θk +QΨ(k)γk∥2Q−1

Ψ
(k)

}
where ∆θk ≜ θ−θ(k|k−1) and γk ≜ ∇θΨ(θ(k|k−1)). By feeding
the measurement yΨ(k) = θ(k|k − 1) − Q−1

Ψ (k)γk to the EKF, as
in (13) we get the additional error term eΨ(k) = −QΨ(k)γk and
the corresponding output Jacobian matrix CΨ(k) = [0 I].

Note that for Ψ(θ) = 1
2 ρ̄θ

∑nθ
i=1 θ

2
i , then QΨ(k) = 1

ρ̄θ
I and

eΨ(k) = −θ̂(k|k − 1). Next Lemma 3 specializes the result of
Lemma 2 to the case of separable regularization functions.

Lemma 3: Let Ψ(θ) =
∑nθ
i=1 ψi(θi) and assume that each func-

tion ψi : R → R is strongly convex and twice differentiable. Then,
after each measurement update k and before performing the time
update in (10), minimizing the additional loss Ψ corresponds to 1)
setting [

x̂(k0)

θ̂(k0)

]
=

[
x̂(k|k − 1)

θ̂(k|k − 1)

]
+M(k)e(k)

P (k0) = (I −M(k)C(k))P (k|k − 1)

(18a)



2) iterating

CΨi(ki) = Inx+i,:

eΨi(ki) = − ψ′
i(θ̂i(ki−1))

ψ′′
i (θ̂i(ki−1))

M(ki) =
P:,nx+i(ki−1)

Pnx+i,nx+i(ki−1) + 1/ψ′′
i (θ̂i(ki−1))[

x̂(ki)

θ̂(ki)

]
=

[
x̂(ki−1)

θ̂(ki−1)

]
+M(ki)eΨi(ki)

P (ki) = P (ki−1)−M(ki)Pnx+i,:(ki−1) (18b)

for i = 1, . . . , nθ , and 3) assigning[
x̂(k|k)
θ̂(k|k)

]
=

[
x̂(knθ )

θ̂(knθ )

]
, P (k|k) = P (knθ ). (18c)

Proof: The result simply follows due to the independence of
each component µΨi(k) in (16), i = 1, . . . , nθ , and ζ(k) in (9),
see, e.g., [28, Sect. 10.2.1]. In fact, the multi-output measurement
update of the EKF can be processed sequentially, i.e., first y(k) to
get x̂(k0), θ̂(k0), P (k0), and then the outputs yΨi(k) one by one,
for i = 1, . . . , nθ , finally getting x̂(k|k), θ̂(k|k), and P (k|k).

C. EKF-based training with ℓ1-regularization
When training RNN models several degrees of freedom exist in

selecting the model structure, i.e., the number of layers and of neurons
in each layer of the feedforward neural networks fx, fy . It is common
to start with a large enough number of parameters and then promote
the sparsity of θ by introducing the penalty λ∥θ∥1 on θ. We next
show how to handle such a sparsifier in our EKF-based setting.

Theorem 1: Minimizing the additional loss λ∥θ∥1 corresponds to
the measurement updates as in (18) with (18) replaced by[

x̂(ki)

θ̂(ki)

]
=

[
x̂(ki−1)

θ̂(ki−1)

]
− λ sign(θ̂i(ki−1))P:,nx+i(ki−1)

P (ki) = P (ki−1), i = 1, . . . , nθ (19a)

Proof: Consider the following smooth version of the 1-norm
Ψ(θ) = λ

∑nθ
i=1

√
θ2i + τθ4i , τ > 0, and the associated derivatives

ψ′
i(θi) = λ

2τθ3i +θi

(τθ4i +θ
2
i )

1
2

, ψ′′
i (θi) = λ

τθ4i (2τθ
2
i +3)

(τθ4i +θ
2
i )

3
2

. By applying

Lemma 3 we get the following updates eΨi(ki) = − 2τ2θ̂4i +3τθ̂2i +1

τθ̂i(2τθ̂
2
i +3)

,

M(ki) =
λτθ̂4i (2τθ̂

2
i +3)P:,nx+i

λτθ̂4i (2τθ̂
2
i +3)πii+(τθ̂4i +θ̂

2
i )

3
2

where for simplicity we set

πii ≜ Pnx+i,nx+i and omitted “(ki−1)”, and we also assumed

θi ̸= 0. For τ → 0 we get M(ki)eΨi(ki) → − λθ̂3i

(θ̂2i )
3
2
P:,nx+i =

−λ sign(θ̂i)P:,nx+i and M(ki) → 0. For θ̂i → 0 we get
M(ki)eΨi(ki) → 0 and M(ki) → 0 for all τ > 0. As M(ki) → 0,
we also get P (ki) = P (ki−1) in (18).

An alternative to (19a) is to evaluate all the sign terms upfront at
θ̂(k0) = θ̂(k|k − 1), leading to the update[

x̂(k|k)
θ(k|k)

]
=

[
x̂(k|k − 1)
θ(k|k − 1)

]
+M(k)e(k)

−λP (k|k − 1)

[
0

sign(θ̂(k|k − 1))

]
P (k|k) = (I −M(k)C(k))P (k|k − 1) (19b)

D. Complexity of EKF-based training

We briefly discuss the numerical complexity of the proposed EKF-
based training method. The iterations (10) require the following
steps: forming matrix C(k) requires evaluating ny(nx+nθy ) partial
derivatives; evaluating M(k) requires computing D1(k) ≜ P (k|k−
1)C(k)′, D2(k) ≜ C(k)D1(k), the ny × ny inverse symmetric
matrix D3(k) ≜ [Qy(k) + D2(k)]

−1, and then evaluate M(k) =
D1(k)D3(k), which has an overall complexity O(ny(nx + nθ)

2 +
(nx+nθ)n

2
y+n

3
y); note that no matrix inversion is required in (10)

in the single-output case (ny = 1), as it becomes a simple division.
Evaluating P (k|k) = P (k|k − 1) − M(k)D1(k)

′ has complex-
ity O(ny(nx + nθ)

2); forming matrix A(k) requires evaluating
nx(nx+nθx) partial derivatives; finally, updating P (k+1|k) requires
O(n3x + nx(n

2
θx

+ n2θy ) + n2xnθ) operations. The reader is referred
to [Ch. 10] [28] for different implementations of the EKF, such as in
factored or square-root form.

In the multi-output case (ny > 1), an alternative and slightly
different formulation to avoid inverting Qy(k) + D2(k) is to take
Qy(k) diagonal and treat measurements updates one by one as
in (18). The drawback of this approach is that M(k) and P (k|k)
must be updated ny times. Since typically ny ≪ nθ , in general this
would be computationally heavier than performing the computations
in (10).

When the additional ℓ1-penalty ∥θ∥1 is included, Eq. (19) requires
extra O(nθ(nx + nθ)) operations. When including a more general
separable penalty Ψ(θ) =

∑nθ
i=1 ψi(θ), QΨ(k) is an nθ × nθ diag-

onal matrix and Eq. (17) requires computing nθ second derivatives
d2ψi
dθ2i

and their reciprocals, and eΨ(k) involves O(nθ) operations.

Then (18) has a complexity O(nθ(nθ + nx)
2).

We finally remark that, according to our numerical experience,
the main computation complexity is due to computing the partial
derivatives in A(k) and C(k) (e.g., by back-propagation), especially
in the case of neural networks with a large number Lx, Ly of
layers. Clearly, the computation of Jacobian matrices is required by
all gradient-based training algorithms.

E. Initial-state reconstruction

Given a model θ and a dataset {ū(0), ȳ(0), . . . , ū(N̄ − 1), ȳ(N̄ −
1)}, testing the prediction capabilities of the model in open-loop
simulation requires determining an appropriate initial state x̄(0). A
way to get x̄(0) is to solve the following state-reconstruction problem
with nx variables

min
x̄0

rx(x0) +
1

N̄

N̄−1∑
k=0

ℓ(ȳ(k), ŷ(k)) (20)

where ŷ(k) are generated by iterating (1) from x(0) = x̄0, or its
equivalent non-condensed or partially-condensed form.

Solving (20) is not only useful to test a trained model on new
data, but also when running the EKF (10) offline on training data
over multiple epochs. In this case, Problem (20) can provide a suitable
value for x(0|−1) for the new epoch based on the last vector θ̂(N−
1|N − 1) learned, that is used in (20) and as the initial condition
θ(0| − 1) for the new epoch. We also set P (0| − 1) equal to the
value P (N |N − 1) from the previous epoch, although alternative
re-initialization methods might be envisioned.

In the case of multiple training experiments nd > 1, it is enough to
run the EKF on each dataset DndNd

by always resetting the initial state

x(0)d as in (20) based on the first N̄ samples in DndNd
, while vector θ

and the covariance matrix P get propagated across experiments and
epochs.



V. NONLINEAR MODEL PREDICTIVE CONTROL

In a fully adaptive case, the EKF as in (10) can be used online both
to estimate the state and to update the parameters of the model from
streaming output measurements. Then, a nonlinear MPC controller
can be setup by solving a finite-time nonlinear optimal control
problem over the horizon [k, k + p] at each execution time k for
a given prediction horizon p, taking x̂(k|k) as the initial state of
the prediction and using θ̂(k|k) to make nonlinear predictions. An
example of such an adaptive nonlinear MPC scheme, that we will
use in the numerical experiments reported in Section VI, is

min
u0,...,up−1

p∑
t=0

∥W∆u(ut − ut−1)∥22 + ∥W y(yt − rt)∥22

s.t. xt+1 = fx(xt, ut, θ̂x(k|k)), yt = fy(xt, ut, θ̂y(k|k))

umin ≤ ut ≤ umax
(21)

where x0 = x̂(k|k) and u−1 = u(k − 1). Note that the last penalty
on up−up−1 and the first penalty on y0−r0 in (21) can be omitted
in case of strictly-causal RNN models.

When full adaptation is not recommended, for instance to prevent
excessive changes of the model parameters and/or to avoid computing
the full EKF iterations, a non-adaptive nonlinear MPC setting can be
used, in which an optimal vector θ∗ of parameters is obtained offline
by running (10) on a training input/output dataset and used to make
model-based predictions. A possible drawback of the latter approach
is that offsets may arise in steady state when tracking constant set-
points due to model/plant mismatches. A common practice is to
augment the observer with a disturbance model, that in the current
nonlinear MPC setting corresponds to augment the prediction model
as follows (cf., [29]):

x(k + 1) = fx(x(k), u(k), θx(k)) +Bdd(k) + ξ(k)

y(k) = fy(x(k), u(k), θy(k)) + Cdd(k) + ζ(k)

d(k + 1) = d(k) + η(k) (22)

and estimate x̂(k|k), d̂(k|k) by EKF. Clearly, such a solution
corresponds to only updating the bias terms bx1 , byLy

of the RNN
model (2) by setting bx1(k|k) = (bx1)

∗ + Bdd(k|k), b
y
Ly

(k|k) =

(byLy
)∗ + Cdd(k|k). The (frequently used) case of pure output

disturbance models (Bd = 0, Cd = I) corresponds to only updating
byLy

.

VI. NUMERICAL EXPERIMENTS

We test the proposed EKF-based RNN learning method on system
identification and nonlinear MPC problems. All computations are
done in MATLAB R2022b on an Apple M1 Max machine using
CasADi [30] for automatic differentiation. We use the particle swarm
optimizer PSwarm [31] to solve the low-dimensional nonlinear pro-
gramming problem (20) with N̄ = 100, initial population of 2nx
samples, and each component of x0 restricted in [−3, 3].

Unless stated differently, we use covariance matrices1, Qx(k) ≡
10−10I , Qθ(k) ≡ 10−10I , Qy(k) ≡ 1, P (0| − 1) as in (12),
initial state x(0| − 1) = 0, γ = 10−4 in (6), and Adam [32]
over Ne = 500 epochs with hyperparameters β1 = 0.9, β2 =
0.999 for SGD. Standard scaling of the input and output samples
is performed by computing their means and standard deviations on
training data. Model quality is judged in terms of the best fit rate BFR

1We observed that larger values of Qx(k), Qθ(k) only slow down
convergence speed without providing any other benefit.
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Fig. 1: Fluid damper benchmark: MSE loss 1
2N

∑N−1
k=0 (y(k)− ŷ(k))2

evaluated at each epoch

= 100
(
1− ∥Y−Ŷ ∥2

∥Y−ȳ∥2

)
for numeric outputs, where Y is the vector of

measured output samples, Ŷ the vector of output samples simulated
by the identified model fed in open-loop with the input data, and ȳ
is the mean of Y , and by the accuracy a = 1

N

∑N
k=1 δŷb(k),y(k) for

binary outputs, where ŷb(k) = 0 if ŷ(k) < 0.5 or 1 otherwise. In all
tests, we initialize the weights of the neural networks of the model
by using Xavier initialization [33], with zero bias terms.

A. Fluid damper benchmark

We consider the magneto-rheological fluid damper problem [34]
used in the System Identification (SYS-ID) Toolbox for MATLAB
R2022b [35] for nonlinear autoregressive (NARX) model identifica-
tion, which consists of N = 2000 training data and 1499 test data.
We want to train a RNN model (2) with nx = 4 hidden states and
shallow state-update and output network functions (Lx = Ly = 2)
with nx1 = ny1 = 6 neurons, arctangent activation functions fx1 , f

y
1 ,

and linear output function fy2 , and ℓ2-regularization penalties ρθ =

ρx = 10−3. We run the EKF-based learning method over Ne = 50
epochs and compare the results to those obtained by solving the fully
condensed problem (3) and the partially-condensed problem (8) with
M = 50 by using Adam with learning rate lr = 0.005 (the value
of lr was chosen to get a good tradeoff between convergence speed
and avoiding excessive oscillations).

Fig. 1 shows the resulting MSE loss values in a typical run. When
using EKF, after each epoch the initial condition x0 is reconstructed
by solving (20) with ū(k) = u(k), ȳ(k) = y(k) to evaluate the MSE
loss. It is apparent that EKF reaches a good-quality model already
after one pass through the training dataset and outperforms the other
methods. Another advantage of EKF is that little effort was put on
tuning the covariance matrices Qy , Qx, Qθ , P (0| − 1) for the EKF,
while Adam required a careful tuning of the learning rate lr and also
of the penalty γ in case M > 1.

Table I compares the fit results obtained by running the training
methods on both the same RNN model structure and an LSTM
model [16] with 4 hidden and 4 cell states (i.e., nx = 8 states) and
the same output function fy . The table shows the mean and standard
deviation obtained over 20 runs (with Ne = 25 used for EKF),
starting from different initial model parameters, always computing
the fit on the model with the lowest MSE obtained among all epochs.
For further comparison, the best model Narx_6_2 reported in [35]
provides a fit of 88.18% on training data and 85.15% on test data.

Fig. 2 shows the mean BRF obtained over 20 runs when training
the RNN model (2) under ℓ1-regularization λ∥θ∥1, introduced in the
EKF as in (19b), for different values of λ. The figure also shows
the mean percentage of zero entries in the resulting parameter vector
θ, where each entry θi such that |θi| ≤ 10−3 is set to zero after
EKF training. As expected, for increasing values of λ the parameter
vector gets more sparse, at the price of decreased prediction quality.
For large values of λ (roughly λ > 10−3), results start deteriorating,



TABLE I: FLUID DAMPER BENCHMARK: MEAN BFR (STANDARD

DEVIATION) OBTAINED OVER 20 RUNS

BFR Adam Adam EKF
M = 1 M = 50

RNN training 89.12 (1.83) 88.56 (1.85) 92.82 (0.33)
nθ = 107 test 85.51 (2.89) 83.75 (4.71) 89.78 (0.58)
LSTM training 89.60 (1.34) 87.47 (2.90) 92.63 (0.43)
nθ = 139 test 85.56 (2.68) 80.62 (6.89) 88.97 (1.31)
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Fig. 2: Fluid damper benchmark: BRF and sparsity of θ optimized
by EKF vs ℓ1-regularization coefficient λ (mean values over 20 runs)

possibly due to the excessively large steps taken in (19b) that mine
the convergence of the EKF.

B. Linear dynamical system with binary outputs

Consider 2000 input/output pairs generated by the following linear
system with binary outputs

x(k + 1) =

.8 .2 −.1
0 .9 .1
.1 −.1 .7

x(k) +
−1
.5
1

u(k) + ξ(k)

y(k) =

{
1 if

[
−2 1.5 0.5

]
x(k)− 2 + ζ(k) ≥ 0

0 otherwise

from x(0) = 0, with the values of the input u(k) changed with
90% probability from step k to k + 1 with a new value drawn from
the uniform distribution on [0, 1]. The disturbances ξi(k), ζ(k) ∼
N (0, σ2), i = 1, 2, 3, are assumed independent. We consider the
first N = 1000 samples for training, the rest for testing the model.
We want to fit an affine model (Lx = Ly = 1) with sigmoidal output
function fy1 (y) = 1/(1+e−A

y
1 [x

′(k) u(k)]′−by1 ). Output data are not
scaled.

We run EKF (Ne = 25) and Adam with ρx = ρθ = 10−2, the
initial weights randomly generated as in [33] and further scaled by
a factor 1

20 , and the remaining settings as in Section VI-A, modified
cross-entropy loss ℓCEϵ for ϵ = 0.005, and EKF updates as in (15).
Adam is run with learning rates selected by trial and error as lr =
0.01 (lr = 0.001) for M = 1 (M = 50) to trade off convergence
rate and variance. Table II shows the accuracy obtained by EKF and
Adam (for M = 1 and M = 50) for increasing values of σ. Note
that we kept Qx = 10−10 in all tests, as we assumed not to know
the intensity of the disturbances entering the system.

C. Nonlinear MPC benchmark: ethylene oxidation plant

We consider data generated from the ethylene oxidation plant
model used as a nonlinear MPC benchmark in the Model Predictive
Control Toolbox for MATLAB. A dataset of 2000 samples is gen-
erated by numerically integrating the system of nonlinear ordinary
differential equations of the plant model with high accuracy and
collecting samples every Ts = 5 s. The plant model has 4 states (gas
density, C2H4 concentration, C2H4O concentration, and temperature

TABLE II: LINEAR SYSTEM WITH BINARY OUTPUTS: ACCURACY

(%) ON TEST (TRAINING) DATA (MEAN VALUES OVER 20 RUNS)

σ M = 1 M = 50 EKF

0.000 97.37 (96.86) 83.06 (86.07) 98.02 (97.91)
0.001 95.00 (98.41) 86.88 (88.41) 95.33 (98.66)
0.010 97.38 (97.47) 87.65 (85.59) 97.99 (98.52)
0.100 94.84 (94.49) 74.64 (83.94) 94.56 (95.44)
0.200 91.49 (90.80) 80.37 (82.88) 93.71 (92.22)
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ŷ(tjt)
y(t)

0 50 100 150 200 250 300

time [s]

0

0.2

0.4

0.6

feed volumetric .ow rate u(t), feed C2H4 concentration v(t)

u(t)
v(t)

Fig. 3: Ethilene oxidation benchmark: NLMPC results

in the reactor), one output (y = C2H4O concentration), and two inputs
(u = total volumetric feed flow rate, that can be manipulated, and v
= C2H4 concentration of the feed, which is a measured disturbance).
Half the dataset (N = 1000 samples) is used to train a RNN with
Lx = 3 (i.e., a two-layer state-update neural network), Ly = 1,
nx = 4, nx1 = 6, nx2 = 4, affine output function, sigmoidal activation
functions fx1 , f

x
2 , and unit output function fy1 . We run the EKF-based

training algorithm by processing the dataset in Ne = 20 epochs,
which takes 4.54 s on the target machine. The resulting BRF is
94.33% on training data and 89.08% on test data.

The corresponding NLMPC controller, with MPC weights W∆u =
0.1, W y = 10, umin = 0.0704, umax = 0.7042, and prediction
horizon p = 10, is implemented using MATLAB’s fmincon solver
with default parameters and no Jacobian information, warm-started
from the shifted previous optimal solution. To close the feedback
loop and get offset-free tracking of constant set-points, we apply
EKF on line to estimate the state of the extended RNN model (22)
with Bd = 0, Cd = 1 (output disturbance model); this corresponds
to only adapting the bias coefficient by1 in (2b), with covariances
E[ξ(k)ξ(k)′] = 0.01I , E[η(k)2] = 1, E[ζ(k)2] = 0.01, and P (0|−
1) = I . The obtained closed-loop results are depicted in Fig. 3,
where it is apparent that a very good tracking is achieved despite
the black-box RNN model used for prediction. The execution time
ranges between 1.35 ms and 35.15 ms (8.86 ms on average) to solve
the NLMPC problem and between 0.03 ms and 4.58 ms (0.15 ms on
average) for state estimation.

VII. CONCLUSIONS

We have shown that EKF is an effective way of learning control-
oriented RNN models from input and output data, even in the case of
general strongly convex and twice-differentiable loss functions and
ℓ1-regularization. The approach is particularly suitable for online
learning and model adaptation of recurrent neural networks and
can be immediately extended to handle other classes of parametric
nonlinear state-space models.

An interesting topic for future research is to study the conditions
to impose on the RNN structure to make x and θ observable, in



particular to prevent over-parameterizing the model, and on how to
choose model structure, loss function, and regularization terms to
guarantee the asymptotic convergence of the filter.
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