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An Accelerated Dual Gradient-Projection Algorithm
for Embedded Linear Model Predictive Control

Panagiotis Patrinos and Alberto Bemporad, Fellow, IEEE

Abstract—This paper proposes a dual fast gradient-projection
method for solving quadratic programming problems that arise in
model predictive control of linear systems subject to general poly-
hedral constraints on inputs and states. The proposed algorithm is
well suited for embedded control applications in that: 1) it is ex-
tremely simple and easy to code; 2) the number of iterations to
reach a given accuracy in terms of optimality and feasibility of
the primal solution can be tightly estimated; and 3) the computa-
tional cost per iteration increases only linearly with the prediction
horizon.

Index Terms—Computational methods,
rithms, predictive control for linear systems.

optimization algo-

I. INTRODUCTION

ODEL predictive control (MPC) is continuously
gaining popularity in industry to solve a very wide
spectrum of control problems due to its ability to explicitly
optimize closed-loop performance and to take into account con-
straints on command inputs, internal states, and outputs [1]-[3].
The key enabler for the spread of MPC in industry is the avail-
ability of algorithms that can solve the quadratic program (QP)
associated with MPC online at each sampling step. This means
the availability of embedded optimization algorithms for QPs
that: 1) can provide a solution within the available sampling
interval (e.g., 10 ms in a typical automotive application) on
relatively simple control hardware (e.g., a microcontroller or
a field-programmable gate array); 2) require a small memory
footprint to store the data defining the optimization problem
and the code implementing the optimization algorithm itself; 3)
lead to a control code that is simple enough to be software-cer-
tifiable, especially in safety-critical applications; and 4) have
worst-case execution time that is well predictable, in order to
satisfy hard real-time system requirements.
During the last years various researchers have spent consid-
erable efforts to develop algorithms that address the above re-
quirements. To date, many good algorithms and packages for

Manuscript received August 05,2012; revised February 12,2013 and June 27,
2013; accepted June 27, 2013. Date of publication July 30, 2013; date of current
version December 19, 2013. This work was supported by the HY CON2 Net-
work of Excellence “Highly-Complex and Networked Control Systems” under
Grant Agreement 257462 and by the “E-PRICE: Price-based Control of Elec-
trical Power Systems” under Grant Agreement 249096. Preliminary versions
and parts of this work were presented in [20] and [21]. Recommended by As-
sociate Editor A. Ferrara.

The authors are with IMT Institute for Advanced Studies Lucca, 55100 Lucca,
Italy (e-mail: panagiotis.patrinos@imtlucca.it; alberto.bemporad@imtlucca.it).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TAC.2013.2275667

QP are available to solve linear MPC problems, mainly ac-
tive-set methods [4]-[6], interior-point methods [7]-[9], and
Newton methods [10].

A different approach to meet the above requirements was
taken in [11], where the authors proposed the use of multipara-
metric quadratic programming to precompute the optimal solu-
tion as an explicit piecewise affine function of the state vector.
Nonetheless, the approach is limited to relatively small prob-
lems (typically: one or two command inputs,short prediction
horizons, up to ten states) and to linear time-invariant (LTI) sys-
tems, so the quest for adequate QP algorithms to be embedded
in control applications for online execution is continuing.

Within the MPC community, fast gradient-projection
methods [12], [13] were also proposed very recently in
[14]-[18]. In [15], [16] a first step was made towards com-
putational complexity certification for the method of [12]
when applied to MPC. The fast gradient-projection method is
applied to the primal problem, so the results are limited only
to input-constrained MPC problems with simple constraint sets
(e.g., a box). In [17] the fast gradient method is applied to the
dual of the MPC problem, where the equality constraints cor-
responding to the state equations are relaxed. This framework
can only handle bound input-state constraints with diagonal
weight matrices and ellipsoidal constraints on the terminal
state, with the Hessian matrix defining the ellipsoid being equal
to that of the terminal cost. Complexity certification is provided
only for the dual cost (whereas in MPC the main concern
is on primal cost and feasibility of primal variables) and the
estimated bounds are not tight in general. In [19] a combination
of the augmented Lagrangian with the fast gradient-projection
method is proposed for linear time-invariant MPC with box
constraints. The algorithm involves an outer and inner loop and
has no complexity certification.

In this paper we propose an algorithm based on the fast gra-
dient-projection method of [12] for linear MPC problems with
general polyhedral constraints on inputs and states. Specifi-
cally, the fast gradient-projection method is applied to the dual
problem resulting by relaxing the inequality constraints. Global
convergence rates of O(1/1%) (where v is the iteration counter)
are provided not only for dual optimality but also for primal
optimality, primal feasibility, and distance from the primal op-
timizer, which are all that matter in MPC applications. In addi-
tion, practical termination criteria are provided that guarantee
a solution of prespecified accuracy. Furthermore, an efficient
way of calculating the gradient of the dual function with a com-
plexity that increases only linearly with the prediction horizon
is described. Finally, some practical ways for determining the
worst-case number of iterations to achieve a certain accuracy
are provided for MPC problems.

0018-9286 © 2013 IEEE
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II. NOTATION

Let R, N, R", R"*™, S§% ,§% . denote the sets of real num-
bers, non-negative integers, column real vectors of length n,
real matrices of size m by n, symmetric positive semidefinite
and positive definite n by 7 matrices, respectively. The trans-
pose of a matrix A € R™*™ is denoted by A’. For any non-
negative integers k1 < ko the finite set {k1,k1 + 1,...,ko}
is denoted by N, #,1- If k1 = 0 we simply write Ny, . For
z € R™, [2]4+ denotes its Euclidean projection on the nonnega-
tive orthant, i.e., the vector whose ¢th coordinate is max{z;, 0}.
For C C R? x R™, the projection of C' onto the p-axis, is de-
noted by P,C' = {p € R332z € R" s.t. (p,z) € C}. For
a vector z € R, ||z|| denotes its Euclidean norm, while if
A € R™ ™ || A|| denotes its spectral norm (unless otherwise
stated). For A € R™*"™, A;. denotes the ith row of A. The
n-dimensional vector whose entries are all equal to one is de-
noted by 1 (the dimension should be clear from the context).
The Kronecker product of A € R™*™, B € RP*7 is denoted
by A® B.If V : R™ — R is continuously differentiable and
[[VV(z1) — VV(z2)]| € Ly ||z1 — 22|| for all z1, 29 € R™ then
we say that V' is Ly--smooth. If there exists a y43» > 0 such that
(VV(21)=VV(22)) (21— 22) > pv| 21— 22||? forevery 21, 22
belonging to some convex set C' then we say that V' is strongly
convex on C with convexity parameter zy . For a set C' C R™,
int C, rint C, bdr C denote its interior, its relative interior and
its boundary, respectively. The graph of a set-valued mapping
S:RY =3 R, isthesetgph S = {(p, 2)|z € S(p)}, its domain
isdom S = {p|S(p) # 0} = P,(gph S), while its range is
rge & = {z|3p with z € S(p)}.

III. BASIC SETUP

Consider an MPC formulation based on the following
constrained finite-horizon linear-quadratic optimal control
problem:

N-1

V*(p) = min Z g, ur) + Vyi(ew) (1a)
k=0

st. wg=p (1b)

Tpy1 = Az + Bup + f. k€Ny_1  (l¢)

Fap+ Gup <e, keNy_1 (1d)

Fyry <cn (Le)

where given a vector p € R"™ (the current state
vector) the goal is to compute a state-input sequence
{:1}0,.. .,uNfl}, (.Lk € R" uy € Rn“) for the
LTI model (1c), such that it minimizes the finite-horizon cost
(1a) over the prediction horizon of length N, while satisfying
initial condition (1b), linear state-input constraints (1d)
(¢ € R™+) and linear terminal constraints (le) (¢cy € R™~). It
is assumed that the stage cost is

- TN, UQ, - -

Uz, u) = !

LTS RIEEL] o

and that the terminal cost is

1
Vi) = 32'Qu + e 3)

Q 5

Ty 10y ny
S R €Sy ,and @ € S,

g
where /t € S}, , [

Let z = [v---a], v = [uh--uly_,] and z =
[« u’]/ € R (n = Nny, + (N + 1)n,). Also, let
V(z) = i ) + Vian), 2(p) = {2 €
R*?|zqg = p,ak+1 = Axp + Bup + fk € Ny_1} and

g : R* = R™ (m = Nm, + my) be the affine mapping with
9x(2) = Frp + Gug — e, k € Ny_1, gn(2) = Fnazy — on.
Then (1) can be expressed as

P(r): V'(p)= min {V(2lg(=) <0}

“

By dualizing the inequality constraints, we obtain the following
problem which is dual to (4):

D(p): Y*(p)= max V¥ (p,y) %)
y20
where the dual function is
U(p,y) = min L(z,y) 6)

z€Z(p)

and L(z,y) = V(z) 4+ y'g(z) is the Lagrangian function for
(4). For p € R"= let Z*(p), Y*(p) denote the set of optimal
solutions of (4) and (5), respectively.

Since (4) is a convex quadratic program, strong duality holds
as long as (4) is feasible (without the need of any constraint
qualification). Therefore V*(p) = W*(p), and in principle one
could solve D(p) to obtain a dual optimal vector y*(p) € Y*(p)
and then calculate a primal optimal vector z*(p) € Z*(p) by
solving min ¢z, £(z,4*).

IV. ACCELERATED DUAL GRADIENT PROJECTION

This section describes the Accelerated Dual Gradient Projec-
tion (GPAD for short) scheme for solving (4). The goal is to
compute an (ey, &,)-optimal solution for (4), defined as fol-
lows.

Definition 1: Consider two nonnegative constants €y, £,. We
say that z € R™ is an (evy, &, )-optimal solution for (4) if z €
Z(p) and

V(Z) — V* S v
H[Q(Z)LHOO <eg.

(7a)
(7b)

Equation (7a) bounds the distance of the corresponding
primal cost from the optimal value, while (7b) bounds the max-
imum primal infeasibility for the primal suboptimal solution.
Note that although in most dual methods (e.g., [17]) the goal is
to find an approximate dual solution (i.e., ¥* — ¥(p, y) < ey¢),
our aim is to find an approximate primal solution in the sense of
Definition 1. This is very important in MPC applications where
the goal is to compute the optimal input sequence for (1).

To simplify notation, we omit the dependence on the param-
eter p appearing in (4), (5), and (6). The results presented in this
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section are valid under less stringent assumptions than the ones
satisfied by (1), regarding V', g, Z and W. Specifically, we as-
sume that V' : R — R is strongly convex and continuous over
Z,g:R™ — R™ is affine, and Z C R" is closed, convex. Then
U is Ly -smooth and its gradient is given by V, U (y) = g(z¥)
with z¥ = argmin,cz £(z,y), e.g., see [23]. Furthermore, we
assume that there exists a z € Z with g(z) < 0, or that Z is
polyhedral and there exists a z € Z with g(z) < 0. Then strong
duality holds [24].

GPAD (summarized in Algorithm 1) is the first fast gradient-
projection method of Nesterov [12] (see also [13], [25, Sec.
6.9,], [26, Alg. 2], and [27]) applied to the concave maximiza-
tion problem (5).

Algorithm 1: Accelerated Dual Gradient-Projection

Input: yoy = y—1) ERT. =01 =1.v <0
lLwey =ye) + 0,0, — DWew) = Yw-1))

2 2,y = argmin;ez L(z,w(,))

39w = [wey + 1/ Le)g(z)]

40,01 = (\/02+462 — 62)/2. Setv « v+ 1 and go to
Step 1.

When Algorithm 1 is applied to solve (1), a Lipschitz constant
for V¥ can be computed by forming explicitly the Hessian of
¥ as in [21] and calculating its spectral norm. We remark that
Algorithm 1 can also be applied to solve problem (1), in the
case where the dynamics (1c) are linear time-varying (LTV).
For LTV systems where the calculation of the spectral norm is
not affordable in real-time, one can compute an upper bound
on Ly, such as the Frobenius norm or the induced 1-norm, or
perform a backtracking line search during the course of GPAD
(see, e.g., [26] and [27]).

Remark 1: Convergence of Algorithm 1 can be shown for
any stepsize satisfying

1- 91/—&-1

2
91/+1

1

<

(®)

e.g., 0, =2/(v+ 2) (see [26]). The stepsize in Step 4 satisfies
(8) as an equality. It also satisfies the inequality 4, < (2/(v +
2)). More importantly, it possesses a crucial property which will
be heavily exploited later [26], i.e.,

g, 2 ie;l = 9%

=0

©)

Denote by 4¢(-;4) : R™ — R the first-order Taylor expan-
sionof ¥ aty € R™, i.e., by (viy) = U(y)+VE(y)(v—y),and
Ag(v;y) = by(v;y) — Y(v). Since ¥ : R™ — R is concave,
with Lipschitz continuous gradient, one has 0 < Ag(v;y) <
(Lw/2)||v — y||? [13, Th. 2.1.5]. Let

(10a)
(10b)

V) =Yw-1) + 9;_11 (’y(u) - '.l/(ufl))
=yw) +0," (W) — yo)
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and notice that vy = ¥(0), since ygy = ¥(—1). The following
lemma will be instrumental for showing global convergence
rates for the primal problem (4).

Lemma 2 (26, Proof of Cor. 2]): Let {(,, w(,y, 0, } be gen-
erated by Algorithm 1. Forany » € Ny andy > 0,

0,2 (¥(y) — ¥ (yos))) + Z 0 Ay (yiwey)

=0
Ly : L
+7P | — W(u+1)||2 < 7@ | — y(o)||2~ (11)

The main consequence of Lemma 2 is the O(1/v?) global
convergence rate of the dual cost to the optimal value, stated in
the following corollary.

Corollary 3 (26, Cor. 2]): Let {y(,), w(,), 0, } be generated
by Algorithm 1. Then for any v € Ny

2L
Uy ) — W (Z/(u+1)) < )2 ||y(0) - Z/*HQ. (12)

e
(v+2

In Corollary 3 and in what follows, 3* is any element of the
set V* of dual optimal solutions.

A. Primal Infeasibility Bound

Algorithm 1 solves the dual problem (5). However, in appli-
cations such as MPC were the task is to compute an optimal
input sequence, the main concern is to determine properties of
the algorithm regarding the primal problem (4). In this subsec-
tion we will provide bounds for the convergence rate of the av-
eraged primal sequence

Zoy =0, 0wy = (1= 0,)20 1) + 0,2y (13)

1=0

where Z(_1) = 0. Convergence results for the averaged primal
sequence (13) have been reported in [23, Th. 3], for Nesterov’s
third accelerated gradient scheme which uses two projections
and a weighted sum of all the previous gradients, and in [26,
Cor. 2] for a method similar to the one presented in this paper.
A similar approach for Nesterov’s third method coupled with
the smoothing technique of [23] and dual decomposition for
distributed optimization was followed by [14]. However all
these results concern saddle problems with compact dual
and/or primal constraint sets. In contrast, we do not require any
boundedness assumption on Z or the dual optimal set J*.

The next theorem provides bounds on the maximum primal
infeasibility for the averaged primal sequence (13).

Theorem 4: Let {y(,), W(v)s Z(»): 0, } be generated by algo-
rithm 1. Then for any » € Ny

Proof: Forany v € Ny we have w,) + (1/Ly)g(z(,)) <
[wwy + (1/Le)g(2w))]. =V@-+1)- Multiplying by 6, and
rearranging terms 6,7 'g(z()) < Lob, ' (yoy1) — wey) =
Ly (v(y41) — v(»)), where the equality follows by subtracting

8L
< 7;)2 oy = ][ -

o= (vt (14)

lo (z)).
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(10b) from (10a) and the latter is used to express v, 1. Since
V() = Y(), this implies

ZH 2(1

=0

) < Lo (41 = vioy) -

Multiplying by 99, ! and using the convexity of each component
of g

< 129

From (9) it holds ¥, = #2. Hence, using the fact thata < b =
[a] < [b]+ and that 8, < (2/{v 4 2)) (see Remark 1), we get

g (7)) <9, Ly (V1) — Y©) -

|t Gonll.] < e

Using

15

[Py = v ||

:ykey*

in (11) and dropping >.7_ 6, " Ag(y*;w(;,y) and T(y*) —
V(y(,41y) since they are nonnegative, we obtain ||y*
vl < 1y =yl Therefore [|[ve41) — Yol |
lvpsy — voll < ety = ¥)=wey — ¥

lvw+ — vl + llvoy — v*II < 2llyy — y*||, where the
first inequality follows from nonexpansiveness of [-]+, and the
third by the triangle inequality. Combining the last inequality
with (15) and the fact that ||v]|oc < ||v|| for any v € R™, we
obtain (14). [ ]

ASVAN

B. Primal Suboptimality Bounds

We will next derive a global convergence rate for the distance
of V(Z(,)) from V*. Notice that a lower bound on V'(Z(,)) — V*
is also relevant since z,, could be infeasible, therefore one may
have V(Z(,)) < V* as well.

Theorem 5: Let {y(.), W), %), 0 } be generated by Algo-
rithm 1. Then for any v € N

V(Zw) =V <V (20)) = T (yw+))
2L,
<orop W1+ lvol”)  asw
8Ly
v (Z(V)) - V* 2 (I/+ 2 ) HU(O) - y*H ||y*|| (16b)

Proof: Since V(w(,y) = L(2(), w(y) and VW (w(,y) =
9(z@), for any y > 0, the quantity Ay (y;w(,)) can be ex-
pressed as Ay (y; w(,y) = L£{2,), ¥) — ¥(y). Now multiplying
by 6! and summing from 0 to v,

S0 A (grwey) =6 (£ (20),9) — V()
i=0 i=0

1

=g (L) - ¥Ww)  an

where the inequality follows from convexity of £(-,y) for
y > 0 and the second equality follows from (9). Usmg 17)
in Lemma 2 while dropping (Ly /2)|ly — v(,41y||* since it is
nonnegative, yields

L
+g (Z(V))Iy -V (y(u+1)) < 93—‘11 ||y - l’(0>||2 ‘
(18)

V (20))

By replacing y = §* > (0 in (18), where

. Jur
y‘l, - {07

and dropping the term g(Z(,)’* since it is nonnegative, we
obtain

if i (2()) 20
if g; (Z(,,)) <0

V (2y) — ¥ (gsn) < 222 5o~ yol”- (19
Now
17 =y | = 1717 = 200y 7" + |l ||’
<19 11” + ||y I (20)

since ||| < [ly*|| and 2y, 5* > 0. Therefore using 8, <
2/(v + 2) and (20) in (19) yields

_ 2Ly e 2

V (Zw) =¥ (worn) < oy (1P +llwo|*) - @1
Since ¥(yq41)) < ¥ = V*, (21) implies (16a). To prove
(16b), we notice that V(z,)) = L(Z0),¥") — 9(Z0)) "
V* — g(Zu))y*, where the inequality follows from the
saddle point inequality V* = L(z*,y*) < L(z,y*) for
all z € Z. Therefore V(Z,)) — V* > —g(Zu))v*
Since y* > 0 and [g(Z,))], = g(Zu)), it holds that

—gz)'y = ~loza),y* = —llg(zw)], Ny There-
fore V() — V* > o), ol Using (14), we
obtain (16b). ]

Equation (16a) refines the results in [26, Cor. 2], where the
latter assumes that the constraint set is bounded. This is not the
case for GPAD, where the constraint set of the dual is the non-
negative orthant.

If Algorithm 1 starts from ygy = 0, then the cost V(Z,) is
always lower than V'*, as it is shown below. In that case, one has
to worry only about checking feasibility during the iterations.

Corollary 6: Let {y(,), W(vy; #(»), 0 } be generated by Algo-
rithm 1 with ygy = 0. Then for any v € N,

V(zp)) <V~ (22)
Proof: Simply put y = 0 in (18) and use ¥(y(,4+1)) <
U* =V~ |

The next corollary gives a bound on the number of itera-
tions needed by GPAD to reach an (e, g4)-optimal solution.
Its proof follows directly by Theorems 4 and 5 and Corollary 6.
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Corollary 7: Let Ay = mingsey+ [y — v*||. For any

Ar 9
v > /2Ly A¥ max L3 -2 (23)
Ev ,/Eg

Y(v) 18 a (ev, €4 )-solution for (4). If yy = 0, for any

[8Lg A
DY itk ) (24)
€y

Yy is a (0, e4)-solution for (4).
According to Corollary 7, when started from y o) = 0, GPAD

reaches (0, £)-optimality in O( / Ly A% /¢) iterations. The com-
plexity estimate to achieve the same level of suboptimality for
the dual cost, which is the standard result found in the litera-
ture (see, e.g., [12]) is of order O(+/ Ly /€A}). In the case of
Problem (1), the only quantity dependent on the initial state p is
A} . In fact, for MPC problems A} can become very large espe-
cially when the initial state is close to the boundary of the set of
feasible states. When y(yy = 0, the bound on the number of iter-
ations becomes less sensitive to large values of A7 (if A} > 1),
resulting to tighter iteration bounds.

Remark 2: Recently, a double smoothing technique for
computing nearly optimal and primal feasible solutions for
infinite-dimensional optimization problems was proposed in
[28]. The method uses a regularization to obtain an approxi-
mate, differentiable dual function, in the spirit of [23]. Then it
uses a second regularization in order to make the dual function
strongly convex and applies the fast gradient algorithm of
[13]. Translating the result of [28] to the present setting, the
double smoothing technique is applied to problems of the form
V* = min,ez{V(2)|Az € T}, where 7 is closed and convex,
and Z is closed, convex and bounded. It is based on forming the
dual problem that results from relaxing the constraint Az € 7.
This means that V and Z must be sufficiently simple so that
the dual function can be computed explicitly. In an optimal
control setting such as MPC, the constraint Az € 7 models
the state equations (7 = {b} € R™), while the stage cost,
terminal cost and state-input constraints must be simple enough
for the method to be implementable (see also [16]). Since
we assume that the dual function is differentiable, the first
smoothing is not needed. Taking this into account, the method
of [28] requires O((1/+/£)In{1/e)) iterations to compute a
primal vector 2 € Z with [V(2) — V*| < 2(1 + 2/3)e and
|AZ — bl| < (2¢/A}), when started from yy = 0. On the
other hand, GPAD dualizes the input-state constraints and
not the state equations, therefore it can deal with arbitrary
polyhedral sets (for which the projection can be quite involved)
as input-state constraints. According to Corollary 7 GPAD
requires O(1/+/2) iterations to compute a primal vector Z € £
with V(2) < V* and ||[g(2)] 4|l < (4e/A,), when started
from 3 = 0.

Although the two methods are not directly comparable, it
is obvious that the O(1/+/) rate of GPAD is better than the
O((1/+/2)In(1/¢)) rate of [28]. Furthermore, the technique of

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 59, NO. 1, JANUARY 2014

[28] requires knowledge of the dual bound Aj. As it will be-
come clear in Section VI, the calculation of a tight dual bound
is not trivial for parametric optimization problems, such as those
arising in MPC. A loose dual bound can have negative effects
on the practical convergence of [28].

C. Convergence Rate of Averaged Primal Sequence

The next theorem proves that if the cost function V' is strongly
convex over Z, then the squared Euclidean distance of the aver-
aged primal sequence from the unique optimizer, ||z, — z* 17,
converges to zero with convergence rate O(1/1%), i.e., with
the same convergence rate for primal optimality and primal
feasibility.

Theorem 8: Let {y(.), Wy, %), 0, } be generated by Algo-
rithm 1. If V is continuously differentiable and strongly convex
on Z with convexity parameter /-, then for any v € N

4Lq,;1,‘71

l20)—=*11" < w27

(Il 17+ oI+ 4 oy =[] )

Proof: By the assumptions of the statement, 2* and y* sat-

isfy (see e.g. [24])
VL2 ) (2 —2*)>0,Vz€ 2 (25a)
y* 20, yg(z") =0. (25b)
The function £(-, y*) : R — R is strongly convex on Z, with
convexity parameter iy, as the nonnegative weighted sum of

the strongly convex function V with the convex functions g;,
i € Nj1,m) [13, Lem. 2.1.4]. Therefore, we have

L(20),y%) 2 L5 0 + VL2 ) (20 — 27)

Zwy — 2

N 1
2#\/

SR CD

1
> L") + Shv

where the first inequality follows from definition of strong con-
vexity [13, Def. 2.1.2] and the second from the fact that z(,,) €
Z and (25a). Therefore

2

|20y — 2*]* < o (£ (e v') = £G4 9)
2 ) . )
< (V(zw) V" +5"9 (20)))

where the first inequality follows from (26) and the second from
(25b). The proof of the claim completes by invoking Theorems
4 and 5. ]
We will next show that V' is strongly convex on Z for
the MPC problem (1), therefore the assertion of Theorem
8 is valid for (1) (without affecting the validity of the re-
sult we assume that ¢, r, f are all 0). By performing the
transformation vy, = wu, + R 1S'xy, the stage cost be-
comes (zy,v) = (1/2)(2}(Q — SR 18")xy + v} Roy),
where Q — SR™1S’ € S}* is the Schur complement of
s g 12

CSQ R c §+,r+ u
assume that S = 0. In that case, the cost function of (1) is

. Thus, without loss of generality we can
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Viz)= (I/Qf(w’(gw%—u’éu) and Z = {(z,u)|Az+Bu = f},

where Q = IN?Q QO ],]?:INQQR,and
N

- 0 --- 0 0 g
. A -I ---0 0 N 0 N f
R A RN .
0 0 A —1 Fi

Since A is lower triangular with diagonal elements

equal to —1, it follows that it is nonsingular. Let M 2
R+ DB/(A- )QA 'B.Forany z,2 € Z
PR
A\Y/ S z Q Q T — &
(VV(z)=VV(3) (- 2) = {u—&] {0 R} [u—&}
=(u—4)M(u— 1)
> Amin(B)||u — 4|
/\mln(R) ~
> ||z — 4|
1+ (|A-1B|
where the second equality follows from x = AN f- Bu), the

first inequality from R = Iy ® R and R € Si + and the last
(/1A B )

inequality from ||u — 4| >

D. Termination Criteria

Given accuracies sy > 0, ¢, > 0, Theorems 4 and 5 pro-
vide a theoretical bound on the worst-case number of iterations
needed by GPAD to compute an (¢, £, )-solution (cf. Corollary
7). In addition they can serve as practical termination criteria,
since W(y(, 41)) appearing in (16a) can be computed during the
course of the algorithm. Therefore at every iteration one can
test (2, &4 )-optimality of the averaged iterate by examining if
maxien, ., J(Z(V)) < e, V(Zuy) — Y(Yw+1)) < ev are sat-
isfied. Note that, in case yy = 0, by Corollary 6 one needs
only to test if max;en, ., 9(Z)) < g4 since V(%)) < V*
always holds. This has the advantage of avoiding the compu-
tationally expensive calculation of the primal and dual cost.
Note also that if ¢ is affine [as in Problem (1)], then calcula-
tion of y(Z(,)) requires O(rm) flops using the already calculated

926 -1))s 902 )-

One can also test the current iterate z(,y for (ev, £,)-opti-
mality. We have observed experimentally that the cost accu-
racy and maximum constraint violation for the averaged iterate
Z(» converge smoothly (almost monotonically) with a behavior
that is in accordance with the corresponding O(1/1?) bounds.
On the other hand, the corresponding sequences for the run-
ning iterate z(,) are less predictable, exhibiting an oscillatory
behavior. However, most often the latter reaches the required
accuracy levels faster than the averaged iterate.

For QPs such as (1), the absolute accuracy criterion with re-
spect to primal feasibility can be made scale-free; one can scale
the linear constraints so as to have ¢ = 1, ¢y = 1 in problem
(1), provided that the origin is contained in the interior of the
constraint set. This type of scaling has been recently shown to
improve an upper bound on the theoretical number of iterations
for dual gradient methods [29].

However, for parametric optimization problems like (4), im-
posing a termination criterion based on absolute accuracy re-
garding the value function V*(p) may be overly conservative
in practice. For example, when MPC is applied to a regulation
problem, if the current state p is far from the origin, the value
function V*(p) can be quite large, making an absolute accuracy

. termination criterion very hard to satisfy. On the other hand,

when the current state is close to the origin, the value function
can be arbitrarily close to zero, making a relative termination
criterion hard to satisfy. Notice that if 55y = 0, the latter issue
concerns the optimality test for the current iterates only, since
V(Zy) < V* always. In practice it is more sensible to use a
termination criterion that strikes a balance between absolute and
relative accuracy

V (20)) = ¥ (yosn) <evmax{¥ (youn) 1} @27)
where now ey is the desired relative cost accuracy.

Since V(y,4+1y) < V*, satisfaction of (27) implies
V(zwy) — P(Yw+1)) < evmax{V* 1}. The termination
criterion (27) is particularly suitable for MPC problems
where usually one has V* > 0. In that case, if V'* is larger
than 1, then GPAD will provide a primal solution such that
(V(24)) — V*)/V* < ey is satisfied, which is more sensible
than the absolute accuracy criterion. On the other hand, if V*
is nonnegative and close to zero, a relative accuracy stopping
criterion becomes impractical. Equation (27) switches automat-
ically between the two options without requiring knowledge of
V*.

In many cases the calculation of the dual cost in (27) can
be avoided. Specifically, if w,, > 0 then V(z;,y) — V* <
V(zwy) — Olwgy) = —7“21,)!](3(”)), where the inequality fol-
lows from dual feasibility of w(,) and the equality by (6) and
Step 2 of GPAD. Therefore, if

—wEV)g (z(,,)) < gy max {17 o (w(y))} (28)
then V(z,)) — V* < ey max{1,V*}. Since W(w(y) =
V(2z4y) + 9(20)) (), it is easy to see that condition (28) is
satisfied if and only if either

—wi,g (z4)) <& (29)
or
Ev
—0ing (1) < 77V ) (30)

is satisfied. Although in theory w(,) may not be nonnegative
(cf. Step 1 of GPAD), in pract1ce w(yy = 0 holds after the first
few iterations since 6, (61, 1 — 1) converges rapidly to 1. The
aforementioned observations lead to Algorithm 2 for the case
Yy = 0, which is very effective in practice according to our
experience.

Due to Corollary 6, Algorithm 1 started with g9y = 0 and the
termination criterion given by Algorithm 2 will terminate after

at most [ /8Ly A¥ /e, ] — 2 steps.
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Algorithm 2: Termination criterion

Algorithm 3: Factor Step

if maxen;, ,,; 9(2(,)) < g4 then
| stop
else if max;en;, ., 9(2()) < &4 then
if W(w) > 0 then
if Condition (29) is satisfied then stop

else if Condition (30) is satisfied then stop
else if Condition (27) is satisfied then
| stop
endif
endif

V. EFFICIENT CALCULATION OF THE GRADIENT
OF THE DUAL FUNCTION

The main computational burden of GPAD lies in solving
problem arg min. ¢ z(,) £(z,y) (Step 2 in Algorithm 1). Notice
that the dual cost (6) can be written as

N-1

U(p,y) = min Y Llzp, ue, i) + Vi(on, yn)
© k=0

s.b. g = p, Tpr1 = Az + Bug + f,

keNy_1 (1)

where £(z,u, yi.) =z, w)+yh gz, u), Vi, yn) = Vi(z)+
15 97 (). The next proposition describes how the optimal input-
state sequences for (31) can be calculated efficiently, for any
vector y € R™. It is an extension of the standard Riccati recur-
sion for finite-horizon LQ unconstrained optimal control prob-
lems, adjusted appropriately to account for the contribution of
the dual vector in the cost function in a computationally efficient
manner.

Proposition 9: Let Ky, Dy, My, dy, Ly, Cr, s, k € Ny _1
be calculated by Algorithm 3. Given 4 € R™, the unique op-
timal input sequence z¥ for (29) is given by Algorithm 4.

Proof: See Appendix A. |

Counting only arithmetic operations of cubic order (ma-
trix-matrix products, factorizations and forward-backward
substitutions for linear systems with matrix-valued right
hand-sides), the total complexity for Algorithm 3 is roughly
N(@3n2 4+ 6n2n, + 6020, + (1/3)n3 + 2manen, + 2men2)
flops, which increases only linearly with the prediction
horizon. Having performed the factor step, calculating the
gradient of (29) is very cheap. Specifically, computing z¥ takes
N(4n2 + 6n,n, + 2ms(ng + ny)) + 2myn, flops, which
again increases only linearly with the prediction horizon. In
many cases, one can explore additional problem structure to
further reduce the computational cost of Algorithm 4. For
example, in the usual case of state-input box constraints the
cost is roughly N(4n2 + 8n.n, + n2) + 2muyn,. In the
context of MPC for LTI systems, the factor step (Algorithm 3)
can be performed off-line. Algorithms 3 and 4 can be trivially
extended to MPC for LTV systems. In that case, the factor step
needs to be performed only once at every sampling time.

Remark 3: For LTI systems, if the terminal weight
matrix )n is the solution of the discrete-time alge-
braic Riccati equation (DARE) corresponding to the infi-
nite-horizon unconstrained problem, then Algorithm 3 takes
6n2n, + 5nin, + (1/3)nd + 2mm2 + 2mgn,n, flops,

Py =Qn
for k=N—-1,...,0do

Ry, =R+ B'P,1B,Sy =S+ B'P, 1A (32a)
P, =Q+ A'Pyy1 A — SpR; 'S (32b)
end
for k=0,...,N—1do
Ky =—R. 'Sy, D, =R 'G’ (33a)
My=—R.'B, dy=— R.'(r + B'Py11f)  (33b)
L, = (A + BKk)/, Cr = (F + GKk)/ (34a)
sp = Kpr + L Py f +q (34b)
end
Algorithm 4: Solve Step
en = Fyyn +an
for k=N-1,...,1do
’ ex = Lreg+1 + Cryr + sk (35)
end
To=Pp
for k=0,...,N—1do
up = Kygxy + Dy + Myegy1 + di, (36a)
Trp1 = Az + Bup + f (36b)

end

independently of the horizon length NN, since all quantities
appearing in Algorithm 3 become time-invariant. Furthermore
memory requirements are very small and independent of the
horizon length.

Remark 4: Riccati-like recursions coupled with block elim-
ination for factoring the KKT matrix arising in interior point
methods for MPC problems have been proposed in the litera-
ture [30], [31]. The factor step needs exactly the same number
of flops as Algorithm 3 (excluding the calculation of Dy, My
and Step 3 which becomes null in the setting described in [31]).
However, in [31], the solve step costs N (8n2 + 6n,n, + n2),
while Algorithm 4 takes N (2n2 + 4n,n,,). Therefore, our ap-
proach requires N (612 + 2n,n, + n2) flops less.

Remark 5: Note that if the condensed dual formulation of
[21] was used, then Steps 2 and 3 of Algorithm 1 would require
a matrix-vector product whose cost is of order O(/N?). The cost
of forming the matrices of the condensed dual is of order O(N?)
since the Cholesky factorization of N, X Nn, matrix is re-
quired to form the Hessian of the dual. Therefore, the condensed
approach is less suitable for LTV systems than the approach of
Algorithms 3 and 4. Finally, in the case of open-loop unstable
systems, the condition number of the Hessian of the primal may
increase with the prediction horizon, possibly causing potential
numerical instabilities, which also makes the use Algorithms 3
and 4 more suitable.

VI. CERTIFICATION OF COMPUTATIONAL COMPLEXITY

The problem of certifying the computational complexity of
GPAD algorithm when applied to solve P(p) amounts to de-
termining a uniform iteration bound [cf. (4), equivalently (1)],
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defined as follows. For simplicity, it is assumed that GPAD is
started from ¥y = y(1) = 0.

Definition 10: Given P C dom S, where S(p) 2 {z €
Z(p)lg(z) < 0},e4 > 0, integer v*(g,) is called an e ,-uniform
iteration bound (¢ 4,-UIB, for short) for GPAD on P if for every
p € P and every v > v*(g,), Z(,) is a (0, ) -optimal solution
for P(p).

Determining a UIB a priori is important in embedded control
applications to enforce hard real-time properties of the MPC
controller. One can easily infer from Corollary 7 that in order to
obtain a UIB for GPAD on ‘P, one must derive a bound on

AL(P) = sup ||y ()
peP

(37

where ., : dom & — R™ is the single-valued mapping
giving for each p € dom S the minimum Euclidean-norm dual
optimal solution, i.e.,

A .1
i) 2 angmin {1y € 61} 69

Definition 11: ForaP C dom S, we say that A, (P) < oo is
auniform dual bound (UDB) for P(p) on P if A3 (P) < A, (P).

The calculation of a UDB immediately leads to the ¢,-UIB
[cf. (24)]

v > ’V SL\I’Ay(P)
Eg

The next two subsections show how to compute a UDB for
P(p). The first approach provides easily computable UDBs by
calculating a bound for max,« ey« lv*(p)|| on compact
subsets of int(dom &). The second approach provides a tight
UDB, valid on the entire set of parameters for which P(p) is
feasible, i.e., dom S and it requires the solution of a Linear
Program with Linear Complementarity Constraints (LPCC), for
which dedicated solvers providing globally optimal solutions
exist.

_ 9. (39)

A. UDB Based on Slater s Condition

It turns out that finding an wupper bound for
max,«(p)ey+(p) ||¥*(p)|| on a compact subset of int(dom S)
(assuming that dom S has a nonempty interior) is a much
easier problem than calculating A% (P). The need to confine the
search for such a bound only on a compact set P C int(dom S)
is dictated by Lemma 13 presented below. First, the following
definition is needed.

Definition 12: We say that P(p) satisfies the Slater condition
(at p € R?) if there exists a Z € Z(p) such that g(z) < 0. We
call any such vector z a Slater vector for P(p).

The first uniform dual bound is valid on a polytope Ps C
int(dom &) given as the convex hull of a set of parameter vec-
tors in int(dom &). It requires the solution of an optimization
problem for every point in the set. It is largely based on the
following lemma which is an extension of [22, Ex. 5.3.1], [32,
Lem. 1] for parametric optimization problems.

Lemma 13: Consider P(p). If int(dom S) # @, then P(7)
satisfies the Slater condition if and only if p € int(dom S), in
which case Y*(5) is bounded and

ly* @I <~ ' (V(Z) - V(D)

for all y*(p) € Y*(p), where v = minjen, ,,{—¢i(2)} and
z € R" is a Slater vector for P(p).
Proof: See Appendix B. ]
Remark 6: For p € int(dom §), the tightest pos-
sible bound of the form (41) can be obtained by solving
min, - {v 'V (z)|z € Z(p),g9(z) + v < 0,7 > 0}. Although
this problem may not be convex, it is equivalent to I'(«) = 0,
where

(40)

Tla)= min  {V(2) — avylg(z) +v < 0}.

41
Z€2(p),y>0 @

Notice thatI" is a univariate function for which one can compute
aroot by employing a generalized Newton method with respect
to «r, where at each iteration we solve (41), which is a convex
QP, cf. [33]. The algorithm is very efficient and it converges
only in a few iterations.

Proposition 14: Let Ps =
int(dom &), and

{P}senp g With p° €

(42a)
(42b)

4 = min {—gi(zs)|s € N[1,S]~,i € N[lmﬂ}
B = max {V(z°)|s € Njy g}

where z* is a Slater vector for P(p®), s € Ny g1. If V* > 0,

then A, (Ps) = v~'3 is a UDB for P(p) on Ps 2 conv Ps.
Proof: See Appendix B. [ |
Lemma 13 can also be exploited to calculate an easily com-

putable UDB for P(p) on P, 2 dom S, where

S,(p) = {z € Zp)|g(z) + v < 0}

and y > 0, as shown in the following proposition.
Proposition 15: Giveny > 0,if V* > 0 then A,(P,) =
v~ 1, is a UDB for P(p) on P, where

By 2 max (V(2)|z € 8,(p)} -

(43)

(44)

Proof: According to (43), for any p € dom &, there exists
a Slater vector z such that g;(z) + v < 0,4 € N1 ). Invoking
Lemma 13, this implies ||y*(p)|| < v} (V(z) — V*(p)) <
v~V (z), where the second inequality follows from nonnega-
tivity of V*. Taking the maximum in both sides of the inequality
among all p € dom S, we arrive at (44). [ |
Problem (44) entails the maximization of a convex quadratic
function over a polyhedral set. Calculating a globally optimal
solution for such a problem is NP-hard [34]. However, there
exist efficient global optimization techniques [35], such as
spatial branch-and-bound methods [36] or branch-and-bound
combined with linear [37] and semidefinite [38] programming
relaxations, to name a few. Notice that Proposition 15 remains
valid if 4, is merely an upper bound of the cost function of P(p)
along the polyhedral set gph S.,. The following corollary shows
how one can compute such an upper bound, and therefore a
UDB for P(p) on dom 8., by solving a single convex QP.
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Corollary 16: Given vy > 0, if V* > 0 then APy =
v~ 18, is a UDB for P(p) on P.,, where /3., is the optimal value
of the following concave quadratic maximization problem

8, = max {V(z) - %'r(z —20) (2 — 24)|7 € Sq/(p)} (45)
7 > V?V(z) and 2, z, are such that rge S, C {z € R"|z <
z < zy}.

Proof: Clearly, the function V{(z) — (1/2)rz’z is con-
cave due to the choice of r, while (p,z) € gph S, implies
(1/2)r(z — z)' (2 — zy) < 0, therefore V{(z) — (1/2)r(z —
z¢)'(#z — z.) overapproximates V(z) on gph S, (see, e.g.
[39, p. 278]). This implies that (45) is a concave quadratic
maximization problem and 8, > (.. Invoking Proposition 15
we conclude that A, (dom Sy)isaUDBforP(p)onP,. ®

B. UDB Based on Minimum-Norm Dual Optimal Solution

Although UDBs based on Proposition 14 and Corollary 16
are easy to compute even for large-scale systems, usually they
are not tight, leading to conservative UIBs. Furthermore, these
UDBs are valid only on a subset of the interior of doin &. How-
ever, tight UIBs valid on the entire dom & can be crucial in em-
bedded MPC applications for systems with fast sampling rates,
where stability and invariance guarantees are required. On the
other hand, the tightest UDB is clearly A¥(dom S) [cf. (37)].
Notice that since for p € dom S, Y*(p) is a nonempty poly-
hedral set, there always exists a unique y};; (p) that attains the
minimum in (38). In principle one can determine V* () explic-
itly (by solving the convex parametric quadratic optimization
problem D(p) using the algorithm of [40]) and then calculate
Yo for each critical region. However, this procedure is valid
for small-scale problems only.

In this subsection we will show how one can efficiently com-
pute the UDB

1 A
Ay (dom S) = sup |y (Pl
pedom §

(46)

without solving the parametric problem D(p) explicitly. The
quantity A} (dom &) is a tight approximation of A%(dom S)
as the next proposition shows.

Proposition 17: Consider A}(dom §), Al(dom S) given by
(37), (47) respectively. Then

* Al
A%(dom §) < A (dom 8) < /mAj(dom S).

Proof: Follows directly from ||y7;, (p)]| < |95 (Pl <
Vil s (@), p € dom . "
We next present a new characterization of the minimum Eu-
clidean-norm dual optimal solution of P(p). To keep notation
simple, the results are presented for the condensed dual formu-
lation

1
min {Ey'Hy + (Dp+ d)yly > 0} 47)

where H, D, d can be computed from (1) [21] (see also Remark
5). First, we need the following lemma.
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Lemma 18: Consider ap € dom S, ay* € Y*(p) and let
N{p) 2 {i € N[, Hi.y* + Di.p+ d; > 0}. The solution set
of (47) is given by

Yp)={y eRY|Hy=Hy*, yi =0, i€ N(p)}. (48
Proof: See [40, Prop. 1]. ]
Theorem 19: Consider p € dom S. Then y € R™ is the
minimum-norm solution of (47) if and only if there exists a A €
R™ such that

0<ylHy+Dp+d>0 (49a)
yilyi + Hi A) =0, yi + H; A >0, i € N(p).  (49b)
Proof: See Appendix B. [ |

Based on Theorem 19 we can compute the UDB Al (dom S)
[cf. (47)] by solving the optimization problem

e

: st (50a), (50b). 50
max ;y s.t. (50a), (50b) (50)

Assuming that bounds on y, z, A are available, Problem (50)
can be modeled as a Mixed-Integer Linear Program (MILP) by
employing the so-called “big-A” technique (see e.g. [41, Prop.
2]) and using a small tolerance (e.g., the machine precision)
beyond which any number is considered to be positive to model
the clause [§; = 1] <= [z; = 0] (see, e.g., [42, Eq. (4¢)]). In
practice one can iterate on estimating large-enough bounds on
Y, z, A. The resulting MILP would contain 2/ binary variables
and the choice of tolerance € in conjunction with large bounds
on the variables can cause numerical problems to MILP solvers.

Next, another UDB valid on dom & will be presented, whose
calculation requires the solution of an LPCC, for which there
exist specialized global optimization algorithms, e.g., [43] and
[44], that do not rely on the big-M formulation and thus, do not
require bounds on variables.

Notice that every index set N O N(p) defines a (pos-
sibly empty) face of the polyhedral set Y*(p) [cf. (43)], i.e.,
Y3 (p) = {y € R7|Hy = Hy*,y; = 0,4 € N'}. The next
lemma sets the stage for the establishment of a tight UDB on
dom & which is easier to compute than A,t {dom §). The key
idea is that instead of computing the minimum-norm element
of Y*(p), one could more easily compute the minimum-norm
optimal solution along some face of }*(p), which at the same
time lies in the relative interior of the face. Notice that since
Y*(p) is pointed (it does not contain a line) it has at least
one extreme point, which automatically satisfies the above
requirement.

Lemma 20: Consider any p € dom & and let § € Y*(p) and
N={ie N[1,m]|#i = 0}. Then § = argmin{(1/2)||y*y €
V% (p)} if and only if there exists a A € R™ such that §;(4; +
H,.\)=0,i¢€ N[1,m]-

Proof: See Appendix B. [ |

Based on Lemma 20, the following theorem characterizes
all such dual optimal solutions via complementarity conditions.
Furthermore, it provide an alternative characterization for the
minimum-norm element of Y*(p).
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Theorem 21: For p € dom &, let

yr*nin(p> é {y

0<yLHy+Dp+d>0,IxcR™ }

8.t yz(yz + Hl/\) = 0‘/ L€ N[l,m] ’
51

Then V* eh

min

* : 1 p *
ymin(p) = argmin { §|‘y||2|y € ymin(p)} . (52)

(p) C Y*(p) is nonempty, bounded, and

Proof: See Appendix B. ]
Next, define the following UDB:

A :
Ay(dom S) = sup {[lyll1](p,y) € gph Vst -

Taking into account (51), UDB A, (dom §) can be expressed
as the optimal cost of the LPCC

i

A, (dom 8) = max Y;
y( ) P ;Jt

st.z2=Hy+ Dp+d, w=y+ HA\,
0 < Yy Lz=z 05 Yiw; — 07 1€ N[l,m] (54)

(53)

As the next proposition shows, Ay (dom &) is no smaller than
Alll (dom &). However, the next proposition provides a practical
criterion (involving only the calculation of yX..(p) at some
point p) which ascertains their equality without calculating
Al(dom S). Specifically, after an optimal solution (p,7) of
(55) has been computed, one can solve the QP defined in (39)
for p = p. If the resulting dual vector 9, (p) is equal to 3 then
Ay (domS) is equal to A} (domS).

Proposition 22: One has A,(dom S) > Al(dom §).
If (5, yrin(P)) € argmax{[|lyl1|(p.y) € gph Vj;,} then
Ay(dom S) = Al (dom S).

Proof: Notice that Al(dom §) =
dom S,y = yr,(p)} and {(p,y)lp € dom S,y =
yrinm} <€ gph Yr,, due to Proposition 21. There-
fore, every feasible solution of (47) is also a feasible
solution of (53) proving A,(dom §) > Aj(dom ).
Now, if the premise of the proposition holds, one has
||y;1in(ﬁ)||1 < A;}(donl S) < A’y(dom S) = ||y;1i11(ﬁ)”1‘ =

sup{|lyllp €

VII. SIMULATIONS

A. Ball and Plate Example

The example considers a plate tilted around two axes to
control the position of a ball [16]. Assuming a sampling
time equal to 0.01 s, the motion of the ball along each axis
on the plate can be described by a discrete-time LTI model,
whose states are the ball position and velocity along the
axis, the input is the tilt angle, and the state-update matrices

1 0.01 _ .
are A = {0 | ], B = [0%1]. The state vector is

constrained in [—0.2,0.01] x [—0.1,0.1], while the input
must belong to [—0.0524,0.0524]. The stage cost is the
same as in [16], i.e., #(z,u) = (1/2)(¥'Qz + « Ru) with
100 0

Q‘{o o =1

1) Comparison With [17]: In the first experiment we com-
pare GPAD against the fast dual gradient method proposed in
[17]. We remark that the purpose of the experiment is mainly to

TABLE 1
COMPARISON WITH [17] ON THE BALL AND PLATE EXAMPLE
FOR ACHIEVING DUAL ACCURACY c¢ = 1072

Iterations UIB
N GPAD [17] H Eq.(54) Cor. 16  Prop. 14
5 2 91 12 277 54743
7 4 122 28 395 72341
9 6 153 52 517 90309
11 7 183 84 639 108378
13 8 214 125 761 126568
15 10 215 176 885 144908

highlight the fact that although both of the algorithms are based
on Nesterov’s accelerated gradient method, their behavior can
be completely different in practice.

The comparison concerns both the performance of the algo-
rithms in terms of observed iterations and the tightness of the
proposed UDBs. For this reason, we replicate the simulation
setting of [17]. The terminal weight matrix Qn = @ and Fi,
cy represent the bound constraints on the state vector. The re-
quired accuracy on the dual cost is ey = 10 2 and horizon
length varies from N = 5 to N = 15 with step 2. The set
of initial states is obtained by scaling the maximum admissible
set for N = 15, in accordance to Figure 1 of [17]. We com-
pute a worst-case number of iterations for both algorithms, by
forming a uniform grid on the set of initial states and computing
for each point of the grid a dual solution whose dual cost is no
larger than g from the optimal cost. Since there is no termi-
nation criterion presented in [17], for each parameter point the
exact optimal cost is computed using Gurobi [45] and used by
the algorithms for their termination. The results of the simula-
tions are presented in Table I. In the third column, the worst-case
number of iterations for [17] is shown, which is aligned with
the results appearing in that paper. As it can be seen from the
second column of Table I, the worst-case number of iterations
for GPAD is much smaller. We remark that the cost per iteration
of both algorithms is of the same order. In the last three columns
of Table I, the UIBs computed according to (53), Corollary 16,
and Proposition 14 are reported. The UIBs coming from Propo-
sition 14 are roughly one order of magnitude smaller than the
ones reported in Fig. 2 of [17]. However, UIBs coming from
(53) and Corollary 16 are much tighter.

2) Certification Analysis: The purpose of the next experi-
ment is to test the tightness of the UDBs proposed in Section VI.
Two separate scenarios are analyzed. In the first scenario, the
terminal cost is Vy(z) = (1/2)z' Pz, where Py is the solu-
tion of the corresponding DARE and there are no terminal con-
straints in the MPC formulation; in the second scenario, V is the
same while Fy, gy represent the maximal positively invariant
(MPI) set of the system in closed-loop with the LQR feedback
law. We remark here, that both scenarios cannot be handled by
the algorithm in [17], since Py is not diagonal, and the polyhe-
dral terminal constraint set has a complicated structure. To make
the comparison fair, the obtained UIBs are compared on P-, =
{p|Hsp < (1 —v)1},v = 0, where dom § = {p|Hgp < 1}
is calculated via projection. However, we remark that the cal-
culation of UDBs of (53) and Corollary 16 does not require the
projection of a polytope, in general. The certification analysis is
carried out for GPAD when applied to Problem (1) with predic-
tion horizon ranging from N = 5 to N = 15 with step 2 and
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Fig. 1. Complexity certification of MPC without terminal constraints for the ball on the plate example: 10~2-UIB based on (53) (solid-diamond), based on
Proposition 14 (dash-square), based on Corollary 16 (dash-dot-star), and observed maximum number of iterations based on sampling (dash-dot-circle). (a) Without

terminal constraints; (b) with terminal constraints.
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Fig. 2. Complexity certification of MPC with terminal constraints for the masses example: 10 ~2-UIB based on (53) (solid-diamond), based on Proposition 14
(dash-square), based on Corollary 16 (dash-dot-star), and observed maximum number of iterations based on sampling (dash-dot-circle) for various values of ~. (a)

Masses M = 2, horizon N = 10; (b) masses M = 3, horizon N' = 10.

parameter v € {0,0.10}. Notice that UDBs given by Corollary
16 and Proposition 14 are finite only in the case of - being pos-
itive. The certification analysis is conducted for each NV and ~,
by applying the following steps:

1) constraints of (1) are normalized so as to have ¢ = 1,
ey =1

2) the Lipschitz constant is calculated as in [21];

3) compute UDB (53) for P(p) on P.,. Problem (54) giving
UDB (53) is solved using the mixed-integer solver of
CPLEX [46], by modeling the complementarity con-
straints with indicator variables, thus removing the need
to select proper big-M values;

4) compute UDB of Corollary 16, for P(p) on P-;

5) compute UDB of Proposition 14, for P(p) on P, with the
collection of points being the vertices of P.;

6) for each UDB compute the corresponding ¢,-UIB ac-
cording to (39), where e, = 10~2;

7) compute a worst-case number of iterations based on sam-
pling, by forming a uniform grid on P, and computing
for each point of the grid a (0,10~2)-solution, using
Algorithm 2.

The results of the analysis of the two scenarios are summa-
rized in Fig. 1. One can observe that the UIBs obtained by the
UDB (53) are much tighter than the ones of Proposition 14 and
Corollary 16, as expected. In fact, in all cases the assumptions
of Proposition 22 are satisfied, showing that UDB (53) is tight in
the sense of Proposition 17. Furthermore, contrary to the UDBs
of Proposition 14 and Corollary 16, the UDBs of (53) are also
valid on the boundary of dom &, and one can observe that for
the particular example, the UDB does not increase too much as
one moves from the interior to the boundary. However, exten-
sive simulations have shown that for many MPC problems this
is not the case, with the corresponding UDB increasing rapidly
as the boundary of dom &S is approached.

The worst-case iteration counts of Algorithm 2 are within
15-59% of the tight UIBs obtained by (53), confirming that
the theoretical bound of (39) is quite tight. On the downside,
UDB (53) is harder to compute than the UDBs based on Propo-
sition 14 and Corollary 16. Interestingly, one can observe that
the UIBs obtained for the scenario where no terminal constraints
are present are tighter for 4 = 0. On the other hand, the number
of iterations, both in theory and in practice, are smaller for the
scenario in which terminal constraints are present, although the



PATRINOS AND BEMPORAD: ACCELERATED DUAL GRADIENT-PROJECTION ALGORITHM 29

I #GPAD (1071
10° et +GPAD (5 x 1072)
e ~GPAD (107
-+GPAD (5 x 107%)
“-=-GUROBI (IP)
s - GUROBI (DAC)
+CGUROBI (PAC)
-4-CPLEX (IP)
<+CPLEX (DAC)
CPLEX (PAC)

:
% 1
:

Average time [ms]

e #+qpOASES

—T, = 500 [ms]

10 20 30 40 50 60 70 80 90
Horizon N

Fig. 3. Runtime results for the masses example (M = 5).

problem is more “complex” due to the presence of the terminal
set.

B. Masses Example

The setup for this example is similar to [8], [9]. It consists
of a sequence of M objects of equal mass m serially connected
to each other, by spring-dampers of equal spring constant £ and
damping coefficient ¢, and to walls on either side. Between two
consecutive masses there is and actuator exerting tensions. The
discrete-time LTI model is obtained after discretization with
sampling period of 0.5 s, and it consists of 7, = 2M states
and n,, = M — 1 inputs. Each state of the system is constrained
to lie in [—4, 4], while each input in [—1, 1]. The stage cost is
Lx,u)=(1/2)(2'Qz + ' Ru) with@Q =1, ,R=1,,.

1) Complexity Certification: The purpose of the first set of
simulations is to test the tightness of the UDBs proposed in
Section VI to problems of larger dimension than the previous
example. It is assumed that m = 1, & = 2, ¢ = 1. Further-
more the terminal cost is V() = (1/2)a’ Pyx, where Py is
the solution of the corresponding DARE, and Fn, gy repre-
sent the MPI set of the system in closed-loop with the LQR
feedback law. The UIBs obtained by computing the UDBs of
(583), Corollary 16, and Proposition 14 are compared on the
masses example for M = {2,3}, N = 10,y = {0,1073,5 x
1073,1072,5x 102,10 1}. The certification analysis follows
exactly the same Steps 1-7 of Section VII-A. The results are
summarized in Fig. 2. The worst-case iteration counts for Algo-
rithm 2 are within 14-83% and 49-60% of the UIBs obtained
by (53), for M = 2 and M = 3, respectively. Therefore for the
specific example the theoretical bound of (24) is quite tight. In
both cases, Proposition 22 is valid confirming that the UDBs of
(53) are tight. The parameter value p appearing in Proposition
22 lies always on the boundary of dom &, a phenomenon which
appears in most of our simulations. For v = 0, the tight UDBs
obtained by (53) are 588 (M = 2) and 545 (M = 3). In fact,
UDBs can take significantly large values especially for v = 0,
as we have observed in numerous simulations. In such cases,
the advantage of choosing (o) = 0 is evident since the UIB of
(39) is of order O( \/ A,), while the iteration bounds for primal
and dual optimality are of order O(A,).

2) Performance Comparison: The purpose of the next
experiment is to compare the practical performance of GPAD
against existing solvers: the interior-point, primal active set,

--GPAD (107}
+«+GPAD (5 x 1072
+GPAD (107?)
-+GPAD (5 x 107%)
+GUROBI glP)
GUROBI (DAC)
¥GUROBI (PAC)

<+CPLEX (DAC)
CPLEX (PAC)

Maximum time [ms]

—Ts =500 [ms]
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Horizon N

and dual active set solvers of GUROBI 5.0 [45] and CPLEX
v12.4 [46], the interior-point solver QUADPROG of MATLAB
R2012a Optimization Toolbox, QPOASES [5], the QP solver
of the MPC Toolbox [47] DANTZGMP, based on the active set
method described in [4], and the new QP solver of the MPC
Toolbox implementing the QPKWIK algorithm [6].

As the emphasis of the comparison is on worst-case execution
time that is a fundamental parameter in real-time embedded op-
timization, all algorithms are cold-started. The negative effect of
this choice is more significant for active-set solvers, especially
for QPOASES which takes most advantage of warm-starting.

The algorithms are tested on the MPC problem (1) for the
masses example, with the number of masses M ranging from
5 to 25 with step 5 and horizon length N ranging from 10 to
90 with step 10. Here, m = &k = 1, ¢ = 0 and the terminal
conditions are the same as in the previous subsection.

For GPAD, the inequality constraints of the MPC problem
were scaled so as to have ¢ = 1, ¢y = 1, the initial iterate is
always 3y = 0, and the termination criterion of Algorithm
2 is checked at every iteration. The resulting MPC problem
was solved for relative accuracies ey = £, € {10715 x
1072,1072,5 x 103}, GPAD was programmed in C (com-
piler GCC 4.2) using BLAS for matrix-vector and inner prod-
ucts, and called through MATLAB via a mex interface. The
MPC problem matrices were passed in sparse form (keeping the
states as decision variables) to the interior-point solvers, and in
condensed form (having eliminated the states) to the active set
solvers. For each of the solvers their default termination criteria
were used. For every different combination of M, N, 100 dif-
ferent initial states were chosen at random by solving the LP
miny, . {r'plz € Z(p),9(2) + v < 0}, where the elements of
r € R?M are drawn from the standard normal distribution and
~ is uniformly distributed between 0 and 0.6.

Simulations were performed on a MacBook Pro (2.66 GHz
Intel Core 2 Duo, 4 GB RAM). All algorithms were called in
MATLAB through their mex interfaces and runtimes were mea-
sured using the tic-toc command of MATLAB. The results
of the simulation experiments are summarized in Figs. 3-5. The
active-set solvers QPOASES, DANTZGMP, QPKWIK were
run only for M € {5,10} and N € {10,..., 50} since their av-
erage runtime well exceeds the sampling time of 7, = 500 ms.
The same is true for the active set solvers of GUROBI and
CPLEX when N > 50.
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Fig. 5. Runtime results for the masses example (A = 25).

As the running time of active set solvers grows rapidly with
problem size, we do not report the corresponding results for
large problems. Clearly, as observed earlier, their performance
can be significantly improved by warm-starting, an informa-
tion that might not always be available during MPC operations,
such as after a set-point change or the occurrence of a large
disturbance.

One can observe that GPAD outperforms all the solvers in
terms of average runtime by more than an order of magnitude.
For relative accuracies ey = ¢, € {1071, 5 x 1072} its worst-
case runtime is well below the sampling time of 500 ms, even for
long horizons and large number of masses. For M = {20, 25},
the worst-case runtime of GPAD with relative accuracy 102 or
5 x 1079 exceeds the sampling time 75 for some values of the
horizon length. Among the rest of the solvers, the interior-point
algorithm of GUROBI seems to be the most efficient. For up
to 10 masses, its worst-case runtime is less than T, while for
larger number of masses it exceeds it for horizon length above
certain threshold. Overall, the conclusion drawn is that, if only
medium accuracy solutions are sought, GPAD is the algorithm
of choice for the specific example, not to mention that it is even
the simplest to implement.

We remark that the offline time needed to build problem ma-
trices for the active-set problems is not included in the figures.
However this grows very fast with the prediction horizon and
number of masses. Due to the choice of the terminal cost and
Remark 3, the time needed by the factor step (cf. Algorithm 3)
is independent of the horizon length. Specifically, the execution
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time of Algorithm 3 is 47, 110, 169, 288, 811 us for M = 5,
10, 15, 20, 25, respectively. In all cases it is almost negligible
compared to the average time per iteration of GPAD.

Regarding the efficacy of the termination criterion (cf. Algo-
rithm 2), in 35.9% of the cases the algorithm was stopped due
to criterion (28), in 52.5% due to criterion (29) and in 11.43%
due to criterion (27). Criterion (28) was successful 25.7% of
the times it was tested, while the corresponding percentage for
(29) and (27) is 51% and 65.27% respectively. Finally, criterion
(28) was tested in 6% of the total number of iterations, while
the corresponding percentage for (29) and (27) is 4.48% and
0.76% respectively. The conclusion drawn from these numbers
is that Algorithm 2 reduces the number of iterations needed for
the termination of Algorithm 1 in practice, since the criterion
9(Z()) < g4 dictated by theory is hardly ever satisfied before
(28), (29) or (27). Furthermore, the most computationally ex-
pensive criterion (27) which requires the calculation of the dual
function is rarely checked and when it does, almost 2/3 of the
times is successful.

VIII. CONCLUSIONS AND FUTURE WORK

This paper has proposed an accelerated dual gradient pro-
jection algorithm that is particularly tailored to embedded
applications of linear MPC designs. Although GPAD is a dual
algorithm, its convergence properties derived in this paper
regard primal optimality and feasibility. Specifically, GPAD
can compute an (0, £)-optimal solution for the primal problem
in O(1/y/) iterations. Although GPAD has a computation
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performance that is comparable to other existing QP solvers,
its main purpose is to be extremely simple to code (as it only
involves products, sums, and comparisons), and to have rather
tight upper-bounds (computable offline) on the maximum
number of iterations. These characteristics ease the certification
of the control code and make it quite suitable for implementa-
tion in embedded systems, compared to other (possibly faster,
but more complicated) solvers.

One drawback of GPAD is its sensitivity to scaling, a fact that
is well known for first-order methods [22]. Preconditioning can
dramatically improve the convergence rate of GPAD. According
to our experience, one simple choice of preconditioning that
works well in practice is to compute a diagonal approximation
H € 87, of the Hessian of the dual cost in (47) and perform
a change of coordinates in the dual space with scaling matrix
equal to H~'/? [22, Sec. 2.3.1]. An alternative approach was
suggested recently in [29] and [48].

Ongoing and future work includes closed-loop stability anal-
ysis of MPC under (ev, &,)-optimality, and derivation of con-
vergence and bounds for the algorithm in the presence of errors
due to fixed-point computations [49], [50].

APPENDIX A

Proof of Proposition 9: For each k& € Ny _; consider the
Hamiltonian function Hy, : R™ x R™ x R™ — R [22, Sec.
1.9], Hy (2, u, ) = €(x, u, yp )+ N (Az+ Bu+ f). Since Hj, is
jointly convex in (x, u) and strictly convex in w, the necessary
and sufficient condition for z to be the unique optimal input-

state sequence for (5) is
Ve Hyp (23, up, Apg1) =0, k € Ny_; (56)

where the costate vectors A, € R™= satisfy the adjoint equations

Ap = mGHk(a;k,uk,)\kH), ke N[l,Nfl] (57a)
/\N = va Vf (.’1.7N, yN). (57b)

Next, we claim that
A1 = Prr1Zrg1 + €x41, £ € Ny (58)

withey = Fyyn+qx andeg, k € Njg v 1) givenby (36). For
k = N — 1, the claim is valid since by (57b), Ay = Qnxn +
gy + Fiyn. Assume that (58) holds for some k& € Ny_.
Solving (56) with respect to uz, one gets

U = —-p! (ST;\ +7r+ G,?/k + B,)\k+1) . 59)

Substituting (58) in (59), we obtain uy = —R~1(Szy + 7 +
G'yp + B’ (Pr417k+1 + cxr1)). Substituting the state equation
Tr+1 = Az + Bug + f, and solving for uy, we arrive at (37a),
with Ky, My, Dy, dy, given by (34).

Next, multiplying the state equation by A’P,y1 and using
(58) we arrive at

AI/\k_H = A/P;H_lALL‘k + A/P]H_lB’lLk + A/6k+1 + AlPk+1f

Adding Q. + S"ug, + g+ F'y. in both sides, using (57a), (37a)
and rearranging terms we obtain Ay, = Py + e, where ey, is
given by (36) in Algorithm 4 with L, C}, s; given by (35)
confirming the induction argument and completing the proof. ®

APPENDIX B

Proof of Lemma 13: LetC = {(p, )|z € Z(p).g(2)
0}(= gph §). We have int{(dom §) = rint(dom )
rint(P,C) = P,(rint C), where the first equality follows from
int(dom &) being nonempty, the second by the definition of
the domain of a set-valued mapping and the third by [51, Prop.
2.44]. Using the well-known representation for the relative in-
terior of polyhedral sets this means that § € int(dom S) if and
only if there exists a Z such that Z € Z(p) and ¢(z) < 0, i.e.,
the Slater condition holds for P(), which in turn is equivalent
to the boundedness of Y* () and implies (41), [22, Ex. 5.3.1],
[32, Lem. 1]. ]

Proof of Proposition 14: Lety, = min;en, ,, {—9i(2")}.

1A

Any p € Pg can be expressed as p = Zf:l asp®, for some
as > 0 such that Zle a, = 1. Let 2 =

Then since gph Z is an affine subspace, (3, 2)
ie, 2 € Z(p). Furthermore, for any i € N[1,m]»
gAY+~ < Zle as(gi(2%) + v5) < 0, the first inequality
being valid due to convexity of each component of g and the
choice of 7y [cf. (42a)]. Therefore Z is a Slater vector for P(p).
Thus,

ly* (DN <71 (V(2) - V(D))

S
<y ! (Z aV(z") - V*(ﬁ)) <y g
s=1

where the first inequality is due to Lemma 13, the second fol-
lows by convexity of V', and the last by the nonnegativity of V*
and (42b). ]

Proof of Theorem 19: Since yi. (p) € V*(p), it must
satisfy the KKT conditions for (48), which are given by (49a).
Using Lemma 18, y*. (p) is the solution of the following
strictly convex quadratic program:

1
min  — ||y (60a)
y 2
s.t. Hy=Hy" (60b)

where y* is any optimal solution. According to the KKT condi-
tions for (60), y*,;,(p) must be primal feasible [cf. (60b), (60c)]
and there must exist a A € R™ such that (49b) holds. Notice
that one can use y* = y ;. (p) € Y*(p) in (60b) making it re-
dundant. This concludes the proof. ]
Proof of Lemma 20: Since
. 1

mm{§||y|2|y € y;(p)} 61
is a strictly convex QP and yg,(p) is nonempty [indeed 5 €
Y% (p)], it has a unique optimal solution y € R™ which must

satisfy the KKT conditions, i.e., feasibility and
(i + HiXye = 0, i + HLA> 0, 4, 20, i g N. (62)
By definition j is feasible and ; > 0,1 & N. Therefore, 7
is optimal for (61) if and only if §; + H; A = 0, for every
i ¢ N, which can be equivalently written as ; (9; + H;. A) = 0,
© € N[y ), since §; = 0,7 € N. [ ]
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Proof of Theorem 21: By Lemma 20, Y. (p) is the set of
all y € Y*(p) that are minimum-norm optimal solutions along
some face of Y*(p). Since Y*(p) is a polyhedral set, it has a
finite number of faces. This means that the set V., (p) is finite

1min

and therefore bounded. We next show that % (p) € V.. (p)
proving that Y*. (p) is nonempty. According to Theorem 19
there exists a A € R™ such that y3,;,, ;(p) (Y5 (p) + HiA) =
0,95 :(p)+ Hi. ) > 0,4 ¢ N(p), while fori € N(p) one has
Ynin,i(p) = 0, therefore 7, (p)(yhi i (p) + HiX) = 0 for
i € N(p) as well. This also implies that min{(1/2)||y||?|y €

i@} < (1/2)lly5:(p)I1? =min{(1/2)]lyl1*ly € Y*(p)}-
On the other hand, since Y*. (p) C Y*(p), it follows that

min

min{(1/2)|yl1?|ly € Y*(p)} < min{(1/2)|yl1?|ly €V (p)}.
proving (53). ]
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