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Abstract
In their recent paper [2], the authors provided a tool
for obtaining the explicit solution of constrained model
predictive control (MPC) problems by showing that the
control law is a continuous piecewise aﬃne (PWA) function of the state vector. Therefore, the feedback interconnection between the MPC controller and a linear
system, or a PWA system (e.g., a PWA approximation of a nonlinear system), is a PWA system. For
discrete-time PWA and hybrid systems, we presented
an algorithm for veriﬁcation/reachability analysis in
[5]. In this paper, we formulate the performance analysis problem of closed-loop PWA systems (including
MPC feedback loops where the prediction model and
the plant model could be diﬀerent) as a reachability
analysis problem, and use our algorithm to obtain a
tool for characterizing (i) the set of states for which the
evolution is feasible, (ii) the domain of stability, (iii)
the performance of the closed-loop.
1 Introduction
Model Predictive Control (MPC) has become the accepted standard for complex constrained multivariable
control problems in the process industries. Here at each
sampling time, starting at the current state, an openloop optimal control problem is solved over a ﬁnite horizon. At the next time step the computation is repeated
starting from the new state and over a shifted horizon,
leading to a moving horizon policy. The solution relies
on a linear dynamic model, respects all input and output constraints, and optimizes a quadratic performance
index. The big drawback of MPC was the relatively
formidable on-line computational eﬀort which limited
its applicability to relatively slow and/or small problems. For discrete time linear time invariant systems
with constraints on inputs and states, in [3] the authors
developed an algorithm to determine explicitly the state
feedback control law which minimizes a quadratic performance criterion. The control law was shown to be
piecewise linear and continuous, thus reducing the online computation to a simple linear function evaluation
instead of an expensive quadratic program.
Therefore, the feedback connection between a linear
model and an MPC controller is a piecewise aﬃne
(PWA) system, of the form
x(t + 1) = Ai x(t) + fi , for x(t) ∈ Ci

(1)

where x ∈ X ⊆ Rn , Ci  {x : Hi x ≤ Si }, i =
0, . . . , s − 1 is a polyhedral partition of the set of states
X, and fi are constant vectors. Equation (1) can be
augmented with the term Bi d(t), where d ∈ Rd is a

vector of unmeasured disturbances entering the closedloop. Because of continuity of the piecewise aﬃne control law, the PWA system (1) is well-posed, in the sense
that the state-update function is always uniquely deﬁned, despite the fact that the sets Ci overlap on the
boundaries (these will be also referred to as guardlines).
PWA systems belong to the class of switched systems [7, 16], and constitute an important framework
for modeling hybrid systems, as an alternative to the
class of hybrid control systems [10, 2, 15], which consist
of the interaction between continuous dynamical systems and discrete/logic automata. PWA systems are
equivalent to interconnections of linear systems and ﬁnite automata, as pointed out by Sontag [17]. Based on
diﬀerent arguments, a similar result was proved constructively in [1], where the authors show that PWA
systems are equivalent to the hybrid mixed logical dynamical (MLD) systems introduced in [2]. MLD systems are hybrid systems deﬁned by the interaction of
logic, ﬁnite state machines, and linear discrete-time systems, deﬁned by the equations
x(t + 1) = Ax(t) + B1 d(t) + B2 δ(t) + B3 z(t)
E2 δ(t) + E3 z(t) ≤ E1 d(t) + E4 x(t) + E5

(2a)
(2b)

where x ∈ Rnc × {0, 1}n is a vector of continuous and
binary states, d ∈ Rdc ×{0, 1}d are disturbance inputs,
and δ ∈ {0, 1}r , z ∈ Rrc represent auxiliary binary and
continuous variables respectively, which are introduced
when transforming logic relations into mixed-integer
linear inequalities [2], and A, B1−3 , E1−5 are matrices
of suitable dimensions.
MLD systems are capable of modeling a broad class of
systems arising in many applications: linear hybrid dynamical systems, hybrid automata, nonlinear dynamic
systems where the nonlinearity can be approximated
by a piecewise linear function, some classes of discrete
event systems, linear systems with constraints, etc. Examples of real-world applications that can be naturally
modeled within the MLD framework are reported in [2].
As pointed out in [14], one important reason to study
hybrid systems is to analyze stability, robust stability, and tracking properties of high-performance controllers, e.g., MPC controllers. In fact, most currently
available MPC techniques guarantee stability for the
nominal linear plant through the introduction of stability constraints, which are often removed in practical MPC schemes as they typically deteriorate performance. Moreover, an important issue is to analyze
the behavior of the feedback loop when the nominal
model and the actual plant model diﬀer, e.g. because
of the presence of nonlinearities. Robust MPC tech-

niques partially solve this issue, by taking into account
a class of linear uncertain models rather than one single prediction model, although this typically requires
increased computation eﬀort and, again, leads to deterioration of performance.

tion problem is decidable, as in the case for many other
undecidable problems that can be meaningfully approximated by decidable ones (e.g., the decidable algorithm
shown in [1] for analysis of observability is another example of such a philosophy).

Clearly, simulation provides an answer, but this is limited to a particular model, initial condition, and disturbance realization. In many situations it is important
to know if the speciﬁcations are met for a whole set
of conditions. An approximate answer can be given by
gridding the set of initial conditions and input signals,
and by running a large number of simulations, although
(i) some critical evolution might be overlooked, and (ii)
the less the desired coarseness of results, the more the
simulation eﬀort.

The approach followed in this paper is related to the
idea of robust simulation [11], which consists of simulating entire set evolutions rather than single trajectories for stability and performance analysis. In [11] the
author tests for ﬁnite time stability by computing an
outer approximation of the reach set via mathematical
programming. In particular, an outer approximation is
performed at each time step in order to keep the complexity polynomial. In this paper, we present a robust
simulation algorithm that, at the expense of extra computation, provides the exact simulation. Although the
worst case complexity is still exponential in the time
horizon and the number of guardlines, thanks to a set
of heuristics, which exploits the piecewise linear nature
of the hybrid system, the performance of the algorithm
is comparable to the one of [11], and does not suﬀer for
high state-space dimensions.

Despite the fact that PWA systems are just a simple
extension of linear systems, they can exhibit very complex behaviors as typical of nonlinear systems. Blondel
and Tsitsiklis [6] showed that even in the simple case
of two component subsystems, verifying the stability
of autonomous discrete-time PWA systems is either an
N P -hard problem (no polynomial-time algorithm), or
undecidable (the problem is not algorithmically solvable, in general). In view of these complexity results,
no hope remains of ﬁnding criteria for stability of PWA
systems as easy as for instance the Routh-Hurwitz rule
for linear systems. Stability of each linear subsystem is
not enough to guarantee stability of the overall system
(and vice versa) [7], as the switching rule between linear
dynamics is fundamental for the stability of the interconnection. Some criteria for stability of PWA systems
were recently proposed, which are based on multiple
Lyapunov functions methods [7]. However, LMI based
approaches have the drawback of being conservative,
the more conservative the larger the number of regions
in the polyhedral partition of the state-space.
Following earlier results in [5], in this paper we formulate as a veriﬁcation problem the issue of characterizing
the stability of a feedback system composed of a linear
(or PWA) system and a constrained MPC controller,
whose explicit solution can be found in PWA form [3].
The problem of veriﬁcation can be simply stated as follows: For a given set of initial conditions and disturbances, certify that all possible trajectories never enter
a set of unsafe states, or possibly provide a counterexample. As for stability analysis, such a reachability
analysis issue is well known to be undecidable in the
context of formal veriﬁcation of hybrid automata [10].
In spite of this complexity, several tools for formal veriﬁcation of hybrid systems have been proposed in the
literature, mainly for linear hybrid automata [10, 13].
The basic idea of this paper is to check for reachability from a bounded set X (0) of initial conditions to (i)
a set around the origin, and (ii) the set Xu of states
where the constraints are violated. More precisely, we
label as asymptotically stable in T steps the trajectories
that enter an invariant set around the origin within a
ﬁnite time T , or as infeasible in T steps the trajectories which enter Xu within that time. Subsets of X (0)
leading to neither of the two previous cases are called
non-classiﬁable in T steps. Such a ﬁnite-time veriﬁca-

2 Model Predictive Control
Consider the problem of regulating to the origin the
discrete-time linear time invariant system


x(t + 1)
y(t)

=
=

Ax(t) + Bu(t)
Cx(t)

(3)

while fulﬁlling the constraints
xmin ≤ x(t) ≤ xmax , umin ≤ u(t) ≤ umax

(4)

at all time instants t ≥ 0. In (3)–(4), x(t) ∈ Rn , u(t) ∈
Rm , and y(t) ∈ Rp are the state, input, and output
vector respectively, xmin ≤ xmax (umin ≤ umax ) are
ﬁnite n(m)-dimensional vectors, and the pair (A, B) is
stabilizable.
Model Predictive Control (MPC) solves such a constrained regulation problem in the following way. Assume that a full measurement of the state x(t) is available at the current time t. Then, the optimization problem
min

t+Nu −1

Ut

J(U, x(t)) = ||xt+Ny |t ||2P +
Ny −1



||xt+k|t ||2Q + ||ut+k ||2R

k=0

subj. to

xmin ≤ xt+k|t ≤ xmax , k = 0, . . . , Nc
umin ≤ ut+k ≤ umax , k = 0, 1, . . . , Nc
xt|t = x(t)
xt+k+1|t = Axt+k|t + But+k , k ≥ 0
ut+k = Kxt+k|t , Nu ≤ k ≤ Ny

(5)

is solved at each time t, where xt+k|t denotes the predicted state vector at time t + k, obtained by applying the input sequence Utt+Nu −1  ut , . . . , ut+k−1 to
model (3) starting from the current state x(t) measured at time t. The state constraints in (5) are deﬁned also for k = 0. Although such a constraint is not
aﬀected by U , it puts a limitation on the set of states
for which (5) has a solution, namely, states which are
infeasible for (4) are also infeasible for (5). In (5), we as1
sume that Q = Q  0, R = R  0, P  0, (Q 2 , A) detectable (for instance Q = C  C with (C, A) detectable),

Ny ≥ Nu ≥ Nu , and K is a linear gain. Frequently, P
and K are obtained by solving the Riccati equation with
weights Q, R, which amounts to switching the control
to the unconstrained LQR after Nu time-steps.
Let U ∗ (t) = {u∗t , . . . , u∗t+Nu −1 } be the optimal solution
of (5). Then at time t
u(t) = u∗t

(6)

is applied as input to system (3). The optimization (5)
is repeated at time t+1, based on the new state x(t+1),
yielding a moving or receding horizon control strategy.
The stability of MPC feedback loops was investigated
by numerous researchers. Stability is, in general, a complex function of the various tuning parameters Nu , Ny ,
Nc , Q, R, P , and K. For applications it is most useful to impose some conditions on Ny , Nc , P , and K so
that stability is guaranteed for all Q  0, R  0. Then
Q and R can be freely chosen as tuning parameters to
aﬀect performance. Sometimes the optimization problem (5) is augmented with a so called “stability constraint”. This additional constraint imposed over the
prediction horizon explicitly forces the state vector either to shrink in some norm or to reach an invariant set
at the end of the prediction horizon.
Most approaches for proving stability follow in spirit
the arguments of Keerthi and Gilbert [12] who establish
the fact that under some conditions the value function
V (t) = J(U ∗ (t), t) attained at the minimizer U ∗ (t) is a
Lyapunov function of the system [3].
2.1 MPC Computation
By substituting
xt+k|t

=

Ak x(t) +

k−1


Aj Buk−1−j

(7)

j=0

in (5), the performance index J(U, x(t)) can be rewritten in the form
min
U

subj. to

1 
U ΨU
2

+ x (t)F U

(8)
GU ≤ W + Lx(t)

where the column vector U  [ut , . . . , ut+Nu −1 ] ∈ Rs ,
s  mNu , is the optimization vector, Ψ = Ψ  0,
and Ψ, F , Y , G, W , L are easily obtained from Q, R,
and (5)–(7). As only the optimizer U is needed, the
term involving Y is usually removed from (8).
The optimization problem (8) is a quadratic program
(QP). Because the problem depends on the current
state x(t), the implementation of MPC requires the
on-line solution of a QP at each time step. Although
eﬃcient QP solvers based on active-set methods or interior point methods are available, computing the input u(t) demands signiﬁcant on-line computation effort. For this reason, the application of MPC has been
limited to “slow” and/or “small” processes.
In [3] the authors presented a new approach to implement MPC, where all the computation eﬀort is moved
oﬀ-line. The idea is based on the observation that in (8)
the state x(t) ∈ Rn can be considered a vector of parameters, and (8) as a multi-parametric Quadratic Program (mp-QP). An algorithm to solve mp-QP problems was presented in [3]. Once the multi-parametric
problem (8) has been solved oﬀ line, i.e., the solution

Ut∗ = f (x(t)) of (8) has been found, the model predictive controller (5) is available explicitly, as the optimal
input u(t) consists simply of the ﬁrst m components
of Ut∗ , u(t) = [I 0 . . . 0]f (x(t)). In [3] the authors
also show that the solution U ∗ = f (x) of the mp-QP
problem is continuous and piecewise aﬃne. Clearly, because of (9), the same properties are inherited by the
controller, i.e.,
u(t) =

Fi x(t) + gi , for
x(t) ∈ Ci  {x : Hi x ≤ Si }, i = 1, . . . , s

(9)

where ∪si=1 Ci is the set of states for which a feasible
solution to (5) exists. Therefore, the closed MPC loop
is of the form (1), where Ai = A + BFi , fi = Bgi ,
Bi = 0 (A vector of polyhedrally-bounded additive disturbances d(t) can be taken into account by considering nonzero matrices Bi ). Note that the form of the
closed-loop MPC system remains PWA also when (i)
the matrices A, B of the plant model are diﬀerent from
those used in the prediction model, and (ii) the plant
model has a PWA form. Typically, the MPC law (5)
is designed on a linear model obtained by linearizing
the nonlinear model of the plant around some operating condition. When the nonlinear model can be approximated by a PWA system (e.g., through multiple
linearizations at diﬀerent operating points or by approximating nonlinear static mappings into piecewise
linear functions), the closed-loop formed by the nonlinear plant model and the MPC controller (5) can be
approximated by a PWA system as well.
3 Performance Characterization Problem
As mentioned in the introduction, determining the stability of PWA systems can be a complex task. Nevertheless, we aim at estimating the domain of attraction of the origin, and the set of initial conditions from
which the state trajectory remains feasible for the constraints (4).
As mentioned in the previous section, the nominal MPC
closed-loop is an autonomous PWA system. The origin
belongs to the interior of one of the sets of the partition, namely the region where the LQ gain K is asymptotically stabilizing while fulﬁlling the constraints (4),
which by convention will be referred to as C0 . Denote
by D∞ (0) ⊆ Rn the (unknown) domain of attraction of
the origin. Given a bounded set X (0)of initial conditions, we want to characterize D∞ (0) X (0).
By construction, matrix A0 , associated with the region
C0 , is strictly Hurwitz and f0 = 0 (in fact, in C0 the
feedback gain is the unconstrained LQR gain F0 = K,
g0 = 0 [3]). Then we can compute an invariant set
in C0 . In particular, we compute the maximum output
admissible set (MOAS) X∞ ⊆ C0 . X∞ is the largest
invariant set contained in C0 , which by construction of
C0 is compatible with the constraints umin ≤ Kx(t) ≤
umax , xmin ≤ x(t) ≤ xmax . By [9, Th.4.1], MOAS
is a polyhedron with a ﬁnite number of facets, and is
computed through a ﬁnite number of linear programs
(LP’s) [9]1 .
1 If the eﬀect of perturbations d(t) ∈ U ⊆ Rm , where U is a
given bounded set of disturbances and B0 = 0, has to be taken
into account X∞ is the largest invariant set under disturbance
excitation, and can be computed as proposed in [8].

In order to circumvent the undecidability of stability
mentioned above, we give the following
Deﬁnition 3.1 Consider the PWA system (1), and let
◦
the origin 0 ∈ C 0  {x : H0 x < S0 }, and A0 be strictly
Hurwitz. Let X∞ be the maximum output admissible
set (MOAS) in C0 , which is an invariant for the linear
system x(t+1) = A0 x(t). Let T be a ﬁnite time horizon.
Then, the set X (0) ⊆ Rn of initial conditions is said to
belong to the domain of attraction in T steps DT (0) of
the origin if ∀x(0) ∈ X (0) the corresponding ﬁnal state
x(T ) ∈ X∞ .
Note that DT (0) ⊆ DT +1 (0) ⊆ D∞ (0), and DT (0) →
D∞ (0) as T → ∞. The horizon T is a practical information about the speed of convergence of the PWA
system to the origin.
Deﬁnition 3.2 Consider the PWA system (1), and let
Xinfeas  Rn \ ∪si=1 Ci . The set X (0) ⊆ Rn of initial
conditions is said to belong to the domain of infeasibility
in T steps IT (0) if ∀x(0) ∈ X (0) there exists t, 0 ≤ t ≤
T such that x(t) ∈ Xinfeas .
Given a set of initial conditions X (0), we aim at ﬁnding
subsetsof X (0) which are safely asymptotically stable
(X (0) DT (0)), andsubsets which lead to infeasibility in T steps (X (0) IT (0)). Subsets of X (0) leading
to none of the two previous cases are labeled as nonclassiﬁable in T steps As we will use linear optimization tools, we assume that X (0) is a convex polyhedral
set (or the union of convex polyhedral sets). Typically,
non-classiﬁable subsets shrink and eventually disappear
for increasing T .
3.1 Switching Sequences
Consider the following simple case of evolution of the
PWA system (1), where u(t) = 0, fi = 0, ∀i =
0, . . . , s − 1,
x(t) = Ai(t−1) Ai(t−2) · · · Ai(0) x(0)

(10)

where in (10) i(k) ∈ {0, . . . , s − 1} is the index
such that Hi(k) x(k) ≤ Si(k) , k = 0, . . . , t − 1, is
satisﬁed. The previous questions of practical stability can be answered once all switching sequences
I(t)  {i(0), . . . , i(t − 1)} leading to X∞ or Xinfeas
from X (0) are known. In fact, for safe stability in T
steps it is enough to check that the reach set at time
T , X (T, X (0))  Ai(T −1) Ai(T −2) · · · Ai(0) X (0), satisﬁes
the set inclusion X (T, X (0)) ⊆ X∞ for all admissible
switching sequences I(T ). However, the number of all
possible switching sequences I(T ) is combinatorial with
respect to T and s, and any enumeration method would
be impractical. In the next section we show that a veriﬁcation algorithm can be used to avoid such an enumeration.
4 Reachability Analysis of Hybrid Systems
In this section, we recall the veriﬁcation algorithm presented in [5]. In order to determine admissible switching sequences I(t), the algorithm exploits the special
structure of the PWA system (1). This structure allows an easy computation of the reach set as long as
the evolution remains within a single region Ci . Whenever the reach set crosses a guardline and enters a new
region Cj , a new reach set computation based on the jth linear dynamics is computed, as shown in Fig. 1(a).
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Figure 1: Reachability Analisys
Let X (0) be a convex polyhedral set, and partition it

into subregions Xi (0)  X (0) Ci , i = 0, . . . , s − 1.
For all nonempty sets Xi (0), computing the evolution
X (T, Xi (0)) requires: (i) the reach set X (t, Xi (0), Ci ),
i.e., the set of evolutions at time t in Ci from
Xi (0); (ii) crossing
detection of the guardlines, Ph 

X (t, Xi (0), Ci ) Ch = ∅, ∀h = 0, . . . , i − 1, i + 1, . . . , s −
1; (iii) elimination of redundant constraints and approximation of the polyhedral representation of the new
regions Ph (approximation is desirable, as the number
of facets of Ph can grow linearly with time); (iv) detection (1) of emptiness of X (t, Ph , Ci ) (emptiness happens
when all the evolutions have crossed the guardlines), (2)
of safe stability X (t, Ph , Ci ) ⊆ X∞ , (3) of full infeasibility X (t, Ph , Ci ) ⊆ Xinfeas (these three will be referred to
as fathoming conditions).
4.1 Reach Set Computation
Let the set of initial conditions be deﬁned by the polyhedral representation X (0)  {x : S0 x ≤ T0 }. The
subset Si (t, X (0)) of X (0) whose evolution lies in Ci for
t steps is given by
Si (t, X (0)) = {x ∈ Rn : S0 x ≤ T0 ,


j
Hi Aki x ≤ Si − Hi k−1
j=0 Ai fi , k = 0, . . . , t

(11)

As Si (t, X (0)) is a polyhedral set, the reach set
X (t, Xi (0), Ci ) is a polyhedral set as well. In the presence of input disturbances, Si (t, X (0)) = {x ∈ Rn :
k−1
S0 x ≤ T0 , Hi (Aki x+ j=0 Aji [Bi d(k −1−j)+fi ]) ≤ Si ,
k = 0, . . . , t}, is a polyhedron in the augmented space
of tuples (x, d(0), . . . , d(t − 1)).
4.2 Guardline Crossing Detection
Switching detection amounts to ﬁnding all possible new
regions Ch ’s entered by the reach set at the 
next time
step, i.e., nonempty sets Ph  X (t, Xi (0), Ci ) Ch , h =
i. Rather than enumerating and checking nonemptiness for all h = 0, . . . , i − 1, i + 1, . . . , s − 1, we can exploit the equivalence between PWA systems and MLD
models (2), and solve the switching detection problem
via mixed-integer linear programming. More in detail,
in the MLD form the condition x(t) ∈ Ch is associated with the condition δ(t) = δh ∈ {0, 1}r , for instance x(t) ∈ C5 ⇔ δ(t) = [1 0 1] . Switching detection

amounts to ﬁnding all feasible vectors δ(t) ∈ {0, 1}r
which are compatible with the constraints in (2) plus
the constraint x(t−1) ∈ X (t−1, Xi (0), Ci ). Such a problem is a mixed-integer linear feasibility test (MILFT),
and can be eﬃciently solved through standard recursive branch and bound procedures. Thus, on average
the MLD form (through the branch and bound algorithm) requires only a very small number of feasibility
tests, while the PWA form would require enumerating
and solving a feasibility test for all the possible s regions.
4.3 Approximation of Intersections
The computation of the reach set proceeds in each region Ch from each new intersection Ph . A new reach
set computation is started from Ph , unless Ph is contained in some larger subset of Ch which has already
been explored. As the number of facets of Ph can grow
linearly with time, we need to approximate Ph so that
its complexity is bounded (and therefore the computation of the reach set from Ph has a limited complexity
with respect to the initial region), and checking for set
inclusion is a simple task. Hyper-rectangular approximations are the best candidates, as set inclusion between hyper-rectangles reduces to a simple comparison
of the coordinates of the vertices. On the other hand, a
crude rectangular outer approximation of Ph can lead
to explore large regions which are not reachable from
the initial set X (0), as they are just introduced by the
approximation itself. In [4] the authors propose an iterative method for inner and outer approximation which
is based on linear programming, and approximates with
arbitrary precision polytopes by a collection of hyperrectangles, as depicted in Fig. 1(a).
4.4 Fathoming
In Sect. 4.1 we showed how to compute the evolution of the reach set X (t, Ph , Ci ) inside a region Ci .
The computation is stopped once one of the following happens: (i) The set X (t, Ph , Ci ) is empty. This
means that the whole evolution has left region Ci ,(ii)
X (t, Ph , Ci ) ⊆ X∞ , i.e., all possible evolutions from Ph
are safely stable, (iii) X (t, Ph , Ci ) ⊆ Xinfeas , i.e., all possible evolutions from Ph have violated the constraints
in (4). (iv) time t > T . These conditions can be checked
through linear programming.
4.5 Graph of Evolution
The result of the exploration algorithm detailed in the
previous sections can be conveniently represented on a
graph G (Fig. 1(b)). The nodes of G represent sets
from which a reach set evolution is computed, and an
oriented arc of G connects two nodes if a transition exists between the two correspoding sets. Each arc has
an associated weight which represents the time-steps
needed for the transition. The graph has initially no
arc, and nonempty initial sets Xi (0) and X∞ , Xinfeas
 as
nodes. When a new intersection X (t, Xi (0), Ci ) Ch is
detected, it is approximated by a collection of hyperrectangles, as described in Sect. 4.3. Each hyperrectangle becomes a new node in G, and is connected
by a weighted arc from Xi (0).
After the veriﬁcation algorithm terminates, the oriented paths on G from initial nodes Xi (0) to terminal
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nodes X∞ and Xinfeas determine a superset of feasible
switching sequences I(t) = {i(0), . . . , i(t − 1)}. In fact,
because of the outer approximation of new intersections
Ph , not all switching sequences are feasible. Nevertheless, feasibility can be simply tested via linear programming. Once all feasible switching sequences I(t) have
been identiﬁed, the partition of the initial set into safely
stable regions and regions where infeasibility occurs is
determined by the
sets Ai(t−1) Ai(t−2)

 . . . Ai(0) X (0) ⊕
t−1 t−1
fi(t−1) + j=1
h=j Ai(h) fi(j−1) , t ≤ T .
5 An Example
Consider the system y(t) = s2s+1
+s+2 u(t), and sample
the dynamics with T = 0.2 s. The task is to regulate
the system to the origin while fulﬁlling the constraints
−0.5
. To this aim, we
−1 ≤ u(t) ≤ 1 and x(t) ≥ −0.5
design an MPC controller based on the optimization
problem
||xt+2|t ||2P +

min

ut ,ut+1

1


||xt+k|t ||2 + .1||ut+k ||2

k=0

subj. to

(12)

−2 ≤ ut+k ≤ 2, k = 0, 1
xt+k|t ≥ xmin , xmin  −0.5
−0.5 , k = 0, 1

where P is the solution to the Riccati equation (in this
example Q = [ 10 01 ], R = 0.1, Nu = Ny = Nc = 2).
Note that this choice of P corresponds to setting ut+k =
Kxt+k|t for k ≥ 2, where K is the LQR gain, and min∞
imizes k=0 xt+k|t xt+k|t + .01u2t+k with respect to ut ,
ut+1 . The closed loop response from the initial condition x(0) = [1 1] is shown in Fig. 2(a).
The mp-QP problem associated with the MPC law has
the form (8) with
ª

=

0:3059
2:2950 1:5010
[ 0:7616
0:3059 0:6075 ] ; F = [ 1:0835 0:5171 ]
2 0:5 3
3
2 ¡0:1789
0
¡0:0372

G

=

1:0000
6 ¡1:0000
6
4 0
0
0
0

0
0
7
0
7
1:0000 5 ;
¡1:0000
0
0

6
W =6
4

0:5
1 7
1 7
1 5;
1
0:5
0:5

2 0:7839 ¡0:1789 3
6
L=6
4

0:3577 0:9628
0
0
0
0
0
0
0
0
1:0000
0
0
1:0000

7
7
5

The solution was computed by using the mp-QP solver
in [3] in 0.66 s on a PC Pentium III 650 MHz running
Matlab 5.3, and the corresponding polyhedral partition
of the state-space is depicted in Fig. 2(b). The MPC
law is
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Figure 3: Partition of initial states into safely stable, and
infeasible in T = 20 steps.
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where region #3 corresponds to the unconstrained LQR
controller, #1 and #4 to saturation at −1 and +1,
respectively, and #2 is a transition region between LQR
control and the saturation.
Note that the union of the regions depicted in Fig. 2(b)
should not be confused with the region of attraction
of the MPC closed-loop. For instance, by starting at
x(0) = [3.5 0] (for which a feasible solution exists), the
MPC controller runs into infeasibility after t = 5 time
steps.
The reachability analysis algorithm described above
was applied to determine the set of safely stable initial
states and states which are infeasible in T = 20 steps
(Fig. 3). The algorithm computes the graph of evolutions in 115 s on a Pentium II 400 running Matlab 5.3.

6 Conclusions and Acknowledgments
In this paper we proposed a technique for performance
assessment of MPC closed-loop systems which is based
on reachability analysis of hybrid systems. The approach can be immediately extended to set-point tracking problems and disturbance rejection, where parametric analysis with respect to set-point/disturbance
values can be performed in order to determine the set
of initial states which leads to safe evolutions for a
given set-point/disturbance, or vice versa all the setpoints/disturbance which can be safely commanded
from a given set of initial states. The approach also
allows the robust analysis of safe stability against normbounded disturbances.
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