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Model Predictive Control (MPC) concepts
Hybrid models for MPC

MPC of hybrid systems

Explicit MPC (multiparametric programming)
Optimization-based reachability analysis

Examples

Model Predictive Control

*« MPC concepts
* Linear MPC
« Matlab tools for linear MPC

Model Predictive Control

Optimizer Plant
=
Reference Input Output
r(t) u(t) y(t)
1 |
Measurements

MODEL: a model of the plant is needed to predict
the future behavior of the plant

PREDICTIVE: optimization is based on the
predicted future evolution of the plant
CONTROL: control complex constrained
multivariable plants

Receding Horizon Philosophy
o At time ¢: 1 @ y(t+k) o
Solve an optimal Predicted outputs

control problem over a O/Q/Q):)_u‘l“ﬁ—r
) Manipulated “(HF
LT e

finite future horizon N :

tit+1 i+

- minimize f(ly — 7|, |ul)

— subject to constraints

< umax
< Ymax

Umin < u
Umin = U

Tl +NF1

+ Only apply the first optimal move u*(t)

¢ Get new measurements, and repeat the optimization
at time ¢t+1

Advantage of on-line optimization: FEEDBACK!

Receding Horizon - Example

MPC is like playing chess !
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Constrained Optimal Control

¢ Linear Model: z(t+1)
y(t)

Ax(t) + Bu(t) z € R?, w e R™
Ca(t) y €RP

« Constraints: Umin < u(t) < umax
Ymin < ¥() < ymax

« Constrained optimal control problem
(quadratic performance index):

N-1
f / !/ /
@M 1y & [0 + W RUB] +a () Pa()
s.t. umin < u(k) <umax, k=0,...,N—1
Ymin < y(k) <ymax, k=1,...,N

Q=Q =0, R=R >0, P=0

Constrained Optimal Control

« Optimization problem:

F=1 )
By substituting z(k) = A¥z(0) + Y A" 17IBu(k) , we get
7=0

V(z(0)) = 32/(0)Yz(0)+ min SU'HU +2'(0)FU ||(quadratic)

st. GU < W+ 5z(0) ||(linear)

Convex QUADRATIC
PROGRAM (QP)

e U2 [W/(0) ... W/(N—1)) €Rs, s& Nm, is the optimization vector

e H=H'>=0,and H, F, Y, G, W, S depend on weights Q, R, P,
upper and lower bounds umin, Umax, Ymin, Ymax, and model matri-
ces A, B, C

8

MPC of Linear Systems

past 1 future
- |~ Predicted
—_> outputs  Y(t+k|t)
ﬁ Manipulate
InputE u?t+?<)
t t+1 t+N

At time t:
» Get/estimate the current state x(t)

 Solve the QP problem min AUHU 4+ 2/ (O FU

st. GU < W + Sa(t)

and let U={u*(0),...,u*(N-1)} be the solution
(=finite-horizon constrained open-loop optimal control)

* Apply only u(t) = «*(0) and discard the remaining
optimal inputs

¢ Go to time t+1

Model Predictive Control Toolbox

« MPC Toolbox 2.0 (Bemporad, Ricker, Morari, 1998-2004):

Object-oriented implementation (MPC object)
— MPC Simulink Library

MPC Graphical User Interface

— RTW extension (code generation)

Only linear models are handled

http://www.mathworks.com

Example: AFTI-16

« Linearized model: 0151 -60.5651 O 32.174
*=[.00018 432541 -86939 O

0001 1.3411 9929 4] ] P

0 0 1 0
2.516 13,136
1689 2514

—-17.251 -1.5766|"

o Inputs: elevator and flaperon angle

» Outputs: attack and pitch angle

» Sampling time: 1, = .05 s (4 zero-order hold)
« Constraints: max 25° an both angles

» Open-loop response; unstable
(open-loop poles: —7.6636, —0.0075 £ 0.05565, 5.4530)

see demo aftilé.m (MPC-Tbx)

Example: AFTI-16

| N, =10, N, =3,
wy, = {10,10}, ws, = {.01,.01},

Umin = —25°, Umax = 25°

i) Ouitpasts Tefer ences =ag 4] pans =2
&R o2 L ABB B/ | @@l opp amE e Mv=10 N=3

w, = {100,10}, ws, = {.01,.01},

tmin = =259, umax = 25°

12




Convergence

Theorem 1 Consider the linear system

{ z(t+1) Az(t) + Bu(t)
y(t) Ca(t)

and the MPC control law based on

N-1
minJ(Uz(6) = Y- {v/'(t +KO)Qu(t + K|t) + (¢ + k) Ru(t + k) }
g k=0
subj. to Ymin < Yt + k) < ymazx
Umin < u(t + k) < umaz
Assume that the optimization problem is feasible at time t = 0. Then, for
either N — oo or with the extra constraint z(t+ N|t) =0, for all R>0, Q > 0,
limy(t) =0,
t—o0
limu(t) =0,
t—oo
1
while fulfilling the constraints. Moreover, provided that (Q2C, A) is a detectable
pair, ’Iim z(t) = 0.
t—o0

(Keerthi and Gilbert, 1988)(Bemporad et al., 1994)

Proof: Use value function as Lyapunov function
13

Convergence Proof

Assume we set the terminal constraint z(t 4+ N[t) =0

Let U denote the optimal control sequence @t {u;(0),...,uf(N — 1)}

Let V(t) £ JU;, z(t))=value function == Lyapunov function

By construction, U1 = {uf(1),...,uf(N — 1),0} is feasible @t + 1, and
hence

V(E+1) = JU gyt + 1))@7(ul,z<t+ 1) =
= V(1) - ' (DQy(t) — u!(t) Ru(t)

V(t) is decreasing and lower-bounded by 0 = IVa = limy_ V() =
V(t+ 1) — V(t) — 0, which implies y/(t)Qy(t),u/(t) Ru(t) — 0

Since R > 0, u(t) — 0

Assume for simplicity that C = I (i.e., y(t) = z(t)) and Q@ > 0. Then
also z(t) — 0.

Global optimum is not needed to prove convergence ! 14

Convergence Proof
If Q>0 and/or C # I:
e Forall Vk=0,...,n— 1, we have
k—1
Jim y (t4+B)Qu(t+k) = fim [QEC(Abx()+ 3 A/ Bu(t+k—1-5)|> =0
j=0

1
e As u(t) — 0, also Q2CA*z(t) — 0, and hence ©z(t) — 0, where © is the
observability matrix of (Q2C, A).

1
e If (Q2C, A) is observable, this also implies z(t) — 0.

1
e If (Q2C, A) is only detectable, through a canonical decomposition one can
observe that, as u(t) — 0, unobservable modes go to zero spontaneously.

Convergence Proof

Similar argument for infinite prediction horizon N = oc:

— Let U denote the infinite optimal control sequence @f {uj{0).uf(1)...}

— Let V(t) & J(U;. x(t))=value function (= Lvapunov function)

— Because constraints were checked up to t+k = oo, Uy = {uf(1).u{(2)....}
is feasible @t 4+ 1 by construction.
— Hence
Vt+1)=JU" g1, 2(t + 1)) < J@Ua(t+ 1)) =
= V() — ' (O)Qu(t) — u'(t) Ru(t)

— Repeat same arguments as before

16

MPC and LQR

¢ Consider the MPC control law:

mJnJ(U, t) = 2/(t+ T|t)Pz(t + T|t)+

N-1
Jacopo Francesco
> {x/(t + k|)Qx(t + k|t) + u/(t + k) Ru(t + k)} Riccati (1676 - 1754)
k=0
subj. to Ymin < Yt +kt) < ymaz, k=1,...,N
Upin < u(t +k) < tmaz, k=0 N-1

u(t+ k) = Ka(t+ k|t), k=Ny,...,N—1

R=R >0, Q=Q >0, and P, K satisfy the Riccati equation

K =—(R+ B'PB)"1B'PA
P = (A+ BK)'P(A+ BK)+ K'RK + Q

¢ In a polyhedral region around the origin the MPC control

law is equivalent to the constrained LQR controller with
weights Q,R. (Chmielewski, Manousiouthakis, 1996)

(Scokaert and Rawlings, 1998)

MPC = constrained LQR
* The larger the horizon, the larger the region where MPC=LQR ;

Qutline

v Model Predictive Control (MPC) concepts
e Hybrid models for MPC

MPC of hybrid systems

Explicit MPC (multiparametric programming)

Optimization-based reachability analysis

¢ Examples

18




Hybrid Models for MPC

» Discrete Hybrid Automata (DHA)
* Mixed Logical Dynamical (MLD) Systems
* Piecewise Affine (PWA) Systems

Hybrid Systems

Computer
Sctence )

Control
) z € R

u € R™
y € RP

x€{1,2,3,4,5}
uwe{A,B,C}

: ;C
ks

Continuous
dynamical
systems

Finite
state
machines

Hybrid systemsi

u®), system (40

{%ﬁ = f(a(®),u(®)
y(t) = g(z(t),u(t))

20

Continuous
dynamical states
(velocities, torques,
air-flows, fuel level)

Discrete input Continuous inputs
(1,N,2,3,4) + (brakes, gas, clutch)

Cruise Control Problem

GOAL:

command gear ratio, gas
pedal, and brakes to track

a desired speed and minimize
consumptions

CHALLENGES:

e continuous and discrete inputs
¢« dynamics depends on gear
e nonlinear torque/speed maps

Key Requirements for Hybrid Models

« Descriptive enough to capture the behavior of the system

— continuous dynamics (physical laws)
— logic components (switches, automata, software code)
— interconnection between logic and dynamics

« Simple enough for solving analysis and synthesis problems

?

{w’ Az + Bu o = f(x,u,t)

y = Cz+ Du <):> { y = o(zut)

linear systems nonlinear systems

linear hybrid systems

“Make everything as simple as possible, but not simpler.”
— Albert Einstein “‘

Piecewise Affine Systems

state-input space

z(k+1) = Ai(k)x(k) + Bi(k)u(k) + fitk)
y(k) Ciryr (k) + Dyyu(k) + 951

2€EXCRY, ueldUCR™ ye YCRP
i(k) e {1,...,s}

(Sontag 1981)

* Can approximate nonlinear/discontinuous dynamics
arbitrarily well

24




Discrete Hybrid Automaton

(Torrisi, Bemporad, 2004)

Switched Affine System

Event ze(k) ey re(k)
Generator belk)
Se(k .
e =1 Switched — (k) .
Affine \ e
System i | .
fuc(k) counie
Finite State wc(k)
Machine time or - ()
event
up(k) | L ; t\ counter| vl
O O z4(k) - 175
The affine dynamics depend on the current mode i(k):
mode|i(k)
Mode Selector
(k) ze(k + 1) = Ajgyze(k) + Bjgyuc(k) + fir)
Je(k)
ze € R ue € R™¢
1. € B™ = continuous states ue £ R™r = continuous inputs
xy € {0,1}™ = binary states ug € {0, 1} = binary inputs
i(k) e {1,..., s} = current mode 8. € {0.1}™" = event condil:iorg -
Event Generator Mode Selector
Event rolk) Ewvent relk)
dolk) i dolk) !
— ue{ k)
&
B (k) | e k)] 1
1J=> 1=
Event variables are generated by linear threshold conditions over The active mode i(k) is selected by a Boolean function of the
continuous states, continuous inputs, and time: current binary states, binary inputs, and event variables:
[6i(k) = 1] = [Hze(k) + K'uc(k) < W] (1) = FraCe(R), we(k), 6e(B)) | e 01 wee 0,27, a0, 1y
R"e R™e, §, 0,1}
bfc S , Uc € » Oe € { ’ } Example: ug/zg| 0O 1
Example: [6=1] « [z, (k)>0] i) = | R Vadk) | O |i=BJi=[0  tpe system has 3 modes
’ = ue(k) A zo(k) 1 li=[8]]i=1[1] ”
27

Finite State Machine

Zwvont relk)

delk)

uglk)

Se (k)

The binary state of the finite state machine evolves
according to a Boolean state update function:

zo(k+ 1) = fe(ze(k), ue(k), 6e(k)) | =€ (0,1, upe {0,1}™, 5 € {0,1)™

Example:  z¢(k+ 1) = =6c(k) V (zo(k) A up(k))

29

Logic and Inequalities

Glover 1975, Williams 1977

X1V X2 01+02>1,  01,00€{0,1}

Any logic statement f(X) =TRUE A< B

m 1< Y 64+ > (1-4)

A (Viel’,,xf VieN; ﬂx"’) (CNF) .o o

j=1 :

Nj,P;jC{l,...,n} 152} s+ Zw(l_éi)
i€ Pm i€ENm

Hiz (k) - W' < M(1-06))

ek = 1]  [H'er(k) < W] Hiag(k) - Wi > mist

(mo—M1)d+2z < asz+bou+t fa
IF [0 =1]) THEN z = a{z + b{u + f1 (my— Mp)d —2z < —apz —byu— fo
ELSE z =alz +blu+ fo (my—M2)(1—=8)+2 < ajxz+biu+fr
(mo— M1)(1—6)—2 < —ayx—biu— f1
Switched
Affine System
Finite State Mode Selector Event
Machine Generator
Tl
_/ b=
— . =0

30




Switched Affine Systems

The state-update equation can be rewritten as a

Switched
Affine System combination of affine terms and if-then-else
[ 1 Rk conditions:
e 4y = { Ja7eO + BruD + 11, 1 () = 1)
s P 1 otherwise,

Aszc(t) + Bsuc(t) + fs, if (Z(t) = )7
zs(t) = { otherW|seS

E

zet+1) = Y #(0),

i=1

where z;(t) e R% i=1,...,s

If-then-else conditions are converted to inequalities.

Output equations y (¢)=Cz.(t)+Du(t)+g; admit a similar
transformation.

31

Logic — Inequalities: Symbolic Approach

0. Given a Boolean statement ‘!-'(_\']..\';_; ...... Xn) = TRUE ‘

1. Convert to Conjunctive Normal Form (CNF):

A (\/ x; \) = TRUE

j=1 \ieP; ieN;

2. Transform into inequalities:

Yh+ Y (-8 =1
iePy ;?X‘l polyhedron
P =) |Ad<b, 6€{0,1}"
Sa+ Y (1-6) = 1
i€ P iENm

Any logic proposition can be translated into linear integer ineq.
3

2

Logic — Inequalities: Symbolic Approach
Example: F(X1, X5, X3) = [X3 + X1 A X5]

1. Convert to Conjunctive Normal Form (CNF):
(see €.J.. http://ww.oursland.net/aima/propositionApplet._html

or just search [CNF + applet] on Google ...)

(X3 VXV —‘XQ) AN (X]_ Vv —|X3) A\ (XQ Vv —‘Xg)

2. Transform into inequalities:
(03+(1—-061)+(1-02)>1

d1+(1-63)>1
b+ (1-63)>1

33

Logic — Inequalities: Geometric Approach
Example: logic “AND"

F(X1,X2,X3) = [X3 + X1 A X2] (1,1.1)
X1| Xo| X3
0 =
T: 1
Q
< 1
Key idea: / 61
White points cannot be
in the hull of black points (0.0.0) (1.0.0)
0 0 1 1 —61+63 <O
conv O|,|1(,]|0](,|1 =(J: —dr+63 <O
0 0 0 1 61 +6d6—903 <1
Convex hull algorithms: cdd, Irs, ghull, chD, Hull, Porto

34

Mixed Logical Dynamical Systems

Discrete Hybrid Automaton

HYSDEL
(Torrisi, Bemporad, 2004)

Mixed Logical Dynamical (MLD) Systems (Bemporad, Morari 1999)
z(t+1) = Azx(t) + Biu(t)+B26(t) + Baz(t) + Bs
y(t) = Ca(t) + Dyu(t)+Dad(t) + Daz(t) + Ds
End(t) + E3z(t) < Eaux(t) + Equ(t) + Es

z € R x {0,1}%, u € R™ x {0,1}"™
y € RPr x {0,1}P, § € {0,1}", z € R™

Continuous and
binary variables

« Computationally oriented (mixed-integer programming)

e Suitable for controller synthesis, verification,

35

A Simple Example

0.8z(k) +u(k) if
0.8z(k) + u(k) if

—10< 2(k) <10, -1 <u(k) <1
 Associate [6(k) = 1] — [z(k) > 0] and transform

(k) =0

e System: 2(k) < 0

a(k+1) = {

(k) = m(1-48(k)) M = -m=10
x(k) < —e4 (M 4e€)d(k) > 0 “small"
e Then z(k+41) = 1. —0.8x(k) + u(k)
z(k) < Mé(k)
2(k) = o(k)z(k) — =(k) = md(k)
z(k) < =(k)—m(1 —48(k))
2(k) = x(k) — M1 -68(k))

« Rewrite as a linear equation
z(k+ 1) = 1.6z2(k) — 0.82(k) + u(k)

—_—

36




Hybrid Toolbox for Matlab

Features: (Bemporad, 2003-2004)

* Hybrid model (MLD and PWA) design and simulation

» Control design for linear systems w/ constraints
and hybrid systems (on-line optimization via QP/MILP/MIQP)

» Explicit control (via multiparametric programming)

e C-code generation

e Simulink

http://www.dii.unisi.it/hybrid/toolbox

HYSDEL

(HYbrid Systems DEscription Language)

e Describe hybrid systems. 350 TeG S am e N
tin The Hybrid Systems Project

— Automata e . _—

— Logic "3:

— Lin. Dynamics o

— Interfaces =

— Constraints —

(Torrisi, Bemporad, 2004)

« Automatically generate MLD models in Matlab

Download: http://www.dii-unisi.it/hybrid/toolbox

Reference: http://control.ethz.ch/~hybrid/hysdel

37 38
Example: Bouncing Ball Bouncing Ball — Time Discretization
k 0: z(k) —x(k — v(k) —v(k —
) P— z(k) > oy = 5 Ts(k 1 g iy = B Tfk 1)
r<0=a(tH)=—-(1-a)i(t)
v(k+1) = v(k)—Ts
a e [0,1] ? =) {zgk+1§ = zEk%+ngv(k+ 1y — L
N -mg = (k) + Tow(k) — T2g
F=mg
(k) <0 o) = —(1—a)o(k—1) a(k+1) = x(k—l)»/
= (k) — Tsv(k)
How to model this system in MLD form? _
39 40

HYSDEL - Bouncing Ball

SYSTEM bouncing_ball {
INTERFACE {
/* Description of variables and constants */
STATE { REAL height [-10,10];
REAL velocity [-100,100]; 3

PARAMETER {
REAL g;
REAL dissipation; /* O=elastic, l=completely anelastic */
REAL Ts; }

3
IMPLEMENTATION {
UX { REAL z1;
REAL z2;
BOOL negative; 3}

AD { negative = height <= 0; }

DA { z1 = { |IF negative THEN height-Ts*velocity
ELSE height+Ts*velocity-Ts*Ts*g};
z2 = { IF negative THEN -(l-dissipation)*velocity
ELSE velocity-Ts*g}; 3}
CONTINUOUS {
height = z1; ==
velocity=sz:} MATLAB

33

go to demo /demos/hybrid/bball.m

Systems Theory for
Discrete-Time Linear Hybrid Systems

¢ Analysis
— Well-posedness
— Realization & Transformation
— Reachability (=Verification)
— Observability
— Stability
— Identification

¢ Synthesis
— Control
— State estimation

42




Well-posedness

Are state and output trajectories defined 7
Uniquely defined 7 Persistently defined ?

z(t+1) = Az(t) + Bru(t) + B20(t) + Baz(1)
y(t) = Cx(t) + Dyu(t) 1 Da8(t) + Daz(t)
E58(8) + Faz(t) < Fru(t) + Baa(t) + B

e MLD well-posedness :
5(t) = Flz(t), u(t))
2(t) = Ga(t),u(t) i {z(),u(®)} - {z(+1)}
{z(t),u(®)} — {y(t)}

are single valued

Definition 1 Let £2 C R" x R™ be a set of input+state pairs.
A hybrid MLD system is called well-posed on 2, if for all pairs
(x(t), u(t)) € Q there exists a solution z(t + 1), y(t).6(t), z(¢t) and
moreover, x(t + 1), y(t) are uniquely determined.

Numerical test based on mixed-integer programming available

(Bemporad, Morari, Automatica, 1999)
43

Equivalences of Hybrid Models

Definition 1 Two hybrid systems X1, X5 are equivalent if for all initial
conditions z1(0) = x2(0) and input {u; (k) ez, = {1!.2(.{.!)];‘.&-7_;‘_'_ then
x1(k) = as(k) and y1(k) = y(k), for all k € Zy.

z,(k), y,(k
>, (R, v, (k)

u(k)

5, z,(k), y.(k)

44

MLD and PWA Systems

Theorem MLD systems and PWA systems are equivalent

(Bemporad, Ferrari-Trecate, Morari, JEEE TAC,2000)

¢ Proof is constructive: given an MLD system it returns its
equivalent PWA form

¢ Drawback: it needs the enumeration of all possible
combinations of binary states, binary inputs, and & variables

* Most of such combinations lead to empty regions

« Efficient algorithms are available for converting MLD models
into PWA models avoiding such an enumeration:
* A. Bemporad, “Efficient Algorithms for Converting Mixed Logical

Dynamical Systems into an Equivalent Piecewise Affine Form", IEEE
Trans. Autom. Contr., 2004.

« T. Geyer, F.D. Torrisi and M. Morari, “Efficient Mode Enume-
ration of Compositional Hybrid Models’, HSCC'03

45

Example: Room Temperature

AC system Hybrid Dynamics

y | [ }"‘" 1 #1 turns the heater (air condition-
cold /4 . ing) on whenever he is cold (hot)

Heater o If #2is cold he turns the heateron,

unless #1 is hot

o If #2 is hot he turns the air condi-
tioning on, unless #2 is cold

e Otherwise, heater and air condition-
ing are off

o T1 = —ai1(Ty — Tamp) + k1(upot — ucolg) (body temperature dynamics of #1)

o Tr = —as(To — Tamp) + k2(unot — ucolq) (body temperature dynamics of #2)

go to demo /demos/hybrid/heatcool.m

46

HYSDEL Model

MATLAB

I .
i

BEAL T2 [ 4A

FORD (L
RESEARCH ToRy

Hybrid Toolbox
—

for Matlab
(Bemporad, 2003-2005)

http://www.dii.unisi.it/hybrid/toolbox

[ uhse = (IF eoldl | (esld2 & -k
" ot &

>>S=mld("heatcoolmodel " ,Ts) get the MLD model in Matlab

>>[XX,TT]=sim(S,x0,U); simulate the MLD model

a7

Hybrid MLD Model

e MLD model

z(t+1) = Ax(t) + Byu(t) + B2d(t) + Baz(t)
y(t) = Cz(t) + Dyu(t) + D25(t) + D3z(t)
E6(t) + Ezz(t) < Eiu(t) + Eax(t) + Es

« 2 continuous states: (temperatures T;,T5)

* 1 continuous input: (room temperature T, )

* 2 auxiliary continuous vars: (power flows g, Ucyq)

* 6 auxiliary binary vars: (4 thresholds + 2 for OR condition)

¢ 20 mixed-integer inequalities

Possible combination of integer variables: 26 = 64
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Hybrid PWA Model

« PWA model |Z(k+1) = Ajgz(k) + Bigyulk) + fik)

50p

e 2 continuous states:
(temperatures Ty,7,)

¢ 1 continuous input:
(room temperature T,.,,)

Temperature T (deg C)

* 5 polyhedral regions
(partition does not depend on input)

>>P= :
P=pwa(S); uhot = uhot
umld = x,m

49

Simulation in Simulink

[ ® heatcoots (55| )
e e e Jerswn Fgme Jook b
0 &H& B b s ot [Hemd =
— stats ]
I e
. |
T ngnn <4 WD ke
iphrid P Symem A s
|Beady 100 o
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Other Existing Hybrid Models

e Linear complementarity (LC) systems (Heemels, 1999)

z(t+1)= A:c(t)+Blu(f)+Bzu7(t)

y(t) = Cx(t) + Diu(t) + Daw(t)

u(t ) = 19:(25) + Eou(t) + Esw(t) + eq
0 <o(t)Lw(t) >0

Ex: mechanical systems
circuits with diodes etc.

« Extended linear complementarity (ELC) systems
Generalization of LC systems (De Schutter, De Moor, 2000)

¢ Min-max-plus-scaling (MMPS) systems

(De Schutter, Van den Boom, 2000)

x(t+1) = My(z(t),u(t),d(t))] MMPS function: defined by the grammar
y(t) = My(z(t), u(t), d(t))
0> M, o(z(t), u(t), d(t))

M := zi|o| max (M, My)| min(My, Ms)| My + M,|3M,;

Example: z(t+1) = 2max(z(t),0) +min(—éfu(t), 1)

Used for modeling discrete-event systems (t=event counter)
51

Equivalence Results

O
/
&Q@

./
— (&

Theorem A/l the above six classes of discrete-time hybrid
models are equivalent (possibly under some additional
assumptions, such as boundedness of input and state variables)
(Heemels, De Schutter, Bemporad, Automatica, 2001)
(Torrisi, Bemporad, IEEE CST, 2003)

(Bemporad and Morari, Automatica, 1999)
(Bemporad, Ferrari-T.,Morari, IEEETAC, 2000)

Theoretical properties and analysis/synthesis tools
can be transferred from one class to another
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I\/ILD and LC Sys

mels¥e Schutter Bemporad Automatica, 2001)
@ P

Theorem 1 Every L system can be written as an MLD s 7, pmmd’ed
that the variables u{k nd v(k) are {componentwise) buund(-d’

Proof: \
z(t+1) = Az(t) + Biu(t) + Baw(t)
z(t+1) = Az(t) + Byu(t) + Bzfi(l) + Bsz(t) y(t) = C(t) + Dyu(t) + Dow(t)
. y(t) = Cz(t) + Dyu(t) + D26(t) 4+ Dsz(t) o(t) = Bz (t) + Byu(t) + Byw(t) + ¢4
EyS(t) + Es2(t) < Eyz(t) + Eyu(t) + E; 0 < o(t)Lw(t) >0
For each complementarity pair v;(t), w;(t) introduce a binary variable §;(t) € {0,1}
[0(t) = 1] = [o(t) = 0, wi(t) = 0] w5
[6:(t) = 0] — [vi(t) >0, w(t) =0] uq)]z(t) S0 — 0
vi(t) > 0
Set 2i(t) = w;(t) and substitute v(t) = E1x(t) + Eyu(t) + Ezw(t) + eq ™

Hybrid System Identification

e Sometimes a hybrid model of the process (or of a part of it)
cannot be derived manually from available knowledge.

¢ Therefore, a model must be either
— Estimated from data (model unknown)

— or hybridized before it can be used for control/analysis (model
known but nonlinear)

« If a linear model is enough, no problem: several algorithms are
available (e.g.: use Ljung's ID TBX)

« If switching modes are known and data can be generated for
each mode, no problem: we identify one linear model per
mode (e.g.: use Ljung's ID TBX)

¢ If modes & dynamics must be identified together, we need

hybrid system identification
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PWA Identification Problem

Estimate from data both the parameters of the
affine submodels and the partition of the PWA map

Example Let the data be generated by the PWARX system

[-04 1 15]¢+e 5
it [4 -1 10]¢r<0

[05 -1 —05]+2x

Y = _ _
if[ 4 1 —10 o <0

Vit
=

5 1 -6

[-03 05 -17]¢;+e
it [-5 -1 6]pp<0

with ¢ = [yg—1 up—1 11, lugl <5
and g < 0.1

Ho

Qutline

v Model Predictive Control (MPC) concepts

v Hybrid models for MPC

* MPC of hybrid systems

+ Explicit MPC (multiparametric programming)
e Optimization-based reachability analysis

¢ Examples

56

MPC of Hybrid Systems

* Problem setup

« Convergence properties

« Computational aspects

¢ Matlab tools for hybrid MPC

57

Hybrid Control Problem

hybrid process

continuous | continuous |
inputs states

binary binary

inputs states

on-line decision maker

]

-

,_desired behavior

I constraints
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Model Predictive Control
of Hybrid Systems

MLD model et +1) = Ax(t) + Byult)+ B-8(t) + B:sz(t)
y(t) = Cr(t) + Dyuit) + D:b(t) + Dyz(t)
Eadi(t) + Ez=(t) < Eixit) + Equit) + Eg
Controller
Reference Input Output
B
() ult) y(®
1 Measurements |

¢« MODEL: use an MLD or PWA model of the plant to predict
the future behavior of the hybrid system

« PREDICTIVE: optimization is still based on the predicted
future evolution of the hybrid system

¢« CONTROL: the goal is to control the hybrid system

59

MPC for Hybrid Systems

past o future
| Predicted Model
K
—_> o _Omp“‘s y(tHdt) Predictive (MPC)
1O Manipulated, Control
tot+1 =T

* At time t solve with respect to U = {u(t),u(t+1),...,u(t+ T —1)}
the finite-horizon open-loop, optimal control problem:

T-1
.,(:)._._Tﬂ-’r-u ;.gu ly(t + Eft) — (O] + pllu(t + £l

subject to  MLD model
z(t|t) = =(t)
z(t+Tt) =z

* Apply only u(t) =u'(t) (discard the remaining optimal inputs)

¢ Repeat the whole optimization at time t+1
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Closed-Loop Convergence

Theorem 1 Let (zr,ur,dr,2r) be the equilibrium values
corresponding to the set point r, and assume z(0) is such
that the MPC problem is feasible at time t = 0. Then
VQ,R >0, VYo >0

limy(t) = r
t—o0
lim u(t) = wur
t—o0
iMoo x(t) = xp, iMoo d(t) = 6, liMi_oo2(t) = 2,

and all constraints are fulfilled.

(Bemporad, Morari 1999)

Proof: Easily follows from standard Lyapunov arguments

Convergence Proof

e Assume we set the terminal constraint z(t + T'|t) = z» in the opti-
mal control problem

e Let U denote the optimal control sequence {u;(0),...,u; (T — 1)}

Let V(t) £ J(U;, z(t))=value function == Lyapunov function
e By construction, Uy = {uj(1),...,u;(T — 1),u,} is feasible @t 4 1
e Hence,

Vit+ 1)@J<u1,z<t +1)) = V() - ly(®) = rllg — llu(t) — urllg—
(18t = 651l — [12(8) — 2]l — ll2(®) — v )

Hence V (t) is decreasing and lower-bounded by 0 = Ve = lim;—o0 V(1)
= Vit+1)-V(®)—0

L . ) e Hence, [ly(t) —rllg — O.llu(®) —urllg =0, ..., [lz(t) — | — O
More stability results: see (Lazar, Heemels, Weiland, Bemporad, 2005)
61 Note: Global optimum not needed for convergence ! 62
Hybrid MPC - Example Hybrid MPC - Example
PWA system: Closed loop:
[ ou0 | EESE 1= |
. cosa(t) —sina(t) ,[o] Be Gk D Bk R Tk b 8@ 0sL ABG O L
z(t+1) = 08 sina(t) cosa(t) =(1) + 1_‘ u(t) 0 &HS eI T R L R

u(t) = (1)

_ [ a0
alt) = {-g if z1() <0

int: —1<u(t)<1
Constraint. Sult) < Open loop behavior

go to demo /demos/hybrid/bm99sim.m
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Hybrid MPC — Temperature Control

Hybrid MPC — Temperature Control

>>refs.x=2;
>>Q_x:1;
>>Q.rho=Inf;
>>Q.norm=2;
>>N=2;

% just weight state #2

% hard constraints
% quadratic costs
% optimization horizon

>>limits.xmin=[25;-Inf];

>>C=hybcon(S,Q,N, limits,refs);

>> C
Hybrid controller based on MLD model S <heatcoolmodel.hys>

2 state measurement(s)

0 output reference(s)

0 input reference(s)

1 state reference(s)

0 reference(s) on auxiliary continuous z-variables
20 optimization variable(s) (8 continuous, 12 binary)
46 mixed-integer linear inequalities

sampling time = 0.5, MILP solver = "glpk®

Type “struct(C)" for more details.
>

>>[XX,UU,DD,ZZ,TT]=sim(C,S,r,x0,Tstop);

—_—
min Y (za(k) — )2
k=1

st a(k) >25 k=12

MLD model
[ S + |
T [F Sen juwt fah Qeie grde feb -
NEES & RanN® « 08 =0

Tomgarsturs T,
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Optimal Control of Hybrid Systems:
Computational Aspects

67

MIQP Formulation of MPC

(Bemporad, Morari, 1999)

T-1
ming J(€,2(0)) = Y ¥'(HQy(t) + u'(t)Ru(t)

z(t+ 1) Az(t) + Biu(t) + B2é(t) + B3z(t) + Bs
Ca(t) + Dyu(t) + Dod(t) + D3=(t) + Ds

subject to { y(t) ;
Exd(t) + Ezz(t) < Esx(t) + Equ(t) + Es

¢ =[u(0),...,u(T —1),6(0),...,6(T — 1),2(0),...2(T — 1)
1, 1 1,

min 2€HE +2(0)' FE + 52/ (0)¥r(0)|

subj. to  GE < W + Sz(t)

Mixed Integer Quadratic Program (MIQP)

‘u eR™, § € {0,1}", z € R™

= ‘5 € ROwFn)T {0, 1)77 ‘

68

MILP Formulation of MPC

(Bemporad, Borrelli, Morari, 2000)

T-1
ming J(&2(0)) = Y 1Qu(®)lloc + [[Ru(®)llo

t=0
subject to MLD model
¢ Introduce slack variables: min mm) |min e
€E> —T
6 > (Qult+k) i=1...p k= T-1
6 > [Qult+E[t)] ¢ > —[Qut+k i=1,...p, k=1,...,T-1
G = |IRu+E)s g ¢ > [Ru(t+R));  i=1l...m, k=0,..,T1
6 > —[Ru(t+k); i=1,...m, k=0,..T-1

« Set ‘Eé[éfw €€ ~€T—1~,U75~,Z]I

T—1
min J(&, z(t)) = Z € + €
Mixed Integer Linear Program < k=0
(MILP) s.t.GE é W + Sz (t)

Mixed-Integer Program Solvers

4000 T

¢ Mixed-Integer Programming is NVP-hard

3000

Phase transitions have been found in
computationally hard problems.

2000

1000

Cost of Computation

o2 3 4 5 6 7 8

Ratio of Constraints to Variables
(Monasson et al., Nature, 1999)

BUT

» General purpose Branch & Bound/Branch & Cut solvers available
for MILP and MIQP (CPLEX, Xpress-MP, BARON, GLPK, ...)
More solvers and benchmarks: http://plato.la.asu.edu/bench.html

* No need to reach global optimum (see proof of the theorem),
although performance deteriorates

70

Mixed-Integer Programming Solvers

Main drawbacks:

e Loss of the original discrete structure (Boolean formulas)

* On-line combinatorial optimization

Good for large sampling times (e.g., 1 h) / expensive hardware ...

... but not for fast sampling (e.g. 10 ms) / cheap hardware !
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Mixed-Integer Programming Solvers

Main drawbacks:

« Loss of the original discrete structure (Boolean formulas)

* On-line combinatorial optimization

Good for large sampling times (e.g., 1 h) / expensive hardware ...

... but not for fast sampling (e.g. 10 ms) / cheap hardware !

72




Exploiting Logic Structures

Main drawbacks when using Mixed-Integer Programming for
implementing hybrid MPC control laws:

1. Loss of the original Boolean structure

wp(k+ 1) + (1 —2p(k)) + (1 —up(k)) > 1
{W r;<13+(1—u(k11>>21 <= TRUE FALSE
ug(k) + (1 —zg(k+1)) > 1

w4 1) = ag(k) A ug(h)

Efficiency of MIP solver usually not good when continuous
LP/QP relaxations are not tight

73

“Hybrid" Solvers

Combine MIP and Constraint Satisfaction (CSP) techniques to
exploit the discrete structure of the problem

Why CSP 7
* More flexible modeling than MIP
(e.g.: constraint logic programming (CLP) and Satisfiability of
Boolean formulas (SAT))
e Structure is kept and exploited to direct the search.

Why MIP ?
¢ Specialized techniques for highly structured problems

(e.g. LP problems); Better for handling continuous vars
* A wide range of tight relaxations are available

Why a combined approach ?
Performance increase already shown in other application domains
(Harjunkoski, Jain, Grossmann, 2000),,

SAT-Based Branch&Bound

The basic modeling framework has the following form:
(Bockmayr, Kasper,1998)

min; f(z) <+—— Convex cost function
st. Gz<d, Gz=d <«+—— Continuous constraints
G'z4+Du<FE, Gz+Du=TFE <+—— Mixed constraints
g(v, 1) <— Purely logic constraints

z€R™, pe{0,1}", ve{0,1}"+—— optimization variables

‘ SAT-based B&B ‘“ingredients” ‘

/\wﬁad, Giorgetti, 2003)

A SAT feasibility problem
(for logic constraints only)

A relaxed convex problem
(pure logic constraints dropped)

Convex solver (e.g.: LP/QP) SAT solver

75

Computations: MILP vs. LB-B&B

T Bool, SAThBLEB Cplex 9.0 Pure B&B
Vars (s LPs SATs {s) LPs (s} LPs
5 82 | 008 5 6 | 0.03 18 | 048 23
10 157 | 018 5 6 013 79 | 37150 119
15 232 | 033 5 6 0.42 199 | 8369 943
20 307 |05110 6 & |0.5410 243 |109.0870 2181
25 332 | 07620 8 10 | 0.8210 286 503.0030 3833

30 457 (10520 9 12 |1.0110 333 | 10723 6227
35 532 (14420 10 13 | 1.7170 341 | > 1200
40 607 [1.8630 13 16 374 | > 1200
45 682 |2.7740 15 20 D 475 | 1200

Computation time and # LP solved
for finding an optimal control sequence

SAT-based B&B Pure B&B

/A

#nodes=11

#nodes=6227

Pentium IV 1.8GHz SAT solver: zCHAFF 2003.07.22 76

SAT vs. MILP

Uniform Random 3CNF benchmarks (from http://www.satlib.org)
All 3SAT instances are in the phase transition region.

Sat instances Unsat instances
N. Vars N. Cons | zCHAFF CPLEX | zCHAFF CPLEX |
20 91 0 0.036 = -
50 218 0 0.343 0 0.453
75 325 0 0.203 0 3.671
100 430 0 23.328 0 33.921
125 538 0.016 15.171 0.031 209.766
150 645 0.031 20.625 0.281 4949.58
175 753 0.031 > 1500 0.891 > 5000 |

All clauses are passed to CPLEX new MILP solver as logic
constraints (we exploit the new feature of release 9.0).

Solvers:
CPLEX 9.0

PC: P4 2.8GHz + 1GB RAM ZCHAFF 2003.12.04

Mixed-Integer Programming Solvers

Main drawbacks:

* Loss of the original discrete structure (Boolean formulas)

* On-line combinatorial optimization

Good for large sampling times (e.g., 1 h) / expensive hardware ...

... but not for fast sampling (e.g. 10 ms) / cheap hardware !
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Qutline

v Model Predictive Control (MPC) concepts

v Hybrid models for MPC

v MPC of hybrid systems

* Explicit MPC (multiparametric programming)
¢ Optimization-based reachability analysis

¢ Examples

79

Explicit Model Predictive Control

¢ Multiparametric quadratic programming
e Explicit linear MPC

* Explicit hybrid MPC

« Matlab tools for explicit MPC

80

MPC: Pros and Cons

« PRO: systematic design approach
— Multivariable systems
— State and Input Constraints
— Stability guarantees
— Reference preview

¢ CON: computation complexity !
— Large sampling time/fast hardware
— Software reliability

81

On-Line vs. Off-Line Optimization

1 1
mUin EU’HU + 2 (O)F'U+ Ex'(t)Yﬂc(t)
subj. to  GU < W + Sz(t),

* On-line optimization: given z(t) solve the problem
at each time step t (the control law u=u(zx) is implicitly
defined by the QP solver)

==) Quadratic Program (QP)

+ Off-line optimization: solve the QP for all z(t) to find
the control law u=u(z) explicitly

==p multi-parametric Quadratic Program (mp-QP)

82

Multiparametric Quadratic Programming

(Bemporad et al., 2002)
. 1 ! ! ! 1
mUln EUHU—I-wFU—Ffm T
subj. to GU < W + Sz,

L [l / ’
UZlup - uly_q]

U€eR", 12 mN,
reR"

« Objective: solve the QP for all x € X CR”

(always satisfied if QP problem
t 0 originates from optimal control problem)

« Assumptions: | F F
F''Y

H (can be easily satisfied, e.g. by
- 0 choosing positive input weights) 83

Linearity of the Solution
7€ X ) solve QP to find U*(zp), M (z0)
:> identify active constraints at [U*(zq)

:> form matrices G, W, S by collecting

active constraints: GU*(zg) — W — Szg =0

KKT (1) HU4+ Fz + G'XA =0, (2) GU-W -85z =0
optimality | (3) \,(GiU — Wi - Siz) =0, (4) GU<W + Sz
conditions: (5) X, >0, X,=0

G=rows of G not in &
(inactive constraints)

From (1) : U=-H YFz+ &%)

From (2) : | X(z) = —(GH &)~ Y(W + (5§ + GH 1F)z).
U(z) = HYUG(GH1G) YW+ (5+GH1F)z)—Fx)

In some neighborhood of =z, A and U are explicit
affine functions of x !
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Determining a Critical Region

« Impose primal and dual feasibility: GuU U(zx) S + 3z
. . L X(z) >0
- linear inequalities in z !
*« Remove redundant constraints:
(this requires solving LP's)
‘ critical region CR, X
CR,
CRy={z€ X: Az < B} ]
z-sppce | X

+ CR,is the set of all and only parameters = for which &, W, §
is the optimal combination of active constraints at the optimizer
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Neighboring Regions

(Tendel, Johansen, Bemporad, 2003)

The active set of a neighboring region is found by using
the active set of the current region 4+ knowledge of the
type of hyperplane we are crossing:

GiU(z) < Wi 4 Siz = The corresponding constraint is added to the
active set
Xj(x) >0 = The corresponding constraint is withdrawn from

the active set
86

Mp-QP Properties
Theorem 1 Consider a multi-parametric quadratic program with H = 0,
[ "y ] = 0. The set X* of parameters x for which the problem is feasible
is a polyhedral set, the value function J* : X* — R is piecewise quadratic,
convex and continuous and the optimizer U* : X* — R" is piecewise affine
and continuous.

*(x) = argn%}n iU'HU +2'F'U

continuous,

piecewise affine
subj. to GU < W + Sz

convex, continuous,
piecewise quadratic,
C! (if no degeneracy)

V*(z) = 32'Ya+ n}}n LU'HU +2'F'U

subj. to GU < W + Sz

Corollary: The linear MPC controller is a continuous
piecewise affine function of the state

Fz+G, if Haz<K \
u(a) P N\
Fyz+Gy if Hye <Ky W
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Complexity Reduction

Uz) & u'l(z) oy @)

Regions where the first component of the solution is the same
can be joined (when their union is convex).
(Bemporad, Fukuda, Torrisi, Computational Geometry, 2001)
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Double Integrator Example

1
Csystem:|y(®) = Su®| = pe+d = [§ 3]0+ []uo
s sampling + ZOH y(t) = |1 0|z(t)
T=1s

« Constraints: 1<u(t) <1

o0

1
« Control objective: minimize | . v*(1) + 100
0

u2(t)

u(t + k) = Kpgu(t +k[t), Vk > Nu

» Optimization problem: for N,=2

(cost function is
normalized by
max svd(H))

0.4624 1.2852

= {0.1682 0.5285

0.8365 0.3603
0.3603 0.2059 |’

10 1 00
_|-1 0 _ |1 _|oo
G=lo 1 P"=|1"5F oo

0 -1 1 00
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Mp-QP solution

08166 17399 (Region #1)

1.0000 (Region #2)
10000 w0 | (Region #3)
0.5528 ~1.5364] 2 4 0.4308 %% | (Region #4)
— 10000

(Region #5)

000 |
(Regio

—1.0000

364 2 — 0.4308 (Region #7)

go to demo /demos/linear/doubleintexp.m (Hyb-Tbx)
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Complexity

S S kel
% \*-L 'E
N _‘\_\
mIN
00 ] ]

# Regions
bW
S

8

o

10
# free moves

(is the number of regions finite for N,—o0 7)
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Example: AFTI-16

e Linearized model:

0151 —60.5651 0 32.174

_ |-oo01 -1.3411 0020 0

= |.ooo1e 432541 86939 0 -
4] [v] 1 Q

2.516 13,136
[ 1689 2514
17.251 -1.5766

l o o
o100
"“lo oo

Inputs: elevator and flaperon angle

Outputs: attack and pitch angle

Sampling time: T, = .05 s (+ zero-order hald) "2,

Constraints: max 25% on both angles

Open-lcop response; unstable
(open-loop poles: —7.6636, —0.0075 £ 0.05565, 5.4530)

Explicit controller: 8 parameters, 51 regions

go to demo linear/aftil6.m (Hyb-Tbx)

Explicit Hybrid MPC (MLD)
ming J(€.G() = Zg: @Gk -l + | Ruglloc

Tp41 = Awzp+ Biug + B2d + B3z, + Bs
: yr = Cwmp+ Diug + Dby + D3z + Ds
subject to
! Exd + Ezz, < Eagy + Eiug + Es
w0 = ()

* On-line optimization: solve the problem for each given x(t)

Mixed-Integer Linear Program (MILP)

» Off-line optimization: solve the MILP for all z(¢) in advance

T-1
ming > e +ef

k=0 |
s.t. Gggw+s@]j

multi-parametric Mixed Integer Linear Program (mp—MILP)93

Multiparametric MILP

fée+dé & eR"
gd 6 {07 l}m

min
&={&. 84}

st. GE + E& < W+ Fr

* mp-MILP can be solved (by alternating MILPs and mp-LPs)
(Dua, Pistikopoulos, 1999)

« Theorem: The multiparametric solution £*(z) is piecewise affine

« The MPC controller is piecewise affine in z,r (ar)-space

NS

N

Fiz+ Eyr+g1 if Hy[#] < Ky

u(z,r) =

Fyz+ Eyr+gy 0 Hy [$] < Ky
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Explicit Hybrid MPC (PWA)

T_1 p=120c
min J(U,z,r) = 3R E) = Dlp+ 1Quit)lp | pE=ve
k=0
= PWA model [[vlloo = max|v;|
subject to{ 2(0) = x

ol = Xvi

 Solution u(z,r) found via a combination of

- Dynamic programming or enumeration of feasible mode
sequences, multiparametric linear or quadratic programming,
and polyhedral computation. (Borrelli, Baotic, Bemporad, Morari, 2003)
(Mayne, ECC 2001)

* The MPC controller is piecewise affine in x,r (a,r)-space

Fyax+ Eyr+gy 0 Hy [$] < Ky \

Note: in the 2-norm case the partition may not be fully polyhedral

Fiz+ Eyr+g1 if Hy[#] < Ky

u(z,r) =
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Explicit Hybrid MPC (PWA)

Method A: (Borrelii, Baotic, Bemporad, Morari, Automatica, 2005)

Use a combination of DP (dynamic programming) and mpLP
(1-norm, oo-norm), or mpQP (quadratic forms)

Method B: (Bemporad, Hybrid Toolbox, 2003) (Alessio, Bemporad, 2005) (Mayne, ECC 2001)

1 - Use backwards (=DP) reachability analysis for enumerating all
feasible mode sequences [={i(0),i(1),...,i(T-1)};

2 - For each fixed sequence I, solve the explicit finite-time
optimal control problem for the corresponding linear
time-varying system (mpQP or mpLP);

3 - Case 1/cc-norm: Compare value functions and split regions.

Quadratic case: keep overlapping regions (possibly eliminate
overlaps that are never optimal) and compare on-line (if needed).

\
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Note: in the 2-norm case, the fully 2 |
explicit partition may not be polyhedral ] 0 10 . 451 5 ~




Hybrid Control Example
(Revisited)
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Hybrid Control - Example

PWA system:

Closed loop:

cosall) —sinall)

w(t+1) = 0'8[5Inn{r) cosalt)

w(t) = =z(t)
_ [ FiFmzo0
il [ _§ if T <0

];{n + [f [uty

S0 SRR ABR B &

Constraints: =1 <u(t) <1

2
Objective: min > |y(t + k[t) — r(t)]
k=1

Open loop
behavior:

HybTbx: /demos/hybrid/bm99sim.m
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Explicit PWA Controller

0.6928

Section with r=0

o
0.6928 ~0.4 1] [ if o - 1<
l L S ,:}M—[

RN,
g
[E—

i
=)

o
]
(Region #1)

~0.6928 0.4 —1
[ 0 -1

4
<[]

%
(Rngiuu #23) To

—0.4 06025 0 i
o T in
T PR 1 Rt
-1 i ogos —04 1 |[F1| 1
0o ol 1
LR Y i
o

u(a,r) = R
(Region #3)

b &b A B O NSO ®

-1 o
0 1
0.4 —0.6028
—0.6925 —0.4
0 0

Hybrid MPC - Example

Closed loop:

e

e Ede pew Srulson Fgme ook el

S~

8@ oL L AEE B L R

clerccos
A
5--lzs3=
8
o
.
S

0

1 0
(Region #4)

o608 0.4 1
004 —I);C\?QS 3
(o028 ~0.41][Z] if 1 [7]<

o 0 -
06928 04 -1
0 01

(Region #5)
HybTbx: /demos/hybrid/bm99sim.m

(CPU time: 1.51 s, Pentium M 1.4GHz)

a0

D@ H&| & @[22 b on[Hoand ol
Bk
et
g v
Jpasdy
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Explicit PWA Regulator Explicit MPC — Temperature Control
N - < o [ w0
Objective: min 3~ Ja(t + k1) PPESexpeon(C,range options)s] R ST RT Tk .o :
k=1 P Foptwinsl putten 1} wgern
> E
Explicit controller (based on hybrid controller C)
3 ;_)aramel:er(s)
Prediction Horizon N=1 Prediction Horizon N=2 Prediction Horizon N=3 1; ,',:'.Z:?ﬁg,.(s)
1 sampling time = 0.5
: The controller is for hybrid systems (tracking)
This is a state-feedback controller.
| Type “struct(E)" for more details.
L) >>
] 2
i min Y 23(k)
n, RS k=1
& —
st ;WC,A) i?)gellc =12 Section in the (T, T,)-space for T, = 30
HybTbx: /demos/hybrid/bm99benchmark.m
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Explicit MPC — Temperature Control

(Wi =50
B OB e Sk e Do DB

Dwaas -] b on [l [heed ] e B

(Do B
GG L0 AEIE DS R

( SIEEy

Blcotrotermese )3k
EENEEE YN

Generated
C-code

utils/expcon.h

Comments on Explicit Solutions

» Alternatives: either (1) solve an MIP on-line
or (2) evaluate a PWA function

» For problems with many variables and/or long
horizons: MIP may be preferable

* For simple problems (short horizon/few constraints):
- time to evaluate the control law is shorter than MIP

- control code is simpler (no complex solver must be
included in the control software !)

- more insight in controller's behavior

104

physical
system

optimal control
setup
(on-line MIP)
A

simulation

hybrid simulation
model and validation and validation

A 3z

“q—l multi-
[ 4 parametric
A

y solver

3

PWA control law

implementation
(C code) and
experiments
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Hybrid Toolbox for Matlab

Features: (Bemporad, 2003-2004)

e Hybrid model (MLD and PWA) design and simulation

e Control design for linear systems w/ constraints
and hybrid systems (on-line optimization via QP/MILP/MIQP)

« Explicit control (via multiparametric programming)

« C-code generation

e Simulink

http://www.dii.unisi.it/hybrid/toolbox

State Estimation / Fault Detection

107

State Estimation / Fault Detection

* Problem: given past output measurements and inputs, estimate the current
state/faults

« Solution: Use Moving Horizon Estimation for MLD systems (dual of MPC)

t & measurements
estimates

Augment the MLD model with:

/T « Input disturbances ¢ € R”
* Output disturbances ¢ ¢ R”

T
At each time ¢t solve| . N ., N2 i A
e ptmiions < Tin 3 19(¢ = Klt) = y(t = k)| + . Jond set estimates (1)

mmm) MHE optimization = MIQP
—) Convergence can be guaranteed

(Bemporad, Mignone, Morari, ACC 1999)
(Ferrari-T., Mignone, Morari, 2002)

Fault detection: augment MLD with unknown binary distubances ¢ € {0,1}”
1




Example: Three Tank System

ECOSY Benchmark problem, ESF

08,

e 91 :leak in tank 1 /\N—/_

for 20s <t <60s s 78] s e,

e 2 :valve V, blocked s
for ¢ > 40s

109

Example: Three Tank System

ECOSY Benchmark problem, ESF

astimated output
od— [
e« &1 :leak in tank 1 h‘“/\”—/_
for 20s <t < 60s S
) 20 mm"eo B 100 0 20 -0 0 80 100
e ®2 :valve V, blocked st ostimation aror et hIY
for t > 40s i o
o o . - -
. . - Estimat 3 {t= e
¢ Add logic constraint  z g e
[y < hy) = 62 =0 |
E 40"'“30 B0 100 20 ﬂanow [
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Qutline

v Model Predictive Control (MPC) concepts

v Hybrid models for MPC

v MPC of hybrid systems

v Explicit MPC (multiparametric programming)
¢ Optimization-based reachability analysis

¢ Examples

Optimization-based
Reachability Analysis

(Verification of Safety Properties
via Mixed-integer Programming)

Hybrid Verification Problem

hybrid process

continuous continuous
—_——

disturbances states
binary binary
—_— x; - - .

disturbances o1 10) 11 (o1 states

verification algorithm 7

safety Mk
& query
counter- answer ¥
example ] - set of possible -
= initial states
} disturbances

always safe !
113

Verification Algorithm

*« QUERY: Is the target set Xf reachable after N steps from some
initial state z, € X, for some input profile w e U ?

« Computation: Solve the mixed-integer linear program (MILP)

min 0
clh+1) = Ax(k) 4+ Byu(k) + Bad(k) + Baz(k)
E2d(k) + E3z(k) < Byu(k) + Egx(k) + Es
Swu(k) < Tu (ulk)el)
s.t. k=0,1,...,1] N-=-1
Sox(0) < Tp (2(0) € Xp)
Spz(N) < Ty (a(N)e X))

with respect to u(0),58(0),z(0),..., u(N-1),8(N-1),z(N-1),x(0)

« Alternative solutions:
* Exploit the special structure of the problem and use polyhedral
computation. (Torrisi, 2003)

» Use abstractions (LPs) 4+ SAT solvers (Giorgetti, Pappas, 2005) 114




Verification Example
¢« MLD model: room temperature system
« Xp= {[%] 110 <T4y,T5 < 15} (set of unsafe states)
« Xg= {[%} 135 < Ty, T < 40} (set of initial states)
. ‘U = {Tamb 210 < Tymp < 30} (set of possible inputs)

+ N=10 (time horizon)

MATLAB
- >>[flag,x0,U]=reach(S,N,Xf,X0,umin,umax);

Verification Example

|Eligure © PE]
B ES Yew Jwert Teok Deshbop Wiedow Hel -
DEES kRANS W 0H =0

State
S .
- -
[T
S e £ Deig Dediiop wrekes el
= e % .
o Dl o B | | cuetbreoy | cune
P WO SSUUUUI SUSNRIOE SRR SUU
. . Ewivieg...
D\ 15 F.1] F3 0 £ . EXATiRG...
&
.
g . Ewitieg...
T o MIP chiective value available. Exiticg...
Ho MIP chicctive value mvailable. Exiticg...
o MIP chiective value available. Exiting...
. Exitirg...
. Exitieg...
. Exitieg...
. Ewivieg...
. . Exitieg...
: ¥o MIP chiestive value mvailsble. Exitieg...
18}

No MIP chiective value svailable. Exiting...

ot eeachable Teom %0

U = {Tamp : 10 < Tamp < 30} U= {Tamp : 20 < Tamp < 30}

115 116
Verification Example Verification Example
| Bl FE= ]|
« MLD model: semiactive suspension system -5";‘“‘; tm‘gn:; :wcg uﬁ'
xl ates xl,
c Xy = {{%g} : —0.05 < z1 < —0.04} (set of unsafe states) o Zenne
24 6 oo
1 '\I l%:‘.w.g [ETe————
— x| . o om Eaa e - 7 .

* XO - { 3 | - —0.01 < zy,x0,74 < 0.01, p . Dak| % Ml oo | B e | | curertbrectn [cuse

2 e

—0.01 <z23<0.01} (set of initial states) AN

- - o5 o am am o o am
U= {f —10< F< 10} (set of possible inputs) ML_
= R
« N=10 (time horizon) : { Ko HIP chjestive val
oo ;S
MATLAB i Ho HIP chicctive valis avatlable, citisg...
= >>[flag,x0,U]=reach(S,N,XF,X0,umin,umax); o |
U={f:-10<F<10} U={f:-10<F<5}
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Event-Driven / Continuous-Time
Hybrid Automata

119

Integral Switched Affine System

(Bemporad, Di Cairano, Julvez, 2005)
be(t) Event ()

Generator

Ny Integral dynamics:
ro o<1 < v Integral
i _‘\\\"& Switched d(l;(([)

Affine System
i (D) = Bi(a)uc'(l) + fier)
i) [Fe e @ () dt
uy(t) f ;\ %

vy i(t) =i(ty) Vi <t<tp+1
uc(t) = ulty) Vg <t<tp+1

mode |i(t)

Mode Selector

we(t) D) k = event index
5e(t) -'D t, = event instant

L=

ze(tpt1) = ze(ty) + Biya(t)uc(te) + fiq,ya(te)
tet1 =t +a(ty)

Change of variables: v(t;) = q(ti)uc(ts)

Same as discrete-time dynamics !




Event Generator

50(t) Event (1)

uc(t)

Intearal

)
Switched

ac(t)

2(t)
mode | 7(7)
Mode Selector
& @

8e(t)

i Affine System
v G
5e(t) [Finite State
Machine time
o) ;%

®

Events occur at time t if:

Oe(t) 7 de(ty—1)

) \uc(t) # ue(tp—1)
3) () # wptp—1)

or

or

t, = inf t
st t>tp 1
o (1) or (2) or (3)
o(t
ww\ hj1ze1 + Bjozco > wj
\’\"_4_ ze(ty) Example:
__________ 6, -
hj1ger + hjpwea < wj L4, sign(Hwe(t) — W) #
fe@cg sign(Hze(ty_1) — W)
§eoj for some threshold index j
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Asynchronous Finite State Machine

be(t) et June(t)

Generator

Integral

Switched
e (t) ite State

1 &5
\U2 Affine System
v G .
: :\:Algcnme time % zo(t)

()
mode| 7(f)
Mode Selector
u(t) o
5e(t) )JB

Asynchronous FSM dynamics: ’Il(tk+1) = farsm(@e(tr), we(tr), 0e(tr))

zp(t) = wp(tp41), Vi <t <tpgn

Discrete state transitions, events, and mode switches might
occur at any (continuous) time ¢ !
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Hybrid Automaton with Integral
Continuous(-time) Dynamics (icHA)

Wrapping up:

event-driven (asynchronous) FSM
integral dynamics

same as discrete hybrid automaton

(1) + Big o)+ figu o))

()
JaP \1\3@ ‘\‘\(tk)

ue(ty) = v(t) /a(t) < ¥ Y
states

inputs

ze(tht1) =
byt
z(tp41) =

All numerical control/verification techniques developed for DHA

can be immediately applied to icHA !

123

Qutline

v Model Predictive Control (MPC) concepts

v Hybrid models for MPC

v MPC of hybrid systems

v Explicit MPC (multiparametric programming)
v Optimization-based reachability analysis

¢ Examples

Hybrid Control Example:
Cruise Control System

125

Hybrid Control Problem

command gear ratio, gas pedal,
and brakes to track a desired
speed and minimize consumption




Hybrid Model

¢ Vehicle dynamics

‘mi =F —F,— ,Bxl T = vehicle speed

¢ = traction force

F} = brake force

———> discretized with sampling time Ts, = 0.5 s

¢ Transmission kinematics

w = R]Jc() W = engine speed

M = engine torque

_ Ry
Fe Tk M 7 = gear

127

Hybrid Model
C, (w) < M < Cl(w)]

* Max engine torque

¢ Engine torque ‘—

] L~
wi_._ - —
P I 4 I
wll & 5 I"';
0 /
! 180
1000 $000 2000 4000 S000 = e
= Couple —— Pussarce 160 / N
140 /

Piecewise-linearization:

> | 120 /
(PWL Toolbox, Julian, 1999)

100/

requires: 4 binary aux variables &
4 continuous aux variables | 6 1000 2000 3000 4000

« Min engine torque

‘Ce_(w) =0 + Blwl

128

Hybrid Model

e Gear selection: for each gear #i,
define a binary input |g; € {0, 1}

» Gear selection (traction force):

_EO
F, =2

depends on gear #i

define auxiliary continuous variables:

IF g;=1 THEN F, =200 ELSE 0

:>‘F[j:FBR+FCI+F62+FC3+FC4+FE5I

« Gear selection (engine/vehicle speed):

Hysdel Model

STETIE ear |

TETERTACE {
£ MIAL position, speeds )
¥ MIAL torque, §_brske.
BOOL guarl, gearl, geard, geeed, gearl, pear®i }

2ovd MRS T (uPALE- TS (L
ECed » (IF ANG4 THIN (a5 LRI |

COTTINE [ pasteion = pasician
mpeed = Epaediliam

FadeFads TusiPak:

¥ brakn-bars_frierieatepead]
TNPLERENTATIO

v TR T —
s

-t qua- ladphad b etal wewtettut Rl -
Eerqua- IAFULLIFYLL Ful ve.wd e uS R -DEALIIEa2 €4 DER

A9 -0 dMILY; ARG <o dPULE;
AIWLY 0 AMLL; AIVLY - dRULE;
AT -0 AMLL; ARNLE <6 dPULLS )

esd:

R,(i) . 8 - (IF guacs THER speedrspesd_facuorhyuacks
W = %.T similarly, also requires 6 auxiliary continuous variables e
120 go to demo /demos/cruise/init.m 130
Hybrid Model Hybrid Controller
L]
MLD model * Max-speed controller Objective: maximize speed
z(t+1) = Az(t) + Biu(t) + B26(t) + Bs2(t)
to reproduce max acceleration plots
y(t) = Cax(t) + Dyu(t) + D20(¢) + D32(?) max J(u, @(t)2o(t + 1[t) (to rep oo
E56(t Fsz(t) < Eqx(t Fqu(t Ey
20(1) + E32(t) < By (t) + Equ(t) + . MLD model 250
subj. to I O I I
z(t]t) = a(t)
. " 200
* 2 continuous states: T,V (vehicle position and speed)
« 2 continuous inputs: M, Fb (engine torque, brake force) o(t) 150
6 bi inputs: (gears) MILP optimization problem 10
inary inputs: g, 91, 92, 93, 94> 95 Linear constraints 96
« 1 continuous output: U (vehicle speed) Continuous variables | 18 50
Binary variables 10 ! !
* 16 auxiliary continuous vars: (6 traction force, 6 engine speed Parameters 1 0! o) !
! . ! Time to solve mp- x(t
4 PWL max engine torque) MILP (Sun Ultra 10) |45 s o
« 4 auxiliary binary vars: (PWL max engine torque breakpoints) Number of regions 11 (z(t) is irrelevant)
* 96 mixed-integer inequalities
151 (Parameters: Renault Clio 1.9 DTI RXE)




Hybrid Controller Hybrid Controller

* Max-speed controller e Tracking controller
Velocity (km/h) Gear Fraction of Max Torque (Nm) Brakes (Nm)
00 ¢ J X ! min  J(ug, (t)) 2|0t + 1]t) — va(t)| + plw|
[ ur
7 05

/ ¢ J* 0s aubi. to ] MLD model
100 0 J: I(tlf) = I(t)

[ I “
50 2 05 05
% 50 w o 50 w o 50 w o 50 100 MILP optimization problem (f)
Vgl
Road Slope (deg) Engine speed (rpm) Engine Torque (Nm) Power (kW) Lin ea. r constrai nts o3
6000 | 200 60 Continuous variables 19
5000 /I 50 Binary variables 10
0s 150 Parameters 2
[
4000 > “© Time to solve mp-MILP
o 3000 100 S (PC 850Mhz) 43 s
2000 20 Number of regions 49
0.5 1000 50 10
-1 ] 0 o
o 50 100 o 50 100 o 50 100 ] 50 100 - - _
Time (5) Time (5 Time (5 Time (5) go to demo /demos/cruise/init_exp.m
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Hybrid Controller Hybrid Controller

* Tracking controller jmin Ju,x(6)2fo(t +1[t) = v(®)] +p\w\| « Smoother tracking controller
Velocity (km/h), Desired velocity (km/h) Gear Fraction of Max Torque (N Brakes (Nm)
120 s 10000 .
J . min_ J(uy, z(t)) 2ot + 1)) — va(t)| + plw|
100 8000 !
4 0 [ ' [v(t + 1]t) — v(t)| < Ts@max
] | g 6000 subj. to{ MLD model
1 ° ||_' 1000 L oz(tt) = =(t)
L_- 2 05 2000 250
° 0 100 200 ! 0 100 200 N 0 100 200 ° 0 100 200 MIL P t' B t bl 200
5 =0.001 optimization problem
Road Slope (deg) Engine speed (rpm) o Engine Torque (Nm) - Power (W) Linear constraints 100 150
— Continuous variables 19 7~’d(t) 100
00— 50 Binary variables 10
_] L L Parameters 2 50
3000 'll_‘l' = Time to solve mp-MILP
| (PC 850Mhz) 47 s 0
100 50 Number of regions 54
— o -200 100
o o0 o 10 w0 o 100 w0 %o 100 200
Time () Time () Time () Time (s)
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Hybrid Controller
« Smoother tracking controller
Velocity (km/h), Desired velocity (kmih) Gear Fraction of Max Toraue (N Brakes (Nm)
120 s 10000
] I
.
w J 0s
@ f .
“ 1 I |
2 -0.5 'l .
i 11 Traction Control System
° 0 100 200 ! 0 100 200 N 0 100 200 ° 0 100 200
Road Slope (deg) o Engine speed (pm) o Engine Torque (Nm) o Power (kW)
1 1]
. 5000 [ (joint work with F. Borrelli, M. Fodor, D. Hrovat)
100 [ =fC
2 4000 [k
0 3000 i 1
2 2000 ==
{ 100 0
—
4 HH
s o 20 10
o o 2 o o0 2 o 0 w0 o T 200

Time (s) Time (s) Time (s) Time (s) 3 "
o =3
137 3




Vehicle Traction Control

Improve driver’s ability to control a vehicle
under adverse external conditions (wet or icy roads)

a

Model
nonlinear, uncertain,
constraints

Controller
suitable for real-time
implementation

MLD hybrid framework + optimization-based control strategy
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Tire Force Characteristics

A Longitudinal Force

Tire Forces

Slip Target
Zone

Tire Slip

Braking Cornering Acceleration

Steer Angle IEcngnudlnaI

Lateral
Force

St flotor Gompernye,
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Simple Traction Model

Ty v ¢ Mechanical system
l L1 b T
Manifold/ Cem g \Tem ey
e e G
Fueling T
B, =
T myry

* Manifold/fueling dynamics

T, = bra(t — 7p)

moay g ¢ Tire torque T, is a function of
slip Aw and road surface
adhesion coefficient p

ke rin

Hybrid Model

SE Nonlinear tire torque 1, =f(Ao , W)
F & !

p T slip

PWA Approximation
(PWL Toolbox, Julian, 1999)

@ s \
5 -
k] -

Mixed-Logical
HYSDEL |gm) Dynamical (MLD)

T . (Hybrid Systems
- ; .. Descriptlon Language) Hybmd Mode|
Aw=——-— | Wheel slip (discrete time)
Ju R ) -
A
141 142
MLD Model Performance and Constraints
a(t4+1) = Ax(t) + Bru(t)+Bos(t) + B3=(t) + Bs * Control objective:
_ y(t) = Cux(t) + Dyu(t)+D20(t) + Daz(t) + Ds min | Aw(k]t) — A
Eé(t) + E3z(t) < Eaqz(t) + Byu(t) + Es k=0
subj. to. MLD Dynamics
State x(t) 4 variables e Constraints:
Input u(t) 1 variable e Limits on the engine torque: —20Nm < 7, < 176 Nm
Aux. Binary vars §(t) 1 variable

Aux. Continuous vars z(t) 3 variables

Mixed-integer inequalities 14

the MLD matrices are automatically
generated in Matlab format by HYSDEL

go to demo /demos/traction/init.m 143

¢ Logic Constraint:
* Hysteresis

Controller ON - -

Controller OFF] -

Min Max

Slip




Experimental Results

ot fptor Compamy, —

145

Experiment

*« ~500 regions

¢ 20ms sampling time

¢ Pentium 266Mhz +
Labview

Tt Motor Gompeanys,
146

Hybrid Control of a DISC Engine

(joint work with N. Giorgetti, I. Kolmanovsky and D. Hrovat)

DISC Engine Control Problem

Goal: Develop a controller for a Direct-Injection
Stratified Charge (DISC) engine.

Main features of DISC engines:

® Direct injection of fuel (as Diesel engines);

* Two operating modes (homogeneous/stratified);
® Reduction of consumptions up to 15%;

® Highly complex post-treatment system of exhaust

gas;

® Different control objectives and constraints that

depend on the operating mode (Photo: Courtesy Mitsubishi)

Strategy:
e Develop a hybrid model that captures the two operating modes;
* Design a constrained MPC controller based on the hybrid model

148

Two distinct regimes: Trvegie

- - PE L s Connel

Regime fuel air-to- ey
injection fuel ratio

Homogeneous | intake r=14.64 e

combustion stroke f{. _/

Stratified compression | A 014.64 o J\ ’ “:‘,} TR

combustion stroke _:!r /_il\..,l:

* Mode is switched by changing fuel injection timing (late / early)
* Better fuel economy during stratified mode

Periodical cleaning of the aftertreatment system needed
(A=14.00, homogeneous regime)

e,
the stratified operation
Tone P can only be sustained in a
o restricted part of the engine
b =y operating range
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DISC Engine

+ States/Controlled outputs: o
Treceie . T Wiake Mardokd )
¢ Intake manifold pressure (p,,); = ! i
* Air-to-fuel ratio (L); (el Fuel rgecter
* Engine brake torque (1); Wi —_—
« Inputs (continuous): EGR Ve ,l L LN/ sea s
s

* Air mass flow rate through throttle (W,,); @Qm

¢ Mass flow rate of fuel (W)); —<] m:;, g —
* Spark timing (3); e

« Inputs (binary):
* p = regime of combustion (homogeneous/stratified);
#+ Constraints on:
+ Air-to-fuel ratio (due to engine roughness, misfiring, smoke emiss.)
* Spark timing (to avoid excessive engine roughness)
* Mass flow rate on intake manifold (constraints on throttle)

¢ Dynamic equations are nonlinear
*« Dynamics and constraints depend on regime p 150




DISC Dynamics

Nonlinear model of the engine developed
and validated at Ford Research (koimanovsky, Sun, ...

Assumptions:
- no EGR (exhaust gas recirculation) rate,
- engine speed=2000 rpm.

Pm = Cm (WH, = W(._,,l) =cm (Wu. - A:,_,,n);n)

¢ Intake manifold pressure:

N = WC}!I — kmlll’m

* In-cylinder Air-to-Fuel ratio:
n-cylinder Air- uel rati Wy i

* Engine torque: ‘T = T gr + Tpump + Tind || with Tmfr+ Tpump functions of p,,

Tind = (Ba + 0(8 — 6,,)2)Wy  where 0,, 0, 5, are functions of
A, 8 and p.

v" Good for simulation
x Not suitable for controller synthesis

Hybridization of DISC Model

DYNAMICS (intake pressure, air-to-fuel ratio, torque):

p-dependent dynamic

« Definition of two operating points;
equations

¢ Linearization of nonlinear dynamics;

* Time discretization of the linear models.

CONSTRAINTS on:

* Air-to-Fuel Ratio: 1,,,,(p) <A(t)<A,,..(p);
« Mass of air through the throttle: 0 < W,, < K; |:>
* Spark timing: 0<8(¢)<3,,,,(A, p)

p—dependent
constraints

(Hybrid system with 2 modes (switching affine system)>
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MPC for Hybrid Systems Integral Action
i . .
pPastpfyture Model Integrators on torque error and air-to-fuel ratio error
Predicted oae . .
t+HL L r in zero off in - :
—_ = outputs V(t+Kt) Predictive (MPC) are added to obta ero offsets steady-state
—Id Manipuiated ) Control
tt+1 t+T
er(t+1)=e(t) + T (Tpef—7) T = sampling time
* At time ¢ solve with respect to U £ {us, upy1,..., upr—1} at+1)=ex() +T- Ny —N)
the finite-horizon open-loop, optimal control problem:
Trefr )\mf brake torque and air-to-fuel references
N—1
min JU,z®) = Y wpypRupr + Wipr, — r(O1QMyeg s — r(1)]
k=0
subj. to = z(1),
’ hybrid model Simulation based on nonlinear model
confirms zero offsets in steady-state
o ) L ) ) .
* Apply only u(t) =u; (discard the remaining optimal inputs); (despite the model mismatch)
* Repeat the whole optimization at time t+1
153 154
MPC of DISC Engine DISC Engine - HYSDEL List
N N = control horizon i
min J(&,z(#)) = Y- upRug + yQuk + Ty 15Tt S e
k=0 _ STATE{
@(t) = current state e E Eieémiig?; DAfamz{ IF rho THEN 111*pm+112*WF+11c
subj. to zg = x(t), REAL xlan  [-103, 1e3]. .- - 101*pm+102*WF+10c} ;
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MPC — Torque Control Mode
N-1
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hybrid model Solve
MIQP problem

(mixed-integer

subj. to {

u(t) = [Win(t), Wy(t), 6(t), p(0)]
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Simulation Results
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C.Zombt_lstlon_mode_ Simulation in torque control mode:

homogeneous |

« Control horizon N=1;
« Simulation time T=2.5's;
« Sampling time Ts=10 ms;

« CPU time for simulation ~ 8 s;

RAM with Cplex 9.01)

8

stratified 0 L | {

(on an Intel Centrino 1.2 GHz, 640 Mb

~ 32 ms per time step

Time (5)

Not directly implementable ! 55

=5 i s |
min J(§ = upRug + 4 Qup + T4 15741 Ixe
€ kgo * * R Integer

" Quadratic
subj. to { h?/bri =2 el Program

» On-line optimization: given z(t), solve an MIQP at each t.

« Off-line optimization: solve the MIQP for all z(t) off line

- find feasible switching sequences using reachability analysis
- solve sequence of multi-parametric quadratic programs
(using the Hybrid Toolbox)

(z,r)-space

NS

N

The MPC controller is piecewise affine in z,r

Fiz+ Eqr+g1 if Hi[#] <Ky

u(z,r) =

Fyz+ Eyr+gy 0f Hy [F] < Ky

Explicit MPC Controller
Explicit control law: | u(t) = f(0(¢))

where: u = [Wy, Wy § p’ 75 partitions

0 = [pm €r e\ Tref Aref

Pm,ref Wth,ref VVf,ref 5ref]/

N=1 (control horizon)

-\

ref

Cross-section by the 1,

plane - Time to compute the

ref

p=0

0.52s

explicit MPC: 3.4750 s;
« Simulation time T=2.5s;
« Sampling time Ts=10 ms;

« CPU time for simulation:

~ 10 ps per time step
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Microcontroller Implementation Explicit MPC Controller (N=2)
¢ C-code automatically generated Explicit control law: | u(t) = £(0(t)) )
by the Hybrid Toolbox N=2 (control horizon)
where: u = [Wy, Wy 6 p)' > |5637 partitions
* Microcontroller Motorola MPC 555 9= [pm € € Tref Aref
(custom made for Ford) Doret Winret Wprer drerl
* 43 Kb memory available Engine Brake Torque Air-to-Fuel Ratio
| |
« Floating point arithmetic al —— _I * =7 |
) ~ 3ms execution time “l I | | - |
. o o | | I { ) |
sampling period = 10ms @E)> Implementable ! : : | " |
. S i J |
|- 1 |
e Further reduction of number of partitions possible g [ ; 5 3 2 : 5 : J,
(Alessio, Bemporad, 2005)
« C-code can be further optimized Closed-loop N=2 | {==)| Closed-loop N=1 thAdequate!
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Conclusions

Hybrid systems are a modeling framework for automotive
control problems where continuous switched dynamics
and logic are relevant (and linear models are not enough!)

MPC control design handle all performance specs and constraints
in a natural and direct way. Quite complex systems can be
controlled using on-line optimization

Plecewise affine MPC controllers can be synthesized, off-line,
and implemented as look-up tables of linear gains

Fiz+ Eyr+g1 if Hy[#] < Ky
u(z,r) =

Fyz+ Eyr+gy 0 Hy [$] < Ky

Matlab tools available to assist the whole design process (models,
simulation, MPC design, code generation):
—> MPC Toolbox (linear), Hybrid Toolbox (hybrid, explicit),

Multi-Parametric Toolbox (PWA, explicit) 163
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