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Outline of the talk

1. Definition of Hybrid control system
2. Sketch of classical PMP

3. Hybrid Maximum Principle

4. Example

5. Numerical methods via HMP

6. Extensions etc.

| 1. Definition of HCS
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1. Definition of HCS

|
Dermvimion 2.1, A hybrid control system is a T-tuple X = (Q, M. U, f,U,J.S)
sich that

H1. @ is a Anite set;

H2. M = {M,},e0 is a family of smooth manifolds. indexed by Q:

H3. U = {U,}4z0 is a family of sets:

Ha. f={f;}4eq is a family of maps f, : M, > Uy TM, ( TM, is the tangent
bundle of M), such that f,(x, u) € T, M, for every (x,u) € My = Uy

H5. U = {4} e is o family of sets U, whose members are maps u @ Dom(u) —
f',a. defined on some interval Dom(u) < B:

6. J = {J}4ec is a family of subintervals of RY;
H7. & is a subset of Switeh(Y). where

Switch( \_-.II{H{ (ga.q 2’ ul)m) g e Qe _U,‘,‘ r'e -U'r" u(-) e an_ TE ,fqr b

2. Pontryagin Maximum Principle

“ max 1 (x (T, u
ueld ( ( I)) s

i) = f(tz(),u(t),  x(0) =z,

2. Pontryagin Maximum Principle
|

B(t) = Dy ft.a(t), u"(2)) - v(t) plt) = —p(t) - Do f{t, 27 (), u" (1))

9 t) - (1)) = 0
W{P[ )-ul(t)) =

2-(1) = 2*(7) + / _[,f’(r..;-_.{r}.h.,-) — flt.a*(t),u’(2))] dt

pl(r) [_Hr. a*(7),w) — f(r.2*(r), n"(rn] =p(r)-o(r)=p(T) o(T) < 07))




i 2. Pontryagin Maximum Principle

Theorem 1.1 (PMP, free terminal point).
Call p: [0,T) — IR" the solution of the adjoint lincar equation
B(t) = —p(t) - Do f(t, 2" (8),u* (1), p(T) = Ver(a*(T)).
Then the mazimality condition
plty - flt,x™(t),u'(t)) = max plt)- flt, 2" (t),w),

holds for almost every time t € [0,7T.

3. Hybrid Maximum Principle

o )= .r‘l]* , (+) is an absolutely continuous function in |t;_y.t;[. continu-
=135
ously prolongable to [f,-_|.f;].'
o dai(t) = fo(wi(t),ui(t)) for ae. t €]ty ]
o () (1) € Sy gy Ti=1.00. v—1;
* iy v’EH‘,:_J-,r_r.J.q.._|__r.,|tr.] ifi=1,....v—-1

w=1

1 ty
c(X) =Z[ Lo (aj (). ui (1) dt + Y Dy g, (a(t5), 2541 (25)) 4
=17t i=1

+ g (21t} an(tu)),

3 Hybrid Maximum Principle

1. Adjoint covectors: one for each location.
- d 0
Uit) = = < ¥ilt), 5 Fa(@it), wilt) > —vog Ly, (2:(1), uilt)
2. Switching conditions.
(=i(ti), Vi1 () — VoV Py, gy (@i(t:), 2iga (8)) € K-
3. Maximized Hamiltonian values are preserved.

H;:= SuP{{ ’P:(f): fq.'(xi(t)au) > _wULQi(xi(t)au) iu€e U, i}:
o ift;—t;_, EIIlt(JqJ.)._ then H;=H, = 0;

i 4. Example: car with gears

Q={A, B} x{1,2,...,n}

{ i = &9
2y = u gi(22)
g = [0, 1]

21 = 2
Zp = uhi(2)

Uq — [_1‘{]] snoi

“2E & 7.5 10 12.5 18 17.8

i 4. Example: car with gears

Minimum time problems for fixed final position.
As first example, we consider a minimum time problem from the origin, that is for
initial position z; = 0 and initial velocity z, = 0, to a fixed final position 2, = M
{no condition on final velocity). This amounts to consider the Lagrangian L such
that L, =1 forany g€ Qand c = 0.

e the control in each location is always equal to 1;

e if 1; is the switching time between (A, i) and (A, i+ 1) (i € {1,..., v —1}),

then we have that
2) 2)
gilz? (8)) = gina (22 (1))
(2)

2
when .rE ) and xiyy stand for the second scalar components of @; and x4

respectively.

i 5. Numerics via HMP

i = plx)+ B(x)u, 2(0) = x,. (3.1)

min {/‘1 ; (" (1) Qa(t) +u" Ru) rﬁ} . (3.2)
0

i

Definition 3.1 An Hybridization for the optimal control problem (3.1)-(3.2) is a
4-tuple (¢, Q. K. T), where ¢ = 0, Q=) := (g)jen @ lattice in BY with mesh size
e, K = ”\--J];-:I'l is a collection of cells K with reqular boundaries, containing a

neighborhood of ¢ and T = (T{, ;,') are sets with the following properties. The
) s J/ jeN keN ’ ’

sets WY cover B? and intersect only on zero measure sets, 1 :JJ’IA c Ki, 0K = I»-Ik.flr‘J‘fl
and for every j, k and k' the sets T;‘,."f\. -':;‘H.qk’ intersect only on a set of zeve (d —1)-

dimensional Housdorff measure.




5. Numerics via HMP

(C1) KN KE£0if and only if ¢* € V(g/);

(C2) inf;y d(1 ;ﬁ,q}..m\'{-'} =48>0,

I 5. Numerics via HMP

' 2 2
F(a,u) = ¢(x) + V2u. Liz,u) = 2 +u”/2.
10+ 10(x — 8)2, if x> 15/2,
oley =< 25=2x—="5)% if 5/2 <x<15/2,
9.2 if x< b/
L 1 X < ,,l’—
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6. Hybrid Necessary Principle

| |
0F T . — e —_— e
e = “Ni.:.\: —— Assumption (H). For every fixed q,¢' € Q, z € M, ' € My, we have U, . » o =
/ tig(t) Up.
_10 — / B .
saki f 1. If (H) does not hold, then needle variations are not prolongable
/ after location switchings.

2 I,f' 2. New admissible variations must be introduced, varying controls

25 | .fll after location switchings.

30 b/ 3. Necessary conditions are no more expressed in term of a

a5 -;‘j maximization condition.

-40 : 5 1 1 1 1 1

0 0.5 1 1.5 2 2.5
t
6. Open problems

, Hybrid optimal control

1. Use HMP sistematically in various
applications

2. Apply HNP with specific variations

3. Improve numerical schemes
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