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A hybrid automaton is a tuple

H = ((Q, X), (Σc, U), (Mdisc
c , Mcts

c ), (Σe, D), (Mdisc
e , Mcts

e ), (δ, f))

Configuration Q finite set of modes X ⊆ IRn set of cont. states

domain

Control

feasible funct.

Σc finite set of discrete events

Σε
c = Σc ∪ {ε}, ε silent move

Mdisc
c : Q × X → 2Σε

c \ {}

U ⊆ IRm set of cont. values

U = {u(·) ∈ PC0|u(t) ∈ U,∀t}
Mcts

c : Q × X → 2U \ {}

domain

Disturbance

feasible funct.

Σe finite set of discrete events

Σε
e = Σe ∪ {ε}, ε silent move

Mdisc
e : Q × X → 2Σε

e \ {}

D ⊆ IRp set of cont. values

D = {d(·) ∈ PC0|d(t) ∈ D,∀t}
Mcts

e : Q × X → 2D \ {}

Transition Funct.

δ : Q × X × Σε
c × Σε

e → 2Q×X \ {}
δ(q, x, σc, σe) = W ⊆ Q × X

δ(q, x, ε, ε) = {(q, x)}

f : Q × X × U × D → IRn

ẋ(t) = fq(x(t), u(t), d(t))

x(t0) = x0
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The set of full-state feedback static controllers for H is the pair C =

(T disc, T cts), T disc : Q × X → 2Σε
c \ {}, T cts : Q × X → 2U \ {} and

∀(q, x) ∈ Q × X, T disc(q, x) ⊆ Mdisc
c (q, x) and T cts(q, x) ⊆ Mcts

c (q, x).

The coupling of the hybrid automaton H with the class C =

(T cts, T disc) of full-state feedback static controllers is the closed-loop

hybrid automaton

HC = ((Q, X), (U, Σc), (T
cts, T disc), (D, Σe), (M

cts
e , Mdisc

e ), (f, δ)).

HC is obtained from H by replacing the discrete controller move func-

tion with T disc and the continuous controller move function with T cts.
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Q = {q1, q2, q3, q4}
X = tc × Tae

Σc = {stove on,stove off}
U = [0, Ub]

Mdisc
c = ε if tc < 0, . . .

Mcts
c = U

Σe =

{door close,door open}
D = [0, De]

Mdisc
e = ε if tc < 0, . . .

Mcts
e = D
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Given a set Good ⊂ Q×X of configurations that do not violate a safety property ,

✰
the Maximal Safe Set , Safe, is the maximal robust controlled invariant

set contained in Good ,

✰
the Maximal Controller is the family of all feedback controllers such that,

given any configuration (q, x) in Safe, keep it in Safe.

Fixed–Point Procedure [Tomlin, Lygeros, Sastry - HSCC98]

procedure Safe = P(H,Good)

W 0 := Good

i := −1

repeat {
i := i + 1

W i+1 := W i \ [PreH
e (W i) ∪ Unavoid PreH(PreH

e (W i) ∪ W i,PreH
c (W i))]

} until (W i+1 = W i)

Safe := W i
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Pree(W i) = {(q, x) ∈ Q × X : ∀σc ∈ Mdisc
c (q, x).∃σe ∈ Mdisc

e (q, x).

(σc, σe) �= (ε, ε) ∧ δ(q, x, σc, σe) �⊆ W i}
Prec(W i) = {(q, x) ∈ Q × X : ∃σc ∈ Mdisc

c (q, x).∀σe ∈ Mdisc
e (q, x).

(σc, σe) �= (ε, ε) ∧ δ(q, x, σc, σe) ⊆ W i}.
Unavoid Pre(B, E) = {(q, x̂) ∈ Q × X | ∀u ∈ Mcts

c ∃t̄ > 0 ∃d ∈ Mcts
e

such that for the trajectory x(t) = ψq(u, d, x̂, t) we have

∀τ ∈ [0, t̄ ) (q, x(τ)) ∈ Wait ∩ E ∧ (q, x(t̄)) ∈ B}
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When designing a hybrid system, we may have to guarantee that there

is always a delay of at least ∆ time units between pairs of consecutive

discrete events (e.g., to ensure nonZenoness).

This lower bound can be enforced by introducing a timer tc (ṫc = 1):

events are enabled when tc ≥ 0 and jumps reset the timer to tc = −∆,

so that no discrete event is allowed in the interval −∆ ≤ tc < 0.
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How to avoid computing the maximal safe set in the extended space

X̃ = (X, tc) ?

Since there is only one timer tc, information about its value can be

discretized into the two parts — tc = −∆ and tc ≥ 0:

1. if tc ≥ 0, then it suffices to know that a discrete jump is enabled,

whereas the specific value of tc irrelevant;

2. if −∆ ≤ tc < 0, since tc after a jump is always reset to −∆, the

value of tc can be determined by knowing the integration time.

Thus we can move between the two separated parts for tc = −∆ and

tc ≥ 0 by integrating between them for a fixed time ∆.
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procedure [Safe0,Safe−∆] = Ptc(H,Good)

W 0
0 := Good

W 0
−∆ := Good

i := −1

repeat {
i := i + 1

W i+1
0 := W i

0 \ [PreH
e (W i

−∆) ∪
Unavoid PreH(PreH

e (W i
−∆) ∪ W i

0 ,PreH
c (W i

−∆))]

W i+1
−∆ := W i

−∆ \ Unavoid PreH
(−∆,0](Good, W i+1

0 )

} until (W i+1
0 = W i

0 and W i+1
−∆ = W i

−∆)

Safe0 := W i
0

Safe−∆ := W i
−∆

PARADES G.E.I.E., Rome CC2004, Roma 26-28 Jan. 2004 # 12

Maximal Safe Set with Timer ProjectionMaximal Safe Set with Timer Projection



Given a set of configurations K ⊆ Q × X̃:

1. π(−∆) : Q × X̃ → Q × X is such that π(−∆)(K) = {(q, x) ∈
Q × X|(q, x,−∆) ∈ K}, and

2. π(0) : Q × X̃ → Q × X is such that π(0)(K) = {(q, x) ∈ Q ×
X|(q, x, 0) ∈ K}.

The computation of the safe set can be carried out using only the

projections of the sets K for tc = −∆ and tc ≥ 0.
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The sets W i
0 , W i

−∆ computed by procedure Ptc(H,Good) are the pro-

jections, respectively, for tc ≥ 0 and tc = −∆, of the sets W i computed

by the procedure P(H̃, G̃ood), where G̃ood = Good × IR, i.e.,

W i
0 = π(0)(W

i),

W i
−∆ = π(−∆)(W

i).

In particular, the repeat cycle of procedure Ptc(H,Good) converges if

and only if the cycle of procedure P(H̃, G̃ood) does, and if so

Safe0 = π(0)(Safe),

Safe−∆ = π(−∆)(Safe).
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To reconstruct the set Safe, the knowledge of the segments Safe0 and

Safe−∆ is not sufficient; instead one has to obtain also the boundary

curves that join them, by means of backward integration from the ex-

tremes of the segments.
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Since no transition is enabled for tc < 0,

Pree(W
i)|q ∩ ([−∆, 0) × IR) = ∅

Prec(W
i)|q ∩ ([−∆, 0) × IR) = ∅

From modes (off, closed) and (on, closed) to

modes (off, open) and (on, open) the tem-

perature is reset to Tae := rTae.

Unavoid Pre() is the playable set in a 2-

player dynamic game between d and u:

min
d∈D

max
u∈U

H(t∗c , T ∗
ae, λ1, λ2, d, u) =

H(t∗c , T ∗
ae, λ1, λ2, d∗, u∗) = 0

(d∗, u∗) =

{
(0, Ub) upper boundary

(De, 0) lower boundary
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✰ Pree(·), Prec(·) can be written easily in closed form

✰ no general solution available for Unavoid Pre(·):
− exploit system structure, e.g. reduce game to lower dimensions

− approximate conservative solutions

✰ timer for discrete event separation

✰ handle event separation in the discrete domain

✰ selection of a controller inside the maximal safe set

✰ application to “idle regime” in engine control
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