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Motivations : PowerMotivations : Power--train controltrain control
®® PowerPower--train control was formulated as a hybrid train control was formulated as a hybrid 

control problem:control problem:
®® CutCut--off control [off control [AutomaticaAutomatica, 1995], 1995]
®® Fast force transient [Fast force transient [CDCCDC, 1998], 1998]

®® Control algorithms require full Control algorithms require full state feedbackstate feedback
®® It is not economically feasible or even possible It is not economically feasible or even possible 

to measure the complete state of the system.to measure the complete state of the system.
®® HENCE …we need a hybrid observer!HENCE …we need a hybrid observer!



Previous Results on Observer Previous Results on Observer 
DesignDesign
®® Continuous SystemsContinuous Systems

®® LuenbergerLuenberger [[TACTAC 1971]: Introduction to observers1971]: Introduction to observers
®® KalmanKalman [[ASMEASME 1960]: Optimal disturbance rejection observers1960]: Optimal disturbance rejection observers
®® Liberzon HespanhaLiberzon Hespanha Morse [Morse [CDCCDC 1999]: Stability of switched systems1999]: Stability of switched systems

®® Discrete SystemsDiscrete Systems
®® RamadgeRamadge [[CDCCDC 1986]: Current1986]: Current--state state observabilityobservability
®® CainesCaines et al. [et al. [CDCCDC 1988]: Current1988]: Current--state treestate tree
®® OzverenOzveren and and WillskyWillsky [[TACTAC 1989]: 1989]: ObservabilityObservability with a delaywith a delay

®® Hybrid SystemsHybrid Systems
®® AckersonAckerson and Fu [and Fu [TACTAC 1970], 1970], Alessandri and ColettaAlessandri and Coletta [[HSCCHSCC

2001]2001]: : Assuming location knowledgeAssuming location knowledge
®® MostermanMosterman and and BiswasBiswas [[HSCCHSCC 1999]: Model abstractions1999]: Model abstractions
®® Morari Morari [TAC 2000]: [TAC 2000]: Hybrid observersHybrid observers



OutlineOutline
®® Motivations and Previous ResultsMotivations and Previous Results
®® FSMFSM Observer DesignObserver Design
®® Continuous System Observer DesignContinuous System Observer Design
®® Hybrid Observer DesignHybrid Observer Design

®® CurrentCurrent--location Observable Hybrid Systemslocation Observable Hybrid Systems
®® The general caseThe general case

®® Conclusions and Future WorkConclusions and Future Work



FSM ObservabilityFSM Observability
®® An An FSMFSM (alive)(alive)

qq((k k + 1)+ 1) 2 2 '' ((qq((kk),),¾¾((k k + 1))+ 1))

¾¾((k k + 1)+ 1) 2 2 ÁÁ ((qq((kk))))

ÃÃ((k k + 1) + 1) 22 ´́ ((qq((kk),),¾¾((k k + 1), + 1), qq((k k + 1))+ 1))

is said to be is said to be currentcurrent--state observablestate observable if there exists anif there exists an
integer integer KK such that such that 

®® for any unknown initial state for any unknown initial state qq(0)(0) and and 
®® for any input sequence for any input sequence ¾¾((kk))

the state the state qq((ii) ) can be determined for every can be determined for every i>Ki>K
from the observation sequence from the observation sequence ÃÃ((kk)) up to up to ii. . 
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Theorem:Theorem: An aliveAn alive FSMFSM is is currentcurrent--state observablestate observable iff iff 
thethere exists are exists a nonemptynonempty subset subset EEOO of singletonsof singletons in the in the 
observer observer FSMFSM such thatsuch that

® EEOO is invariantis invariant
®® all cycles are contained in all cycles are contained in EEOO

QQQQ \\\\ QQQQ0000 is is invariantinvariantQQQQ \\\\ QQQQ0000 is not is not invariantinvariant
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Continuous Observers for Continuous Observers for LTILTI
SystemsSystems

®® AssumingAssuming ((((AAAA,,,,CCCC )))) observableobservable,, the matrixthe matrix GGGG
determines the speed of convergence of thedetermines the speed of convergence of the
state estimatestate estimate

uuuu ((((tttt)))) yyyy ((((tttt))))

xxxx ((((tttt))))~

xxxx ((((tttt) ) ) ) {{{{ xxxx((((tttt) = ) = ) = ) = eeee ((((AAAA {{{{GCGCGCGC )))) tttt [[[[ xxxx(0) (0) (0) (0) {{{{ xxxx (0) ](0) ](0) ](0) ]~ ~

xxxx ((((tttt) = ) = ) = ) = AAAA xxxx((((tttt) + ) + ) + ) + BBBB uuuu ((((tttt))))

yyyy ((((tttt) = ) = ) = ) = CCCC xxxx((((tttt))))
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xxxx ((((tttt) = () = () = () = (AAAA {{{{GCGCGCGC ) ) ) ) xxxx ((((tttt) + ) + ) + ) + BBBB uuuu ((((tttt) + ) + ) + ) + GGGG yyyy((((tttt))))~ ~
....

xxxx ((((tttt) = ) = ) = ) = AAAA xxxx((((tttt) + ) + ) + ) + BBBB uuuu ((((tttt))))

yyyy ((((tttt) = ) = ) = ) = CCCC xxxx((((tttt))))
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SwitchingSwitching Observers for Observers for LTILTI
SystemsSystems

TThe switching he switching observerobserver is globally exponentially stableis globally exponentially stable, if, if

®® either either the Lie algebra {the Lie algebra {FFFFiiii ==AAAAiiii {{{{ GGGGiiii CCCCiiii } is solvable} is solvable
®® pairwisepairwise commuting commuting ⇒⇒ nilpotent  nilpotent  ⇒⇒ solvable Lie algebrasolvable Lie algebra

uuuu ((((tttt)))) yyyy ((((tttt))))

xxxx ((((tttt))))~

xxxx ((((tttt) = () = () = () = (AAAAiiii {{{{GGGGiiii CCCCiiii ) ) ) ) xxxx((((tttt) + ) + ) + ) + BBBBiiii uuuu((((tttt) + ) + ) + ) + GGGGiiii yyyy((((tttt))))~ ~
....

xxxx ((((tttt) = ) = ) = ) = AAAAiiii xxxx((((tttt) + ) + ) + ) + BBBBiiii uuuu ((((tttt))))

yyyy ((((tttt) = ) = ) = ) = CCCCiiii xxxx((((tttt))))
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®® or there is a or there is a dwell timedwell time , where                , where                
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Hybrid Observer SchemeHybrid Observer Scheme

Plant Hybrid Plant Hybrid 
Model Model 

qqqq ((((kkkk), ), ), ), xxxx ((((tttt))))

Discrete input  ¾¾¾¾ ((((kkkk)))) Discrete output  ÃÃÃÃ ((((kkkk))))

Continuous input  uuuu ((((tttt)))) Continuous output  yyyy ((((tttt))))

qq((k k + 1) + 1) 2 2 '' ((qq((kk), ), ¾¾((k k + 1))+ 1))

¾¾((k k + 1)+ 1) 2 2 ÁÁ ((qq((kk), ), xx((tt --
k k + 1 + 1 )), , uu((tt --

k k + 1 + 1 ))))

ÃÃ((k k + 1) + 1) 22 ´́ ((qq((kk), ), ¾¾((k k + 1), + 1), qq((k k + 1) )+ 1) )

xx((tt) = ) = AA qq((kk)) xx((tt) + ) + BBqq((kk)) uu((tt))

yy((tt) = ) = CCqq((kk)) xx((tt))

xx((tt k k )) := := RR11
qq((kk), ), qq((k k + 1)+ 1) xx((tt --

k k )) + + RR00
qq((kk), ), qq((k k + 1)+ 1)

.

TheThe plant hybrid model isplant hybrid model is



Hybrid Observer SchemeHybrid Observer Scheme

Plant Hybrid Plant Hybrid 
Model Model 

qqqq ((((kkkk), ), ), ), xxxx ((((tttt))))

Hybrid ObserverHybrid Observer

LocationLocation
ObserverObserver

ContinuousContinuous
ObserverObserver

Discrete input  ¾¾¾¾ ((((kkkk)))) Discrete output  ÃÃÃÃ ((((kkkk))))

Continuous input  uuuu ((((tttt)))) Continuous output  yyyy ((((tttt))))

qq((kk))~

xx((tt))~



Exponential Exponential UltimateUltimate BoundednessBoundedness
AA hybrid observer is said to bhybrid observer is said to be e exponentially exponentially ultimately ultimately 

boundedbounded if there existif there exist a positive integer a positive integer K K K K and constants and constants 
c c c c ¸̧̧̧ 1111,, ¹ ¹ ¹ ¹ >>>> 0000 andand bbbb ¸̧̧̧ 0000,, ssuchuch thatthat

•• ¹ ¹ ¹ ¹ is the rate of convergence is the rate of convergence 

•• bbbb is the ultimate bound, if is the ultimate bound, if b b b b = = = = 0000,, the observer is said to the observer is said to 
be be exponentiallyexponentially convergentconvergent

~qqqq ((((kkkk) = ) = ) = ) = qqqq ((((kkkk)))),,,, 8888k k k k ¸̧̧̧ KKKK

~~ ^̂ ^̂ ^̂^̂KKKKkxxxx ((((tttt)))){{{{xxxx ((((tttt))))k···· cccc eeee {{{{¹¹¹¹ (((( t t t t {{{{ t  t  t  t  )))) kxxxx ((((ttttKKKK)))) {{{{ xxxx ((((ttttKKKK))))k ++++ bbbb,,,, 8888 t > t > t > t > ttttKKKK

for any hybrid initialfor any hybrid initial sta t esta t e and plant inputsand plant inputs..
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Design of Observer for CurrentDesign of Observer for Current--location location 
Observable Hybrid SystemsObservable Hybrid Systems

Fact:Fact: If the If the FSMFSM
qq((k k + 1)+ 1) 2 2 '' ((qq((kk),),¾¾((k k + 1))+ 1))

¾¾((k k + 1)+ 1) 2 2 [  [  ÁÁ ((qq((kk), ), xx, , uu))

ÃÃ((k k + 1) + 1) 22 ´́ ((qq((kk),),¾¾((k k + 1), + 1), qq((k k + 1)+ 1) ))

associated to the hybrid plantassociated to the hybrid plant is is alive alive and and currentcurrent--state state 
observableobservable then then the current location of the hybrid plant the current location of the hybrid plant 
can be identified from the discrete output only.can be identified from the discrete output only.

x 2 X
u 2 U



If tIf the L o c a t i o n  O b s e r v e r  i d e n t i f i e s  he L o c a t i o n  O b s e r v e r  i d e n t i f i e s  
the discrete input and discrete output onl y  …the discrete input and discrete output onl y  …

…t…the synthesis of the Location Observer and of the he synthesis of the Location Observer and of the 
Continuous Observer can be done separately!Continuous Observer can be done separately!

Plant Hybrid Plant Hybrid 
Model Model 

qqqq ((((kkkk), ), ), ), xxxx ((((tttt))))

LocationLocation
ObserverObserver

ContinuousContinuous
ObserverObserver

¾¾¾¾ ((((kkkk)))) ÃÃÃÃ ((((kkkk))))

uuuu ((((tttt)))) yyyy ((((tttt))))

qq((kk))~

xx((tt))~



Location Observer :Location Observer : Observer for the Observer for the FSMFSM associated to the associated to the 
hybrid planthybrid plant

Continuo u s  O b s e r v e r  :  Continuo u s  O b s e r v e r  :  A bank of A bank of Luenberger’sLuenberger’s
with with resets a n d  resets a n d  switchingsswitchings control l e d  b y  t h e  control l e d  b y  t h e  
location location 

qqqq3333

qqqq2222qqqq1111

x = (A1 { G1C1) x + B1 u + G1 y~                            ~
.

x := R1
32 x + R0

32
~                ~

x = (A2 { G2C2) x + B2 u + G2 y~                            ~.

q = q2   //
~ 

x = (A3 { G3C3) x + B3 u + G3 y~                            ~.

x := R1
13 x + R0

13
~                ~

q = q3 //~ 

x := R1
21 x + R0

21
~                ~

q = q1   //
~ 



Theorem:Theorem: GivenGiven a hybrid system with dwell time a hybrid system with dwell time DDDD >>>> 0000, , 
if there exist matrices if there exist matrices GGGGiiii such that such that 

®® AAAAiiii {{{{ GGGGiiii CCCCiiii have distinct have distinct eigenvalueseigenvalues

®® αααα((((AAAAiiii {{{{ GGGGiiii CCCCiiii)))) ++++ ···· {{{{

¹¹¹¹

where where rrrr1111
iiii ==== maxmaxmaxmax {{{{kRRRR1111

iiiijjjj k }, }, }, }, then then the the hybrid observer hybrid observer is is 

exponentially convergent exponentially convergent with with raterate of convergence of convergence 
greater thangreater than ¹¹¹¹. . 

maxmaxmaxmax {{{{ 0,0,0,0, loglogloglog ( ( ( ( rrrr1111
iiii kkkk ((((AAAAiiii {{{{ GGGGiiii CCCCiiii) )) )) )) ) }}}}

DDDD

Exponential ConvergenceExponential Convergence
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Location Observer Design: the general caseLocation Observer Design: the general case
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LocationLocation ObserverObserver

FSMFSM
ObserverObserver

Residual Generation is similar to the Failure Detection Residual Generation is similar to the Failure Detection 
and Identification problem:and Identification problem:
“ is the system obeying“ is the system obeying
some given dynamics ? ”some given dynamics ? ”

Location Observer SchemeLocation Observer Scheme

[[MassoumniaMassoumnia, , VergheseVerghese, , WillskyWillsky, , TACTAC 1989]1989]

ÃÃÃÃ ((((kkkk))))

??
qq((kk))~

AugmentedAugmented
FSMFSM

ObserverObserver
ResidualResidual

GeneratorGenerator
...

DecisionDecision
FunctionFunction

...
uuuu ((((tttt))))

yyyy ((((tttt))))

ssss1111

ssssMMMM

rrrr1111((((tttt))))

rrrrMMMM((((tttt))))



Exponential Exponential Ultima t e  Ultima t e  Bounde d n e s sBounde d n e s s
Convergence during the 
interval D{{{{¢¢¢¢ has to   
overc o m e divergence
the interval ¢ ¢ ¢ ¢ and overshoots

Not smaller thanNot smaller than DDDD

Not greater Not greater 
thanthan ¢¢¢¢

timetime

x − x~

PlantPlant loc.loc. changechange

q = q~

q = q~

PlantPlant loc.loc. changechange

ObserverObserver loc.loc. changechange

q = q~

PlantPlant loc.loc. changechange

q = q~

ObserverObserver loc.loc. changechange

q = q~

ObserverObserver loc.loc. changechange

Desire d  
convergence

ErrorError
convergenceconvergence
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Theorem:Theorem: GivenGiven a hybrid system with dwell time a hybrid system with dwell time DDDD >>>> 0000, , 

if there exist matrices if there exist matrices GGGGiiii such that such that 

®® AAAAiiii {{{{ GGGGiiii CCCCiiii have dis t i n c t  have dis t i n c t  eigenval u e seigenval u e s

®® the location observer identifies changethe location observer identifies changess in the in the plant plant 
location withlocation with a delay less thana delay less than ¢ ¢ ¢ ¢ wi t hwi t h 0000 ···· ¢ ¢ ¢ ¢ <<<< DDDD

®® αααα((((AAAAiiii {{{{ GGGGiiii CCCCiiii)))) ++++ ···· {{{{ ¹¹¹¹

where where rrrr1111
iiii ==== maxmaxmaxmax {{{{kRRRR1111

iiiijjjj k }, }, }, }, then then the the hybrid observer hybrid observer is is 

exponentially ultimately bounded exponentially ultimately bounded with with raterate of of 
convergence greater thanconvergence greater than ¹¹¹¹. . 

If there If there areare no no resetsresets, , the hybrid observer isthe hybrid observer is exponentially exponentially 
convergentconvergent..

maxmaxmaxmax {{{{ 0,0,0,0, loglogloglog ( ( ( ( rrrr1111
iiii kkkk ((((AAAAiiii {{{{ GGGGiiii CCCCiiii) )) )) )) ) }}}}

DDDD {{{{ ¢¢¢¢



Conclusions and Future WorkConclusions and Future Work

®® A design methodology for exponentially convergent A design methodology for exponentially convergent 
hybrid observers has been proposedhybrid observers has been proposed

®® This methodology has been recently extended to This methodology has been recently extended to 
hybrid plant with hybrid plant with subject to continuous disturbancessubject to continuous disturbances

®® Techniques exploiting information associated to Techniques exploiting information associated to 
discrete transitions detectiondiscrete transitions detection has been investigated in has been investigated in 
order to order to 
®® improve continuous state convergenceimprove continuous state convergence

®® estimate unobservable continuous state components at estimate unobservable continuous state components at 
transition times  transition times  


