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Summary of my talk
1. Models of hybrid systems

2. The HYSDEL language

3. Controller synthesis for hybrid systems
4. Safety analysis of hybrid systems

5. Examples

6. Ongoing research

Models of Hybrid Systems
(that can be handled by HYSDEL)




Hybrid Dynamics - Continuous Part

Switched continuous dynamics

a(t) = Ainywe(t) + Biyue(l) + fiqy

z, € R™ continuous states '%L (t) derivatives
u. € R™ continuous inputs @ (t) - @e(t + 1) discrete-time
i€ {0,1,...,s} switching index ze(t + 1)  discrete-events

Hybrid Dynamics - Discrete Part

ug(t)——» /
0(t) — | fuoowr(ze(t), uelt), 5(t)} if@,
Ty (t) >

unit delay

Automata

xp(t) = feooL(we(t), ug(t), 6(t);

z¢ € {0,1}™  logic states (1) { xe(t +Ts)  discrete-time
I )
ue € {0,13™ ogic inputs ze(k +1)  discrete-events

6 €{0,1}"*  internal events

Hybrid Dynamics
[ahoe(t) + Byna(t) < e

ot + 1) = Aye(f]
FByualt) + f

~—~
i1 ot 1

(|at=zc(t) \717’1 ue(t) < o /
Alb Vo lage — O
R
Continuous dynamics change 1. Exogenous logic inputs Jue(t) — 1]
according to: Threshold conditions laz(t) < B]
Time conditions [t=>2]

Rl A

Any logic combination of the former

Reset conditions: possible (continuous time case more tricky)

Hybrid Dynamics

ug(t)——>
/
t
6(t) ——| froou(we(t), ue(t), 6(¢)} 2e(t)
fﬂé(t) >
unit delay
Discrete dynamics change 1. Previous logic states zo(1)
according to a Boolean fnc of: 2. Exogenous logic inputs (%)

3. Threshold conditions 3(t)




Computational Models
of Hybrid Systems

Mixed Logical Dynamical Systems

Mixed Integer Programming and
Hybrid Systems

‘///Qﬁff"fl

Mixed Logical Dynamical (MLD) form

(0 1) A+ Byeid)

z(t+ 1) = Ax(t) + Byu(t) + Bad(t) + Bsz(t)
y(t) = Cx(t) + Dyu(t) + D2d(t) + D3z(t)
E25(t) + Egz(t) S E4$(t) + Elu(t) + E5

(Bemporad, Morari, Automatica, 1999)

Tyu= [:;] o+ € R™, %€ {0,1}", z€ R, §e{0,1}"

HYSDEL

HYSDEL

(HYbrid Systems DEscription Language)

L)

T 8 g e oy ]
BEIIE ANAEA S5

* Describe hybrid systems: Basuanzanne

- Automata 1
- Logic e -
- Lin. Dynamics I 1
- Inferfaces
- Constraints e

o

22 ]
et Lt e 10w on R e -

(Torrisi, Bemporad, Mignone, 2000)
* Automatically generate MLD models in Matlab

*+ MLD model is not unique in terms of the number of auxiliary
variables ——wptimize model (minimize # binary variables !)

http://control.ethz.ch/~hybrid/hysdel




AD and DA

Nonlinear amplification unit

SYSTEM train {
INTERFACE {

STATE ({
BOOL brake; }
S | | u - u (u <u’) INPUT {
Al comp —_ > BOOL alarm, tunnel, fire; }
m@‘g)g| Z3u=13u, (wzu) } /* end interface */
IMPLEMENTATION {
AUX {
SYSTEM motor { IMPLEMENTATION { BOOL decision; }
INTERFACE { AUX { e
STATE { REAL unl; e
REAL ucomp; } BOOL th; } isi = )
INPUT { AD { alarm & (~tunnel | ~fire); } <:
REAL u [0,10]; } th = ut - u <= 0; <‘;h e
PARAMETER ({ _ - m—
REAL ut = 1; DA { Uppate = Uatarm N (TS wamner V' 78 i) brake = decision; )
REAL e = le-6;} unl = { IF th THEN 2.3*u - 1.3*ut <; MUS?( . ,
; lre - alarm;
} /* end interface */ ELSE u }; } ‘gﬁre__é llum,m | /% ond inplemontarion */
CONTINUOUS { } /* end system */
ucomp = unl; }
} /* end implementation */
} /* end system */
u=cicse

u=cpen

u=etop
closing ‘
u=ciess

SYSTEM capacitorD {

INTERFACE {
STATE {
REAL u; } SYSTEM outflow {
PARAMETER { INTERFACE {
REAL R = le4; STATE {
REAL C = le-4; BOOL closing, stop, opening; }
REAL T = le-1; } INPUT {

} /* end interface */ BOOL uclose, uopen, ustop; }

} /* end of interface */

IMPLEMENTATION ({ IMPLEMENTATION ({
CONTINUOUS { AUTOMATA {
Apply for'War'd d|ffer‘ence rule: u=u - T/C/R*i; } <; closing = (uclose & closing) | (uclose & stop): <;
. stop = ustop | (uopen & closing) | (uclose & opening);
T } /* end implementation */ opening = (uopen & stop) | (uopen & opening); }
— . } /* end system */

w(k +1) = u(k) + —i(k) —

C ~(uclose & uopen);

~(uclose & ustop);
~(uopen & ustop); }
} /* end implementation */
} /* end system */




MUST

SYSTEM watertank {
INTERFACE {
STATE {
REAL h; }
INPUT {
REAL Q; }
PARAMETER {
REAL hmax 0.3;
REAL k 1; 0}
} /* end interface */

Il
il

IMPLEMENTATION {

N\, 4 il CONTINUOUS {
» liunwm.m;. il Bon )
DN AR 1 ‘ :
g j T e <= 05 G
e s -h <07
} /* end implementation */
0 S h S hmax } /* end system */

Realization and Transformation

(other state-space hybrid models)

Existing Hybrid Models

* Piecewise affine (PWA) systems (Sontag, 1981, 1996)

state+input space

* Polyhedral partition of state+input space

Xi:{{ﬂ . H; m <K}, i=1,...,s

* Affine dynamics in each region
z(t+1) = A;yx(t) + Biyu(t) + fiy

if {28} € Xy

+ Can approximate nonlinear dynamics arbitrarily well

Existing Hybrid Models

- Linear complementarity (LC) systems  (cemels, 1999)

z(t+1) = Ax(t) + Bru(t) + Byw(t) Ex: mechanical systems
y(t) = Cx(t) + Dyu(t) + Dow(t) circuits with diodes etc.
v(t) = E1z(t) + Eau(t) + Esw(t) + €4
0 <wot)lw(t)>0

+ Extended linear complementarity (ELC) systems (De Schutter, De Moor, 2000)

Generalization of LC systems

* Min-max-plus-scaling (WMPS) systems (De Schutter, Van Den Boom, 2000)

z(t+1) = My(x(t),u(t),d(t))

y(tg ; J]tﬁ((;((;))::f((f)):j((z)))) M := z|a| max (M, My)| min (My, My)|M, + M,|3M,

MMPS function: defined by the grammar

Exqmple‘. z(t+1) =2max (2(t),0) + min(— %'u,(t), 1)
Used for modeling discrete-event systems (t=event counter)




Equivalence Results
) o
EONY,
(rf——=(=)

Theorem 1 All the abeve five classes of diserete-time hybrid models are equivalent

(possibly under additional assumptions, like boundedness of input and state vari-

ables)

(Heemels, De Schutter, Bemporad, Automatica, 2001 + CDC2001)

Theoretical properties and analysis/synthesis tools can be
transferred from one class to another !

Example: Bouncing Ball

X = —9g
r<0=d(t")=—-(1-a)@(t)

a € [0,1]
F=mg

How to model this system in MLD form?

HYSDEL - Bouncing Ball

SYSTEM ball {

INTERFACE {
/* Description of variables and constants */
STATE { REAL height [-10,101;
REAL velocity [-100,100];
}
PARAMETER ({

REAL g=9.8;
REAL dissipation=.4; /* O=elastic, l=completely anelastic */
REAL e=le-6;
REAL Ts=.05;
}
}
IMPLEMENTATION {
AUX {  REAL hnext;
REAL vnext;
BOOL negative;

AD {
negative = height <= 0 [hmax,hmin,e];
}
DA { hnext = { IF negative THEN height-Ts*velocity
ELSE height+Ts*velocity-Ts*Ts*g Yi
vnext = { IF negative THEN -(l-dissipation)*velocity

ELSE velocity-Ts*g }i

} 7
CONTINUOUS { R
height hnext;
velocity = vnext; =
i A 3

Modeling Flow

[

g2 (1) + huzu(t) <

ga(t) + hasu(t) < kzg
x(t+1) = faes1) =

( -

Aan(t) + Buu(e) + fo] \Aa20)+ Bauie) + 13

ot +1) =
Avx(e) + Buu(t) + fy

Process

ga(t) + hau(t) < ks

@Designer

Grow(t) + hgult) <y

Hysdel Source

HYbrid Systems
Description Language

Text

MLD

Mixed Piecewise
Logical Affine form
Dynamical form

Matiab

i




System Theory for Hybrid Systems

+ Analysis
- Redlization & Transformation
- Well-posedness
- Stability
- Reachability (=Verification)
- Observability

+ Synthesis
- Control
- State estimation
- Identification
- Modeling language

Controller Synthesis

Optimal Control of Hybrid Systems

* Finite-time optimal control problem:

T-1
min J(€,z(0), ) 1;0 1Q (k) — )| + | R(u(k) — u,)l
+ o ([|6(k) = &, + [|2(k) — 2| + [[z(k) — =)
( MLD model

subj. to{ x(t|t) = x(t)
|zt +Tt) =2,

€= [u(0),...,u(T—1),00),...,0(T—1),2(0),...,2(T —1)]

- Solution

+ Squared 2-norm: Mixed-Integer Quadratic Program (MIQP)
* o0 or 1-norm: Mixed Integer Linear Program (MILP)

+ At time ¢:

Model Predictive Control

b )

Solve an optimal control m

Inputs

A
problem over a finite future %SW
horizon p - anipulated
t

+1 t+p
- minimize performance A
- subject to constraints Wﬁﬁ
=M
11 142 t+p+1

- Only apply the first optimal move  u*(t)

- Get new measurements, and repeat the optimization at time ¢ +1

Advantage of on-line optimization: FEEDBACK!




Closed-Loop Stability

Theorem 1 Let (x,,u,) be the equilibrium pair for the set
point r. Assume that the optimization problem is feasible at
timet = 0. Then VQ, R = 0, 0 > 0, the predictive controller
stabilizes the MLD system

:lL"g]c y(t)=r ill)n;iz(t) = u,

limy oo 2(t) = @y, limgyo 2(8) = 2, limyoo 6(t) = &,, and all
the constraints are fulfilled.

(Bemporad, Morari, Automatica, 1999)

Proof: use optimal value function as a Lyapunov function

Mixed-Integer Program Solvers

* Mixed-Integer Programming is NP-hard

BUT

- General purpose Branch & Bound/Branch & Cut solvers available for

MILP (CPLEX) and MIQP (Fletcher-Leyffer, Sahinidis, XPRESS-MP)
Free Matlab MILP/MIQP solver (Bemporad, Mignone, 1999)

More solvers and benchmarks: http://plato.la.asu.edu/bench.html

* No need to reach global optimum (see proof of the theorem),

although performance deteriorates

On-Line vs. Off-Line Optimization

T-1
min JUEE)E T [Qu(t + & +1[8)[w + [ Ru(t + )]l
g k=0

MLD mode
subj. to x(t|t) = @

z(t+Tt)=0

+ On-line optimization: given x(z), solve the problem at each time step ¢
Mixed-Integer Linear Program (MILP)

+ Good for large sampling times (e.g., 1 h) / expensive hardware ...
.. but not for fast sampling (e.g. 10 ms) / cheap hardware !

+ Off-line optimization: get the explicit solution of the MPC controller
by solving the MILP for all x(¢)

min J(&, )éf’§
t.Ge < W+ FG Q)

multi-parametric Mixed Integer Linear Program (mp-MILP)

Explicit Form of
Model Predictive Control

via Multiparametric Programming




Example of Multiparametric Solution Multiparametric MILP
Multiparametric LP ( € B’ o CRuay  QRuas) ’ N
! ' ' i ¢ d sc€ R
mgn =38 — 88 40 1min E={.64) f 5 + fd
(& + &2 < 13+ 20 s.t. GE&+ Eéqa < W+ Fr ) £ € {0,1}"
56, — 4 < 20 )
igglgl +€222£,2 < 121 + 2o 720 + mp-MILP can be solved (by alternating MILPs and mp-LPs)
st 4y G- < -8 20 (Dua, Pistikopoulos, 1999)
—&1 <0 0 * Theorem: The multiparametric solution ~ £*(is piecewise affine
—&2 <0 ) .
R - Corollary: The MPC controller is piecewise affine in x
[*5° k&)= + [ 5] if [éﬁa ﬁ.%‘:i]x = [ i;"ﬁ;l CRyz Fz+G if Hwz <K,
o ae ' u(x) = S
fopeples (i) o [88 )< [MB] oru -
o e . + Remarks on explicit MPC law:
+ Automatic partitioning of state-space (ho gridding!)
- Stability guarantee (value function=PWL Lyapunov function)

Reachability Analysis/Verification

(Bemporad, Torrisi, Morari, HSCC 2000)

X(0

Reachability Analysis
(Verification)

- Efficient algorithms for reachability
analysis of MLD/PWA systems were
developed during the VHS project

+ Software available in Matlab (requires fabio.d11)




Hysdel for Verification

* Inputs (e.g.: disturbances,
set-points)

* Finite-time reachability
analysis

Hysdel
Source

+ Logic-based,
threshold-based, and time-
based verification queries

+ Reachability-based
optimization

Examples

Traction Control System
(F. Borrelli, A. Bemporad, M. Fodor, D. Hrovat)

Y3m
E‘:n
H
38
§
g
=
\Iﬁ

Vehicle Traction Control

Improve driver's ability to control a vehicle
under adverse external conditions (wet or icy roads)

Model

nonlinear, uncertain,
constraints

Controller

suitable for real-time
implementation

MLD hybrid framework + optimization-based control strategy

10



Simple Traction Model

g =
g I
g -
g
[l =
n
o
=
g
=}
=
u

Hybrid Model

Nonlinear tire torque 1, =f(Aw , W)

“Slip
PWA Approximation
(PWL Toolbox, Julian, 1999) (Ferrari et al., HSCC’01)
3 N
Mixed-Logical
Slip | HYSDEL lum Dynamical (MLD)
. (Hybrid Systems .
e Description Language) Hybrid Model
W ,[ZL (discrete time)
~
) .)

s I * Mechanical system
i . 1 i
Manifold We = 7{ (Tz — bew, — g/)
Fueling T
by =
MyTt
* Manifold/fueling dynamics
‘ Te = bia(t — 75)
3 « Tire torque T, is a function of
- slip Awand road surface adhesion
.
- Aw :1*; Wheel slip
gr Tt
! 1'7\’”.4 - = == *
EXPERIMENTAL RESULTS
|
!
- I
; 1 A )
: T L
: A
-
T
S

Gl Weotor Gimmpeang, —

Experiment

+ >500 regions

+ 20ms sampling time

* Pentium 266Mhz +
Labview

G Motor Compcenss,

11



Comments from Ford:

+ Performance of the hybrid MPC controller is quite
good given the limited development time,
oversimplified plant model used, and minimal
development iterations.

+ The hybrid MPC controller requires much less
supervision by logical constructs than controllers
developed with traditional techniques.

Tt Mot Glommprermye,

Hybrid Control Example:

Cruise Control System
(A. Bemporad, F.D. Torrisi)

Hybrid Control Problem

Renault Clio 1.9 DTI RXE

GOAL:

command gear ratio, gas pedal,
and brakes to track a desired
speed and minimize consumption

Hys d e I MO d e I (Bemporad, Torrisi, 2000)

D2l = {IF ABWLL THEN (sPULZ-aDULL)+ (BBVLE-BPULL) *{wl+u2+ma+udtus ol ;
D=2 = {IF ARWLZ THEN (aBUL3-aPUL2)+(bEWL3-BIULE) “iwlrwltudtudtusiull ;
DC23 = {I¥ 4PWL3 THED ( - :
DEe4 = {TF ARWL4 THE (aPUL! -

v

CONTINNTS { posttion = posiviontTstspasd;
spesd = speediTs/mass” {FeliFe2tFadiFadtFasiFai-
¥,

¥ eta_triccionvepead) ;
THPLERERTLTION | -

LT (DELL Fel, FeZ, Fe3, Fadi, Fek, Fel;

DAL ory s o o, e e MIST [ wemEn <= WLiZtmtwAtmEimd;
AL iy wlt x;

—toriue-(alphal thetal™ (wlinZ o3 +udtuSiuk) | <=0;

A0ULL > AWVLE; ABVLE - ADULZ;

o LHRDWLL® (ol ez “1en;

QPUL+ — ARVLL; ABULE - dPWIZ;
4DUL3I - AVVLL; ABULZ - 4DULL; }

©R = (TF gearD THEN speed/spesd_factortByearD;

http://control.ethz.ch/~hybrid/hysdel

12



Hybrid Controller

+ Smoother tracking controller

min J(ug, x ()2 |v(t + 1[t) — va(t)| + plw]|
[v(t + 1]t) — v(t)] < Tsamax
subj. to MLD model
L of) = z(t)

MILP optimization problem

Linear constraints 100
Continuous variables 19 vg(t)
Binary variables 10
Parameters 2
Time to solve mp-MILP
(Sun Ultra 10) 28 m
Number of regions 54

Hybrid Controller

* Max-speed controller

Velocity (kmih) Gear Fraction of Max Torque (Nm) Brakes (Nm)

200 5 1
1

150 B g 4 Lo - 4 ! 05 I
05 - -1 - - A

w00 Hf- - 4 - - 4 st - 4 - - A ol - o o 0

50 - - 4 - - A 2 - - 4 - - 4 o5 - - - ] 05 - - 4 - - 4

0 1 1 1

0 50 100 0 50 100 0 50 100 0 50 100

Road Slope (deg) Power (kW)
1 6000 o0 =
5000 sof - - 5 - - o
o5 F - - - - -
4000 ol - - 4 - - 4
4 - 3000 o - - 4 - - o
2000 2080 - - - - - o
o5 F - - 1 - - ]
1000 ol - - 5 - -
4 0
) 50 100 0 50 100
Time (s) Time (s) Time (s) Time (s)

Hybrid Controller

+ Smoother tracking controller

Velocity (km/h), Desired velocity (kmfh) Gear Fraction of Max Torque () Brakes (Nm)
120 5 10000
100 sl - - 4+ - -
P |
of } - ¢+ - - A
e00f - - - - - A
0 apd - - - -
a00f - - o+ - - A
off - - - |- A
P |
» 2000 —ﬂ— - —| -
0 1 0
) 100 200 0 100 200 100 200

Road Slope (deg) Engine speed (rpm)

"o 700 200 0 00 200
Time (5) Time (5) Time (5)

Time (5)

Verification of a
Cruise Control System
(F.D. Torrisi, A. Bemporad)

13



Cruise Control System

Renault Clio 1.9 DTI RXE

GOAL:

Verify if a given switching
controller satisfies certain
specifications

(Torrisi, Bemporad, 2001)

Cruise Control System

Gear selector:

Speed controller:
e(t+1) =e(t) + Ts(v,.(t) — v(t)) +saturation

() = { E(wr(0) = v(0)) +ivelt) I 0(0) < v (1) 1

otherwise

b (t) = { fafor(t) = v(t) o) 2 0e(8) +1

> dBWLL; dPWL2 >

4PWLL; })

http://control.ethz.ch/~hybrid/hysdel

(Torrisi, Bemporad, Mignone, 2000)

Hybrid Model
* MLD model ﬂ

z(t+1) = Az (t) + Biu(t) + B2d(t) + Byz(t)
y(t) = Cx(t) + Diu(t) + D20(t) + D3z(1)
Ey6(t) + E3z(t) < By (t) + Ewu(t) + Es

- 3 continuous states: v, U, €  (vehicle speed, reference and tracking error)

- 5 binary states: 91, 92, 93, 94, g5 (gears)

+ 19 auxiliary continuous vars: (5 traction force, 5 engine speed,
5 reset/saturation, 4 PWL max engine torque)

+ 15 auxiliary binary vars: (4 PWL max torque breakpoints, 4 saturations
5 logic updates, 2 gear switching conditions)

+ 173 mixed-integer inequalities




Verification
ESO
Em

Time (s)

Verify that the cruise control reaches the desired speed
reference ( Zo = {v,t : v < v, — 270, ¢t > 10/Yahd
without driving above the limit ( 21 = {v : v > v, + Dhon}
Ttoll =5 km/h

Verification Results

« Forall . €[30,70] km/hthe controller satisfies
both liveness & safety properties

+ CPU time: ~2.5h on Matlab5.3, PC650MHz.

- For v, €[30,120] km/h the
verification algorithm finds
the first counterexample
after ~7m

Time (s)

Hybrid Modeling and Control of a
Direct Injection Stratified Charge (DISC)
Engine

A. Bemporad, N. Giorgetti, I. Kolmanovsky, D. Hrovat

DI

Gored £ g:r%f};p:/fﬂmy_

+ States/Controlled outputs:

+ Inputs (continuous):

Nonlinear Hybrid Model

1. Intake manifold pressure —
2. Air-to-fuel ratio
3. Engine brake torque

1. Mass flow rate through throttle
2. Mass flow rate of fuel
3. Spark timing

+ Inputs (binary):

1. p=Regime of combustion (stratified/homogeneous)

+ Constraints on:

1. Air-to-fuel ratio (due to engine roughness, misfiring, smoke emiss.)
2. Spark timing (to avoid excessive engine roughness)
3. Mass flow rate of throttle

Dynamic equations are nonlinear
Dynamics and constraints depend on P !

15



Hybrid MPC Control

Closed-loop: Nonlinear hybrid model + Hybrid MPC controller

Engine Brake Torque Air-To-Fuel Ratio

“/More about this problem

at the next CC meeting

The End

Engine Brake Torque + Noise Engine Brake Torque (nominal MLD model)
pe——>3
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1. CC project web site:

http://www.dii.unisi.it/~hybrid/cc

Please contribute Il (mailto: hybridedii.unisi.it)

2. IEEE Technical Committee on Hybrid Systems  web
site: http://www.ieeecss.org/TAB/

http://www.dii.unisi.it/~hybrid/ieee

Please contribute Il (mailto: hybridedii.unisi.it)

21 =) Wy Compuem
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