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Electronic Throttle

Advantages

 Improved fuel economy

* Reduction in vehicle emission
 Improved drivability

Components
e DC drive
» Gearbox
 Return spring
» Dual potentiometer




Control Challenges
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Main challenges
e Friction (gearbox)
e Limp-Home nonlinearity (return spring)
e Quantization (dual potentiometer + A/D)
 Constraints




Nonlinear Model of the Throttle
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Nonlinear Model of the Throttle

friction model
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Nonlinear Model of the Throttle

Karnopp
friction model

Limp-Home nonlinearity
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Piecewise Affine System

o{ X@'}i polyhedral partition of state and input spaceXx

ez € R"x {0,1}", n=n,+ ny

e € R™ex {0,1}™, m=m,+ my.
» switches both internal and controllable

e state and input constraints areincluded in X

PWA systems include many hybrid system classes



PWA model of the Throttle

« 5 affine parts from the friction )

o 3 affine parts from the LH

-

* sampling with Zero Order Hold

15 (discrete time)
PWA dynamics

With state vector x=[w’,q]" we get PWA system

If

where polyhedron description H, x(t) + Lu(t) £ K, (t)
also includes state and input constraints




Finite Time Optimal Control

» Performance Index

3709 = min|x |+ & %] +u

e Constraints
.\I. ymin£yk£ymax, k=1...,N

subjectto:' u..£u £u_, k=0..,N-1
1 X = A +BU, k30

For |-|[,, P LP§
For |-, P QR

‘ Receding Horizon Policy: u=u, = f(x) |

b Optimizer: U (x)={u,,u,..., Uy..}




Receding Horizon Policy u = f(X)
e Solve LP/QP for each X

« Solve LP/QP for all x via multiparametric program

Piecewise affine state-feedback |aw

X-space

I FEx+G, if HXEK,
P .

u(x) =i
%Fer+GNr if

Her£ KI\Ir

Solution obtained via:

mp-LP for |- (Bemporad, Borrelli, Morari, CDC 2000)

1¥

mp—QP for |- ) (Bemporad, Morari, Dua, Pistikopoulos, Automatica 2001)



mp-QP Properties

« Solution u* (X) Is continuous, piecewise affine
- the set X* Is partitioned into polyhedral critical regions
- In each critical region u* (x) is an affine function of x

 Value function J* (X) Is convex, piecewise quadratic,

and continuously differentiable if the mp-QP is not
degenerate

I Fx+G, if HXEK,
(=i '

LR x+G, if H XxEK,




Optimal Control of the PWA system

min

subj.to

z(N) Px(N) + ]:Z_: (k) Qx(k) +u(k) Ru(k)

x(t+1) = Az (t) + Bu(t) + f;
if [z(t),u(t) e, i=1,... s

FEx(k)+ Lu(k) <M, k=0,...,N—1
r(N) e X

o U={u(0),...,u(N—1)} isthe optimizer

« Extendable to penalize switches,...

Feedback solution?
How do we compute 1t?



Trandation into Mixed Integer Program

ming JOY, 2 (0)2 | Pe(N)Il, + ]:z [Qu(k)ll, + | Ru(k)ll,

([ x(N)e X
r(k+1) = Az (k) + Biu(k) + B20(k) + B3z(k)
y(k) = Cx(k) + Dyu(k) + D26(k) + D32(k)
Es0(k) + Fsz(k) < Fiu(k) + Eyz(k) + Es

Equivalent MLD representation of the PWA system
(Bemporad, Morari 1999)

subj. to <

Ve

: 1

Mixed Integer Program

min € He+(f' +x(0)' Fe
s.t. Ge < w + Fz(0)




Multiparametric Mixed Integer Program

min, € He+ (f*+ z(0)'F)e
s.t. Ge < w + Fz(0)

Is solved for all x(0) by using

ep=1¥ b Multiparametric mixed integer
linear programming (H=0)

ep=2 P Multiparametric mixed integer
quadratic programming (H* 0)

to compute

U (X(0))=fpna(x(0))




Characterization of the Solution (p=2)

(Sontag 1981, Mayne 2001)

The solution to the optimal control problemisa
time varying PWA state feedback control law of the form

u*(z(k) = Fla(k) + G
if xz(k) € Pfé{:c ; :L”Lf(j)zc + Mf(])x < Kf(])}

{P*}™" partition of theset X* of feasible states x(k).

1=
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Characterization of the Solution: Proof

:I:(t—l— 1) = Aix(t) - Biu(t) + fi
Y

x(t
(t) = Ciz(t) + g; for [uét%] S

X

 Fix a switching sequence of length N to obtain
constrained linear time variant system

« Solve finite time optimal control to obtain v={134,4}
state-space polyhedral partition and corresponding
PWA input and PWQ value function

Obtain optimal control law by comparing value functions on
polyhedron of "multiple feasibility"




Polyhedron of " multiple feasibility"
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Polyhedron of " multiple feasibility"
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Polyhedron of multiple feasibility:
switch v, and v, both admissible
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Polyhedron of " multiple feasibility"
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Computing Optimal Control Law

The proofs are constructive but based on the enumeration
of al possible switching sequences of the hybrid system.

: !

| More efficient methods than enumeration are necessary |




mp-MI1QP Algorithm

(Borrelli, Baotic, Bemporad, Morari, 2002)

Solver based on

— Dynamic programming recursion
— Multiparametric quadratic program solver (mp-QP)
— Basic polyhedral manipulation

(intersection and union)

— Comparison of value functions over polyhedra

— Post processing




Optimal Control Problem

Problem

J(x(0) = min_, JU",x(0))
1 X(t+1) = fop, (X(1), u(t))

St xe
where
30" X0) =[P, + 8 Q) +Ruco),
and

— X(t+l) = AX(t)‘F BIU(t)+ fi
X(k+1) = f W (X(K),u(k)) | < if [x(t),u®)]l X



Closed L oop Solution via
Dynamic Programming

Equivalent problem

Ji(x(j)) = minu(j){IIQX(J')IIZ+||RU(J')|2+Jf+1(prA(X(J),U(@
St o (X(Q),u(NT X

for j=N-1,...,0, with boundary conditions Cost to go

XN =X"
In(X(N)) = [Px(N)],

where X! isthe set of initial states for which problem is feasible

X :{XT R" | $u, foa(xu)l X‘“}



Challenge

e Challenge
— Sub-problems are defined over non-convex regions

 Method
— Multiparametric quadratic program solver (mp-QP)
— Polyhedral manipulation (intersection and union)
— Comparison of value functions over polyhedra

e Result
— Exact, globally optimal PWA feedback control law



Example

N—1
miny, ||Px(N)||p+kz_0||Qx(k)||p+||Ru(k)||p

I ‘cosa (t) - sina(t
Lyt+D) = 085 (t) (t)u

-.- SEiraty coen O &0
}Jm = [1 O] x(t)
subj. to | jp/3 if [1 0]x(t)2 0
.I.a(t) = i _
: i-p/3 if [1 Q[x(t)<0
: xt) 1 [-10, 10]"[-10, 10]
jut) T [-1 4

& 0f & 0f
p=2 N=3 Q=& ;3 R=1 P=g& ¢
o 1 o 1



Dynamic Programming - |llustration
N=3, 2 PWA dynamics
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Post processing

After every step of the Dynamic Program

« Remove unnecessary regions

(Intersect, Compare, Union)

At the end of computation
« Join regions with the same control law

» Store regions in an ordered fashion



Union of regions

e |ntermediate stage ssimplification

F() | J,(¥) £ 35(x), forxl R

1.5

J,(X) £ J5(x), forxl Py,

1+

R:EP:=R

‘ No need for P, I

0.5




Union of regions

Simplifying final solution

P

U™ (%) =[Upty ..., Uy | u=Up = T(X)

Regions where the first component of the solution is the same

can be joined (when their union is convex). (Bemporad, Fukuda, Torris,
Computational Geometry, 2001)




| nter section of regions
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| nter section of regions

1.6

Solution (in the ordered region sense): ™

=)
L

‘ {P2,31 P]_1 PZ, P3} |

u,(x) if xI B, and J,(x) £ J;(X)
u;(x) if xI B, and J;(X) £ J;(X)

i
!

U*(X):_!’: u(x) if xI B
L) if xT R
i ouy(x) if xI R



Throttle Results

i (K)T [-2, 2], w_(k)T [-200, 200]
q(k)T [11, 90], u(k)T [-5, 5]

é0.01 Ou
T,=10ms, N =10, Q=4 ¢ R=0.1 P=Q,
e 0 1

X' =[-0.179.9]" [0.180.1], x, =[080]"




Throttle Results

Partition of the state space describing PWA optimal control law

322 Feasible Region Fragments
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Throttle Results
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Conclusions

Electronic throttle modeled as a PWA system

Finite-time constrained optimal control problems based on
guadratic performance index for discrete time PWA systems
mp-MIQP Algorithm

— Dynamic Programming recursion

— Intersection of regions

— Comparison of value functions

— Ordering of regions

Receding Horizon control can be implemented by using

a simple look-up table

Results on the throttle control



THE END



