
A Hybrid Solver for Optimal Control of Hybrid Systems

CC meeting, 16-17 June 2003, Amsterdam, The Netherlands.                       
© 2003 A. Bemporad, N. Giorgetti 1

A “Hybrid” Solver for OptimalA “Hybrid” Solver for Optimal Control Control 
ofof Hybrid SystemsHybrid Systems

Amsterdam, June 16-17

Nicolò Giorgetti and Alberto Bemporad

Dept. of Information EngineeringDept. of Information Engineering
University of Siena, ItalyUniversity of Siena, Italy

giorgetti@dii.unisi.it

Limitations of MIP ApproachesLimitations of MIP Approaches

Current approach for solving optimal control of hybrid 
systems: Mixed-Integer (linear/quadratic) Programming.

1) The discrete/logic part of the hybrid system must be 
converted into linear MI inequalities (e.g.: by HYSDEL) 

LOSS of the original discrete structure
Introduction of auxiliary binary variables

2) The efficiency of the MIP solver relies upon the 
tightness of the continuous LP/QP relaxations.

We need better solution techniques

Poor performance (=many LP/QPs) if 
relaxations are not tight
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““Hybrid” SolversHybrid” Solvers
Combine MIP and Constraint Logic Programming (CLP) 
to overcome the previous difficulties

Why CLP ?

! More flexible modeling than MIP

! Structure is kept and exploited to direct the search.

Why MIP ?

! Specialized techniques for highly structured problems 

(e.g. LP problems);

! A wide range of tight relaxations are available

Why a combined approach ?

Performance increase already shown in other application 
domains (Harjunkoski, Jain, Grossmann, 2000)

Constraint Logic ProgrammingConstraint Logic Programming

CLP is a set of techniques for solving a 

finite domain problem

CLP alternates two techniques for solving the problem:

• Constraint Propagation: efficient inference mechanism used 
to reduce the domains of the variables.

• Constraint Distribution: splits a problem into complementary 
cases once constraint propagation cannot advance further.

(=set of constraints over a set of 
integer finite domain variables)

GOAL: Find all feasible assignments for X,Y, and Z

Example:



A Hybrid Solver for Optimal Control of Hybrid Systems

CC meeting, 16-17 June 2003, Amsterdam, The Netherlands.                       
© 2003 A. Bemporad, N. Giorgetti 3

Constraint Logic ProgrammingConstraint Logic Programming

Example (continued):

A pre-phase of constraint propagation produces

By iterating between propagation and distribution the solutions of 
the problem are determined: 

LogicLogic--Based Based Branch&BoundBranch&Bound
The basic modeling framework has the following form:

(Bockmayr, Kasper,1998)

Continuous constraints

Mixed constraints

Logic constraints

Logic-based B&B “ingredients”

A relaxed MILP problem
obtained by (1a),(1b) and (1c)

A CLP feasibility problem
obtained by (1d)

LP solver CLP solver



A Hybrid Solver for Optimal Control of Hybrid Systems

CC meeting, 16-17 June 2003, Amsterdam, The Netherlands.                       
© 2003 A. Bemporad, N. Giorgetti 4

LogicLogic--Based B&B algorithmBased B&B algorithm

Yes

Is any integer var

not integer ?

No

UB=∞, P={p0}
p0 relaxed MILP problem. Apply 

a CP phase to reduce var bounds

Initialization

P=∅ ?
Select 
a node

No, Remove p from P;

Solve the LP problem p

LP infeasible or

opt value>UB ?

Linear
Reasoning

With CD generate 2 LP 

sub-probs, apply CP to fix some

vars and add the LPs to set P

Yes, select a variable

Branching
on a variable

IF UB=∞ THEN prob infeasible 

or unbounded.

ELSE found an opt solution

Yes

Termination

CP = constraint propagation

CD = constraint distribution

∃ a feasible 

solution of CLP

prob ?

No, solve the 

CLP problem

Yes, update UB

No

DiscreteDiscrete--Time Hybrid SystemsTime Hybrid Systems
(Torrisi, Bemporad, 2003)
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Hybrid Models for the Hybrid SolverHybrid Models for the Hybrid Solver

Automaton

Logic constraints

No transformation

Mode Selector

Logic constraints

No transformation

Continuous constraints

Mixed constraints

Logic constraints

Hybrid Models for the Hybrid SolverHybrid Models for the Hybrid Solver

Event Generator

Mixed constraints

Big-M technique

Switched Affine System

Mixed constraints 
+ 

Continuous constraints

Big-M technique

Continuous constraints

Mixed constraints

Logic constraints
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Optimal Control of Hybrid SystemsOptimal Control of Hybrid Systems

We define the following optimal control problem:

where:

(1-6) are dynamical constraints

(7) are design constraints (e.g.: input/state/logic constraints)

(8) are ancillary constraints (don’t change the solution, only help 
the solver. E.g.: reachability constraints)

This problem can be solved by the hybrid solver

MotorbikeMotorbike ExampleExample

MODEL: a simplified hybrid model of a 
motorbike with three “semi-automatic” 
gears.

GOAL: solve an optimal control problem in 
order to track a desired speed profile

SAS - Discrete-time continuous dynamics

Speed (Km/h)

Engine speed (rpm)

ut engine torque (Nm)
ub brake force (N)

2 continuous inputs:

v and ω
2 continuous states:

Event Generator – Thresholds events for automatic gear shift

where t and t, t· t, are constant thresholds.
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MotorbikeMotorbike ExampleExample

Mode selector – Current gear of the motorbike (≡ logic state)

Continuous
Constraints

An exclusive-or condition on 
the gear commands

Optimal Control Problem: minimize

hybrid dynamics and the following additional constraints:

subject to the 

Logic condition on
torque and brakes

Automaton - Gear automaton

auto: automatic gear shifts 
enabled

moveup, movedown: manual 
gear shift commands

3 binary inputs:

idle, gear1, gear2, gear3

4 binary states:

MotorbikeMotorbike ExampleExample

LPs solved

Same results 
both with MILP
and with lb-B&B

CPU time 

(Pentium IV 1.8GHz
Ilog CPLEX 8.1

+Solver 5.3)

Initial conditions:
v(0)=0 Km/h

ω(0)=0 rad/s

gear=idle

ve=200 Km/h

T=20 s
t1=100 rpm

t2=400 rpm
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ConclusionsConclusions

" A unifying framework for MIP and CLP 
techniques for solving optimal control problems 
for hybrid systems.

" A superior computation time in comparison to more 
standard mixed-integer programming techniques.

Current state:

" A more expressive modeling language for hybrid 
systems (due to CLP).

Ongoing and Future ResearchOngoing and Future Research

# Alternative relaxations tighter than big-M (particularly
for SAS and EG parts)

# Embed MILP solvers in CLP as logic constraints, and 
solve satisfiability problems

# Applications

# MIQP logic-based solvers for quadratic performance 
indices
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