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Goal of the talk

▶ fresh view on adaptive/preconditioned GD methods through old,
forgotten tool

Φ-convexity

▶ abstract viewpoint =⇒ deeper understanding
▶ couples preconditioning with the “right” function class
▶ leads to new algorithms (hyperbolic GD,. . . )

K. Oikonomidis, J. Quan, E. Laude and P. Patrinos, Nonlinearly Preconditioned
Gradient Methods under Generalized Smoothness. ICML, oral, 2025

E. Laude and P. Patrinos, Anisotropic proximal gradient. Mathematical
Programming 12(4):747-756, 2025

E. Laude, A. Themelis and P. Patrinos, Dualities for non-Euclidean smoothness and
strong convexity under the light of generalized conjugacy, SIOPT 33(4):2721-2749, 2023
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Is gradient descent all we need?
GD on (nonconvex) f ∈ C1(IRn)

xk+1 = xk − γ∇f (xk)

theory

▶ appropriate class: functions with Lipschitz gradients

∥∇f (x)−∇f (y)∥ ≤ L∥x − y∥, ∀x , y ∈ IRn
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Is gradient descent all we need?
GD on (nonconvex) f ∈ C1(IRn)

xk+1 = xk − γ∇f (xk)

practice
▶ function class is too narrow
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(L0,L1)-smoothness: ∥∇2f (x)∥ ≤ L0 + L1∥∇f (x)∥, ∀x ∈ IRn

▶ adaptive methods/nonlinear preconditioning work better

J. Zhang, H. Tianxing, S. Sra and A. Jadbabaie, Why gradient clipping accelerates training: A theoretical justification for adaptivity, ICLR, 2020
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Nonlinearly preconditioned GD

xk+1 = xk − γG(∇f (xk))

for some preconditioner G : IRn → IRn

▶ Normalized GD G(y) = y
∥y∥+ε

xk+1 = xk − γ
∇f (xk)

∥∇f (xk)∥+ ε

▶ Gradient Clipping G(y) = min
{

1, λ
∥y∥

}
y

xk+1 = xk − γmin
{

1,
λ

∥∇f (xk)∥

}
∇f (xk)

▶ isotropic preconditioner: direction does not change, adaptive stepsize

R. Pascanu, T. Mikolov and Y. Bengio, On the difficulty of training Recurrent Neural Networks, ICML, 2013
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Nonlinearly preconditioned GD

xk+1 = xk − γG(∇f (xk))

for some preconditioner G : IRn → IRn

▶ Adagrad (without memory) G i(yi) =
yi√
ε+y2

i

xk+1
i = xk

i − γ
∇i f (xk)√

ε+ (∇i f (xk))2
i = 1, . . . , n

▶ Adam (without memory and momentum) G i(yi) =
yi
|yi |+ε

xk+1
i = xk

i − γ
∇i f (xk)

|∇i f (xk)|+ ε i = 1, . . . , n

▶ separable preconditioner: direction changes, widely used in practice

J. Duchi, E. Hazan and Y. Singer, Adaptive subgradient methods for online learning and stochastic optimization, JMLR, 2011

D.P. Kingma and J. Ba, Adam: A Method for Stochastic Optimization, ICLR, 2015

6 / 34



Nonlinearly preconditioned GD

xk+1 = xk − γG(∇f (xk))

for some preconditioner G : IRn → IRn

desiderata for nonlinear preconditioner

1. limy→0 G(y) = G(0) = 0: algorithm stops as soon as ∇f (x) = 0

2. lim∥y∥→∞
∥G(y)∥
∥y∥ = 0: prevents exploding gradients

3. lim∥y∥→0
∥G(y)∥
∥y∥ > 0: prevents vanishing gradients

4. R = G ◦ ∇f is Lipschitz-like: Jacobian of R remains bounded
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Anisotropic GD
xk+1 = xk − γG(∇f (xk))
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Anisotropic GD
xk+1 = xk − γ∇φ∗(∇f (xk))

key observation
all G seen so far are gradients of Lipschitz smooth, convex functions

G(y) = ∇φ∗(y)

φ∗(y) = supx∈IRn {⟨y , x⟩ − φ(x)} is convex conjugate of φ : IRn → IR
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key observation
all G seen so far are gradients of Lipschitz smooth, convex functions

G(y) = ∇φ∗(y)

h∗ : IR → IR cvx, L-smooth, even with

(h∗)′(0) = 0

▶ isotropic: φ∗(y) = h∗(∥y∥)

normalized GD (h∗)′(t) = t
|t|+ε

clipping (h∗)′(t) = Π|·|≤λ(t)
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Euclidean smoothness and GD
xk+1 = xk − γ∇f (xk) =: Tγ(xk)

f ∈ C1(IRn) is called L-smooth if descent lemma holds

f (x) ≤ f (x̄) + ⟨∇f (x̄), x − x̄⟩+
L
2
∥x − x̄∥2 ∀x̄ , x ∈ IRn

f(x)

x

GD as majorization-minimization: minimize rhs of descent lemma
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Euclidean smoothness and GD
xk+1 = xk − γ∇f (xk) =: Tγ(xk)

f ∈ C1(IRn) is called L-smooth if descent lemma holds

f (x) ≤ f (x̄) + ⟨∇f (x̄), x − x̄⟩+
L
2
∥x − x̄∥2 ∀x̄ , x ∈ IRn

0th, 1st, 2nd order necessary and sufficient conditions, rich calculus

f L−smooth~w�
L
2∥ · ∥

2 − f convex~w�
TL−1 monotone ⇐= ∥∇f (x)−∇f (y)∥ ≤ L∥x − y∥, ∀x , y ∈ IRn~w� ~w�

∇2f (x) ⪯ LIn, ∀x ∈ IRn ⇐= ∥∇2f (x)∥ ≤ L, ∀x ∈ IRn
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Euclidean smoothness and GD
xk+1 = xk − γ∇f (xk) =: Tγ(xk)

f ∈ C1(IRn) is called L-smooth if descent lemma holds

f (x) ≤ f (x̄) + ⟨∇f (x̄), x − x̄⟩+
L
2
∥x − x̄∥2 ∀x̄ , x ∈ IRn

= f (x̄) + 1
2L∥L(x − TL−1(x̄))∥2 − 1

2L∥L(x̄ − TL−1(x̄))∥2
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Euclidean smoothness and GD
xk+1 = xk − γ∇f (xk) =: Tγ(xk)

f ∈ C1(IRn) is called L-smooth if descent lemma holds

f (x) ≤ f (x̄) + ⟨∇f (x̄), x − x̄⟩+
L
2
∥x − x̄∥2 ∀x̄ , x ∈ IRn

= f (x̄) + 1
2L∥L(x − TL−1(x̄))∥2 − 1

2L∥L(x̄ − TL−1(x̄))∥2

= f (x̄) + (L ⋆ φ)(x − TL−1(x̄))− (L ⋆ φ)(x̄ − TL−1(x̄))

where φ = 1
2∥ · ∥

2, L ⋆ φ = Lφ(L−1·) (epi-scaling)
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Anisotropic smoothness
x+ = x − γ∇φ⋆(∇f (x)) =: Tγ(x)

f ∈ C1(IRn) is called anisotropically smooth (aniso-smooth) with respect
to a reference function φ : IRn → IR if anisotropic descent lemma holds

f (x) ≤ f (x̄) + (L ⋆ φ)(x − TL−1(x̄))− (L ⋆ φ)(x̄ − TL−1(x̄)) ∀x̄ , x ∈ IRn

Assumption

A1 φ : IRn → IR is proper, lsc, strongly convex and even with φ(0) = 0

A2 φ ∈ C2(int domφ), ∥∇φ(xν)∥ → ∞ for int domφ ∋ xν → x ∈ bdry domφ

▶ A1 is standing assumption
▶ A2 implies φ∗ is C2(IRn) (sometimes needed)
▶ common choices for φ: pick h : IR → IR satisfying A1 (and A2)

isotropic

φ(x) = h(∥x∥)

∇φ∗(y) = (h∗)′(∥y∥)sign(y)

separable

φ(x) =
∑n

i=1h(xi)

∇φ∗(x) = ((h∗)′(x1), . . . , (h∗)′(xn))
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Examples of reference functions
h(s) dom h h∗′(t) h∗′′(t) A1/A2

λ(−|s| − ln(1− |s|) (−1, 1) t
|t|+λ

λ
(|t|+λ)2 ✓/✓

λ
2 s2 + δ|·|≤1(s) [−1, 1] Π|·|≤λ(t) ∂C (Π|·|≤λ)(t) ✓/

λ(1−
√

1− s2) [−1, 1] t√
t2+λ2

λ(t2 + λ2)−3/2 ✓/✓

λ(cosh(s)− 1) IR arcsinh(λ−1t) 1√
t2+λ2

✓/✓

λ(exp(|s|)− |s| − 1) IR ln(1+ λ−1|t|)sign(t) 1
|t|+λ ✓/✓

λ

(
s arctanh(s) + ln

(√
1− s2

))
(−1, 1) tanh(λ−1t) λ−1(1− tanh2(λ−1t)) ✓/✓

2

4

6

8

s

h(s)

−4 −2 2 4

−4

−2

2

4

t

(h∗)′(t)

−4 −2 2 4

0.5

1

1.5

t

(h∗)′′(t)

▶ φ grows faster than ∥ · ∥2 =⇒ larger function class than L-smooth
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Abstract convexity — some history

▶ Moreau replaced inner product with arbitrary coupling in Fenchel conjugate
▶ early papers: Balder, Dolecki & Kurcyusz (Φ-subdifferential, duality)
▶ important role in optimal transport theory (Kantorovich duality)
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Φ-convexity

x

ψ(x)

proper ψ : IRn → IR is closed convex if and only if

ψ(x) = sup
(y ,β):ℓy ,β≤ψ

ℓy ,β(x), where ℓy ,β(x) = ⟨y , x⟩ − β
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Φ-convexity

x

ψ(x)

x

ψ(x)

coupling function Φ : X × Y → IR where X ,Y nonempty sets

Definition

ψ : X → IR is called Φ-convex if it is the pointwise supremum of its
Φ-minorants

ψ(x) = sup
(y ,β):ℓy ,β≤ψ

ℓy ,β(x) where ℓy ,β(x) = Φ(x , y)− β
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Φ-convexity

x̄

Φ(x , ȳ)− β̄ x

ψ(x)

coupling function Φ : X × Y → IR where X ,Y nonempty sets

▶ task: given x̄ ∈ IRn , find ȳ ∈ IRn, β̄ ∈ IR such that

ℓȳ ,β̄(x) = Φ(x , ȳ)− β̄

minorizes ψ at x̄ :
ψ(x̄) = ℓȳ ,β̄(x̄)

(∀x ∈ IRn) ψ(x) ≥ ℓȳ ,β̄(x)
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Φ-convexity
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ψ(x)

▶ “slopes” ȳ of Φ-minorants at x̄ = Φ-subgradients of ψ at x̄

∂Φψ(x̄) = {ȳ ∈ IRn | ψ(x) ≥ ψ(x̄) + Φ(x , ȳ)−Φ(x̄ , ȳ), ∀x ∈ IRn}

▶ ȳ ∈ ∂Φψ(x̄) ⇐⇒ x̄ ∈ argminx∈X ψ(x)−Φ(x , ȳ)
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Φ-convexity

x̄

Φ(x , ȳ)− β̄ x

ψ(x)

▶ −vertical translation β̄ of Φ-minorant with slope ȳ = Φ-conjugate at ȳ

β̄ = Φ(x̄ , ȳ)− ψ(x̄)

▶ ψΦ is Φ-convex (even if ψ is not)
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x̄

Φ(x , ȳ)− β̄ x

ψ(x)

ȳ

y
ψΦ(y)

ψΦ(y) = sup
x∈X
{Φ(x , y)− ψ(x)}

▶ −vertical translation β̄ of Φ-minorant with slope ȳ = Φ-conjugate at ȳ

β̄ = Φ(x̄ , ȳ)− ψ(x̄) = sup
x∈X
{Φ(x , ȳ)− ψ(x)} =: ψΦ(ȳ)

▶ ψΦ is Φ-convex (even if ψ is not)
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Φ-convexity

x̄

Φ(x , ȳ)− f Φ(ȳ) x

ψ(x)

ȳ

y
ψΦ(y)

ψΦ(y) = sup
x∈X
{Φ(x , y)− ψ(x)}

▶ Fenchel-Young inequality

ψ(x) + ψΦ(y) ≥ Φ(x , y) ∀x , y ∈ IRn

▶ ȳ ∈ ∂Φψ(x̄) ⇐⇒ ψ(x̄) + ψΦ(ȳ) = Φ(x̄ , ȳ)
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Φ-convexity

x̄

Φ(x , ȳ)− f Φ(ȳ) x

ψ(x)

ȳ

Φ(x̄ , y)− ψ(x̄)

y
ψΦ(y)

ψΦ(y) = sup
x∈X
{Φ(x , y)− ψ(x)}

▶ Fenchel-Young inequality

ψ(x) + ψΦ(y) ≥ Φ(x , y) ∀x , y ∈ IRn

▶ ȳ ∈ ∂Φψ(x̄) ⇐⇒ ψ(x̄) + ψΦ(ȳ) = Φ(x̄ , ȳ) =⇒ x̄ ∈ ∂ΦψΦ(ȳ)
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Φ-convexity

x

ψ(x) y
ψΦ(y)

ψΦ(y) = sup
x∈X
{Φ(x , y)− ψ(x)}

▶ biconjugate

ψΦΦ(x) = sup
y∈Y
{Φ(x , y)− ψΦ(y)} = sup

(y ,β):ℓy ,β≤ψ
ℓy ,β(x)

▶ ψΦΦ largest Φ-convex function minorizing f
▶ ȳ ∈ ∂Φψ(x̄) =⇒ ψ(x̄) = ψΦΦ(x̄)
▶ ψ : X → IR Φ-convex ⇐⇒ ψ = ψΦΦ
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Φ-convexity

x

ψ(x) y
ψΦ(y)

ψΦ(y) = sup
x∈X
{Φ(x , y)− ψ(x)}

summary

for any proper ψ : X → IR

ȳ ∈ ∂Φψ(x̄) ⇐⇒ x̄ ∈ argmin
x∈X

{ψ(x)−Φ(x , ȳ)} ⇐⇒ ψ(x̄) + ψΦ(ȳ) = Φ(x̄ , ȳ)

=⇒

{
x̄ ∈ ∂ψΦ(ȳ)
ψ(x̄) = ψΦΦ(x̄)
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Φ-convexity and anisotropic smoothness
X = Y = IRn Φ(x , y) = −(L−1 ⋆ φ)(x − y)

▶ −Φ-majorants for f ∈ C1(IRn) ⇐⇒ Φ-minorants for ψ = −f

x̄

−Φ(x , ȳ) + β̄

x

f (x)

x̄

Φ(x̄ , y)− β̄

xψ(x)

▶ slopes of −Φ-majorants of f ⇐⇒ Φ-subgradients of ψ = −f

ȳ ∈ ∂Φ(−f )(x̄) ⇐⇒ x̄ ∈ argmin
x∈IRn

(L−1 ⋆ φ)(x − ȳ)− f (x)

Fermat =⇒ ∇φ(L(x̄ − ȳ)) = ∇f (x̄)

⇐⇒ ȳ = x̄ − 1
L∇φ

⋆(∇f (x̄)) =: TL−1(x̄)

▶ anisotropic descent for f ⇐⇒ Φ-subgradient inequality for ψ = −f

f (x) ≤ f (x̄) + (L−1 ⋆ φ)(x − ȳ)− (L−1 ⋆ φ)(x̄ − ȳ), ∀x ∈ IRn
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Characterization of anisotropic smoothness

f (x) ≤ f (x̄) + (L−1 ⋆ φ)(x − ȳ)− (L−1 ⋆ φ)(x̄ − ȳ), ∀x ∈ IRn

where ȳ = x̄ − 1
L∇ϕ

⋆(∇f (x̄)) =: TL−1(x̄)

f L−anisosmooth f = ξ @ L−1 ⋆ φ
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where ȳ = x̄ − 1
L∇ϕ

⋆(∇f (x̄)) =: TL−1(x̄)

f L−anisosmooth f = ξ @ L−1 ⋆ φ

proof: (only =⇒ )

f L-anisosmooth ⇐⇒ ∂Φ(−f )(x) ̸= ∅,∀x ∈ IRn

=⇒ −f Φ-convex ⇐⇒ −f = (−f )ΦΦ

19 / 34



Characterization of anisotropic smoothness

f (x) ≤ f (x̄) + (L−1 ⋆ φ)(x − ȳ)− (L−1 ⋆ φ)(x̄ − ȳ), ∀x ∈ IRn
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f L-anisosmooth ⇐⇒ ∂Φ(−f )(x) ̸= ∅,∀x ∈ IRn

=⇒ −f Φ-convex ⇐⇒ −f = (−f )ΦΦ

⇐⇒ f (x) = − sup
y∈IRn

−(L−1 ⋆ φ)(x − y)− (−f )Φ(y) = (−f )Φ @ (L−1 ⋆ φ)
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Characterization of anisotropic smoothness

f (x) ≤ f (x̄) + (L−1 ⋆ φ)(x − ȳ)− (L−1 ⋆ φ)(x̄ − ȳ), ∀x ∈ IRn

where ȳ = x̄ − 1
L∇ϕ

⋆(∇f (x̄)) =: TL−1(x̄)

f L−anisosmooth f = ξ @ L−1 ⋆ φ

TL−1 injective

λmax(∇2φ∗(∇f (x))∇2f (x)) < L, ∀x ∈ IRn

(♣)

(♠)

▶ f L-anisosmooth at x̄ ∈ IRn ⇐⇒ x̄ ∈ argminx∈IRn (L−1 ⋆ φ)(x − ȳ)− f (x)

▶ x̄ is stationary point of (L−1 ⋆ φ)(· − ȳ)− f ⇐⇒ ȳ = TL−1(x̄)

▶ LMI holds =⇒ x̄ is (strong) local minimizer

▶ is x̄ a global minimizer? yes, if

1. (L−1 ⋆ φ)(· − ȳ)− f attains its minimum ⇐= (♣)
2. x̄ is unique stationary point ⇐⇒ TL−1 injective
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▶ LMI holds =⇒ x̄ is (strong) local minimizer

▶ is x̄ a global minimizer? yes, if
1. (L−1 ⋆ φ)(· − ȳ)− f attains its minimum ⇐= (♣)

2. x̄ is unique stationary point ⇐⇒ TL−1 injective

(♣) either domφ bounded or a very mild growth condition on f : there exist r ∈ (0,L), β ∈ IR:
f (x) ≤ (r−1 ⋆ φ)(x)− β, ∀x ∈ IRn
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▶ is x̄ a global minimizer? yes, if
1. (L−1 ⋆ φ)(· − ȳ)− f attains its minimum ⇐= (♣)
2. x̄ is unique stationary point ⇐⇒ TL−1 injective ⇐= (♠)+ LMI

(♠) either domφ bounded or very mild growth condition on ∇f : lim sup∥x∥→∞
∥∇φ∗(∇f (x))∥

∥x∥ < L
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Characterization of anisotropic smoothness
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TL−1 injective

λmax(∇2φ∗(∇f (x))∇2f (x)) < L, ∀x ∈ IRn

TL−1 str. monotone ∥∇φ∗(∇f (x))−∇φ∗(∇f (y))∥ < L∥x − y∥, ∀x , y ∈ IRn

∥∇2φ∗(∇f (x))∇2f (x)∥ < L, ∀x ∈ IRn

(♣)

(♠)

(♣)

▶ f L-anisosmooth at x̄ ∈ IRn ⇐⇒ x̄ ∈ argminx∈IRn (L−1 ⋆ φ)(x − ȳ)− f (x)
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▶ LMI holds =⇒ x̄ is (strong) local minimizer

▶ is x̄ a global minimizer? yes, if

1. (L−1 ⋆ φ)(· − ȳ)− f attains its minimum ⇐= (♣)
2. x̄ is unique stationary point ⇐⇒ TL−1 injective ⇐= TL−1 strict. monotone
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2nd-order characterization: Isotropic case

∇2f (x) ≺ L∇2φ∗(∇f (x))−1 with φ(x) = h(∥x∥)

∇2φ∗(y)−1 =

{
α(∥y∥)P∥+β(∥y∥)P⊥ y ̸= 0
α(∥y∥)In y = 0

where α(t) = 1
(h∗)′′(t)

β(t) = t
(h∗)′(t)

P∥ =
yy⊤

∥y∥2
P⊥ = In − P∥

h(s) (h∗)′(t) α(t) β(t)

λ(cosh(s)− 1) arcsinh(λ−1t)
√

t2 + λ2 t
arcsinh(λ−1t)

λ(exp(|s|)− |s| − 1) ln(1+ λ−1|t|)sign(t) |t|+ λ t
ln(1+λ−1|t|)

λ(−|s| − ln(1− |s|)) t
|t|+λ

(|t|+λ)2
λ

|t|+ λ

λ(1−
√

1− s2) t√
t2+λ2

λ−2(t2 + λ2)3/2
√

t2 + λ2

λ

(
s arctanh(s) + ln

(√
1− s2

))
tanh(λ−1t) λ cosh2(λ−1t) t

tanh(λ−1t)

sufficient condition

λmax(∇2f (x)) ≤ L min{α(∥∇f (x)∥), β(∥∇f (x)∥)}
(= Lβ(∥∇f (x)∥) for all examples)
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Connection with (L0,L1)-smoothness
h(s) (h∗)′(t) α(t) β(t)

λ(−|s| − ln(1− |s|)) t
|t|+λ

(|t|+λ)2
λ |t|+ λ

▶ NGD becomes
x+ = x −

γ

∥∇f (x)∥+ λ∇f (x)

▶ 2nd-order condition ∇2f (x) ≺ L∇2φ∗(∇f (x))−1 :

∇2f (x) ≺ L(λ+ ∥∇f (x)∥)
(
In + (λ∥∇f (x)∥)−1∇f (x)∇f (x)⊤

)
▶ sufficient condition λmax(∇2f (x)) ≤ Lβ(∥∇f (x)∥):

λmax(∇2f (x)) ≤ L(λ+ ∥∇f (x)∥)
= L0 + L1∥∇f (x)∥ (L0 = Lλ, L1 = L)

▶ “one-sided” version of (L0,L1) smoothness (less strict)
▶ class of anisosmooth functions strictly larger than (L0,L1)-smooth
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Example: anisosmooth ⊃ (L0,L1)-smooth

▶ in 1d the condition becomes f ′′(x) ≤ λ−1L(λ+ |f ′(x)|)2

ax , a > 1, abx
, a, b > 1, strongly convex self-concordant functions

are all anisosmooth
▶ n-d example

f (x) = exp(∥x∥2)− 2∥x∥2

f is not (L0,L1)-smooth but is anisosmooth for λ = 1, L = 10
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Anisotropic smoothness & clipping

▶ 2nd-order condition becomes{
λmax(∇2f (x)) ≤ λL, ∥∇f (x)∥ ≤ λ
λmax(P⊥∇2f (x)P⊥) ≤ L∥∇f (x)∥, ∥∇f (x)∥ > λ

where P⊥ = In − ∇f (x)∇f (x)⊤
∥∇f (x)∥2 projection on ker∇f (x)

▶ in 1d: f ′′(x) ≤ Lλ if |f ′(x)| ≤ λ
▶ if {x | |f ′(x)| ≤ λ} is bounded for some λ then any function with locally

Lipschitz second derivative is anisosmooth
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Nonconvex functions

xk+1 = xk − γ∇φ∗(∇f (xk))

where f ∈ C1(IRn) is anisosmooth with respect to φ

Theorem
If γL ∈ (0, 2), then

min
0≤k≤K

φ(∇φ∗(∇f (xk))) ≤
L

min{2− γL, γL}
f (x0)− f ⋆

K + 1
.
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Nonconvex functions: momentum
choose x0 ∈ IRn, γ, β > 0, set v−1 = 0 and iterate:

v k = βv k−1 + (1− β)∇φ∗(∇f (xk))

xk+1 = xk − γv k

Theorem
If γL ∈ (0, 1), β ∈ (0, 1/2), then

min
0≤k≤K

φ(∇φ∗(∇f (xk))) ≤
f (x0)− f ⋆

γ(1− 2β)(K + 1)
.

Moreover if f satisfies the (slightly) stronger condition

∥∇φ∗(∇f (x))−∇φ∗(∇f (x̄))∥ ≤ L∥x − x̄∥

and β ∈ (0, 1) and γ = ‘(1− β)2/L then

min
1≤k≤K

φ(∇φ∗(∇f (xk))) ≤
1
K

(
f (x0)− f⋆

βγ
+

1
1− βφ(∇φ

∗(∇f (x0)))

)
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Nonconvex functions: anisotropic PL
choose x0 ∈ IRn, γ, β > 0, set v−1 = 0 and iterate:

v k = βv k−1 + (1− β)∇φ∗(∇f (xk))

xk+1 = xk − γv k

Definition
We say that f satisfies the anisotropic gradient dominance condition relative
to φ with constant µ > 0 if for all x ∈ IRn

φ(∇φ∗(∇f (x))) ≥ µ(f (x)− f⋆).

Theorem
If γL ∈ (0, 1), β ∈ (0, 1/2), then

f (xk)− f⋆ ≤ αk(f (x0)− f⋆),

where α = max{1− γβ(1− 2β)µ, β(1+ 2β)}.
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Convex functions: isotropic reference functions

xk+1 = xk − 1
L∇φ

∗(∇f (xk))

Theorem

Let f be convex and φ = h ◦ ∥ · ∥ with h : IR → IR proper, lsc, strongly
convex, even with h(0) = 0. The following holds for k ∈ IN:

1. ∥xk+1 − x⋆∥ ≤ ∥xk − x⋆∥, where x⋆ ∈ argmin f ,

2. ∥∇f (xk+1)∥ ≤ ∥∇f (xk)∥,
3. if (h∗)′(t)/t is nonincreasing on IR+

f (xk)− f⋆ ≤
L∥∇f (x0)∥∥x0 − x⋆∥2

(h∗)′(∥∇f (x0)∥)(k + 1)
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Convex functions: general reference functions

xk+1 = xk − 1
L∇φ

∗(∇f (xk))

Theorem

Let f be convex and φ : IRn → IR proper, lsc, strongly convex, even with
φ(0) = 0 and 2-subhomogeneous:

φ(θx) ≤ θ2φ(x) for all θ ∈ [0, 1]

Then

f (xk)− f⋆ ≤
4D0

k

where D0 = sup{(L−1 ⋆ φ)(x − x⋆) | f (x) ≤ f (x0)}.
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Phase retrieval

minimize
x∈IRn

f (x) =
1

2m

m∑
i=1

(yi − (a⊤i x)2)2

▶ n = 100, m = 3000
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Matrix factorization

min
U∈IRm×r ,V∈IRn×r

f (U,V ) = 1
2∥UV⊤ − A∥2F
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▶ MovieLens100K data set, rank r = {10, 20, 30}
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Neural network training
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The end

▶ joint work with Kostas Oikonomidis, Jan Quan, Manu Laude

Questions?

K. Oikonomidis, J. Quan, E. Laude and P. Patrinos, Nonlinearly Preconditioned Gradient Methods under Generalized Smoothness. ICML, 2025

E. Laude and P. Patrinos, Anisotropic proximal gradient. Mathematical Programming 12(4):747-756, 2025
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