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Goal of the talk

» fresh view on adaptive/preconditioned GD methods through old,
forgotten tool

®d-convexity

» abstract viewpoint = deeper understanding
» couples preconditioning with the “right” function class
» leads to new algorithms (hyperbolic GD,...)
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1. Motivation
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Is gradient descent all we need?
GD on (nonconvex) f € C*(IR")

XK = 5k — 4V F(x¥)

» appropriate class: functions with Lipschitz gradients

IVF(x) = VIl <Llx=yll,  YxyeR"
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Is gradient descent all we need?
GD on (nonconvex) f € C*(IR")
XL = XK — yVF(x¥)

practice
» function class is too narrow
0.0 - 600
W -0.5
500 —
§ -1.0 2! <
< 7 400 5 2 -
300 ¢ oo
£ -20 2 g <<
2 200 v 0
8—2.5 g
-3.0 : 100 -
—354— S : ;
-3 -2 -1 0 0 o 1
log(gradient norm) log(gradient norm)
(Lo, Ly)-smoothness: ||[V2f(x)| < Lo + Li||VF(X)l, vx € R”

» adaptive methods/nonlinear preconditioning work better
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350
300
250 §
20053
150 8
100

ity, ICLR, 2020

3/34



Outline

2. Nonlinearly preconditioned GD (NGD)
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Nonlinearly preconditioned GD

XM = xK —yG(VF(x¥))

for some preconditioner G : R"” — R"

» Normalized GD Gy) = W

V£ (x¥)

k41 _ ok
D N CO
» Gradient Clipping G(y) = min {1, ﬁ}y
Xkt = xK — vy min {1 A} VF(xF)

VR

> . direction does not change, adaptive stepsize

R. Pascanu, T. Mikolov and Y. Bengio, ICML, 2013
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Nonlinearly preconditioned GD

XKL = xK — yG(VF(x¥))

for some preconditioner G : IR" — IR"

i (v) = Y
» Adagrad (without memory) Gilyi) = o
Vi f(xk .
XK = xK — FO) i=1,..., n
Ve + (Vif (xF))?
» Adam (without memory and momentum) Gi(y) = ‘y/{’ﬁ
k
x“lzx-k—'yiv[f(x) i=1,....n
! ! [Vif(x)| + ¢ o
> . direction changes, widely used in practice
J. Duchi, E. Hazan and Y. Singer, JMLR, 2011
D.P. Kingma and J. Ba, ICLR, 2015
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Nonlinearly preconditioned GD

XK = XK —yG(VF(xH))

for some preconditioner G : R" — R"

desiderata for nonlinear preconditioner

lim,_,, G(y) = G(0) = 0: algorithm stops as soon as Vf(x) =0

lim, - I ”%)” = 0: prevents exploding gradients

lim, o I ”;“)” > 0: prevents vanishing gradients

R = G o Vf is Lipschitz-like: Jacobian of R remains bounded

P b=
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Anisotropic GD

XK = 5k —yG(VF(xF))
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Anisotropic GD

X = XK =y Ve (VF(xH))

key observation

all G seen so far are gradients of Lipschitz smooth, convex functions

G(y) =V (y)

&*(y) = supyerr { (v, x) — d(x)} is convex conjugate of ¢ : R" — R
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Anisotropic GD

X=X =V (VF(x))

key observation

all G seen so far are gradients of Lipschitz smooth, convex functions
G(y) =Ve'(y)
h* R — R cvx, L-smooth, even with
(h")(0) =0
> isotropic: ¢"(y) = M (llyll)

> separable: ¢*(y) =Y (h*)' (%)

*(y) = sup n {{y,x) — ¢(x)} is convex conjugate of ¢ : R" - R
¢ xeR 9
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Anisotropic GD

X=X =V (VF(x))

key observation
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G(y) =V (y)
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Anisotropic GD
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Anisotropic GD
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Anisotropic GD

X=X =V (VF(x))
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3. Anisotropic smoothness
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Euclidean smoothness and GD

XK = Xk — gV F(xF) = T,(xF)

f € CY(IR") is called L-smooth if descent lemma holds

7)< F(R) + (VAR),x—R) + Slx— X7 VxR

GD as majorization-minimization: minimize rhs of descent lemma
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Euclidean smoothness and GD

XK = Xk — gV F(xF) = T,(xF)

f € CY(R") is called [-smooth if holds

f(x) < F(X) +(VF(X), x —X) + é||x—>'<||2 Vx,x € R"

Oth, 1st, 2nd order necessary and sufficient conditions, rich calculus

f L—smooth

J

L)1+ |12 = f convex

T;-1 monotone — |VF(x)=VIWI <Llx=yll, ¥x,y e R"

V2f(x) < LI, W eR" <= |V (x)| <L ¥xeR"
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Euclidean smoothness and GD

XK = Xk — gV F(xF) = T,(xF)

f € CL(IR") is called [-smooth if holds

f(x) < f(>_<)+(Vf()?),x—i)+é||x—>‘<|\2 vx,x € R"
= () + g IL(x = T (I = 2 ILx = T ()P

10/34



Euclidean smoothness and GD

XK = Xk — gV F(xF) = T,(xF)

f € CL(IR") is called [-smooth if holds

f(x) < f(>_<)+(Vf()?),x—i)+é||x—>‘<|\2 vx,x € R"

= f(R) + 5 IL(x = T G)IZ = g IL(R = T (%)
=f(x)+ (x =T (%)) - (X = T (%))

where ¢ = 3| - ||?, = L¢(L*) (epi-scaling)
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Anisotropic smoothness

-+

XT=x—-7 (VF(x)) = Ty(x)

f € CL(IR") is called anisotropically smooth (aniso-smooth) with respect

to a reference function if holds
f(x) < f(x)+ (x = T (X)) — (X — T1(x)) VX, xeR"
Assumption

Al ¢:R" — R is proper, Isc, strongly convex and even with ¢(0) = 0
A2 ¢ € C?(intdom @), ||[Vo(x")|| — oo for intdom ¢ > x* — x € bdry dom ¢

» Al is standing assumption
> A2 implies ¢* is C?(IR") (sometimes needed)
» common choices for ¢: pick h: IR — IR satisfying Al (and A2)

isotropic separable

o(x) = h(llx]) ¢(x) = 321, h(x)
Vo' (y) = (1) (llyl)sign(y) V' (x) = ((h") (a), ... (1) (xa))

11/34



Examples of reference functions

h(s) dom h h*(t) h"(t) Al/A2
*Thes) Ty 2
6 2
4 t
—4 -2 2 4
0.5
2
-2
S
t
—4 4 2 2 2
> ¢ grows faster than || - ||> = larger function class than L-smooth
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Examples of reference functions
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Examples of reference functions
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h(s) dom h (1) () AL/A2
A(=ls| = In(1 = Is]) (-1,1) o T s
252 +6)j<1(5) -1.1] M<a(t) Bc (M) (t) /X
_ — 2 _ t 2 2\-3/2
AL —/1-5?) [-1.1] NG A(£2 +22) %
A(cosh(s) — 1) R arcsinh(A1t) ﬁ VIV
o] PTG | oo Ty
K :
L :
| | -4 —2 2 4
2 {]
1 ] -2
s
—4
» ¢ grows faster than || - |2 = larger function class than L-smooth

12/34



Examples of reference functions
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Examples of reference functions

h(s) dom h B(t) B (t) A1/A2

A(=Is| = In(1 — Is|) (-11) [ T I
252+ 8<1(5) [-1.1] Ma(®) Bc(M<x)(1) /X
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8 15
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» ¢ grows faster than || - |2 = larger function class than L-smooth
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4. Generalized convexity and minorants
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Abstract convexity — some history

INF-CONVOLUTION, SOUS-ADDITIVITE, CONVEXITE
DES FONCTIONS NUMERIQUES

Pax Juax Jacouns MOREA

pose. donné
tion 14)

appelle fonction polaire de f,
f))

to g, dite fonction polaire

fonetion
une fonetion

Mathematis and s Applications
Diethard Pallaschke and
Stefan Rolewicz

Foundations of
|| Mathematical Optimization
Comes Ansis it ey

@ sprnger

AN EXTENSION OF DUALITY-STABILITY RELATIONS
TO NONCONVEX OPTIMIZATION PROBLEMS*

E. J. BALDER}

Abstract, i T k
relations in imis

extended L idered in

ON ®-CONVEXITY IN EXTREMAL PROBLEMS*
SZYMON DOLECKIT AND STANISVAW KURCYUSZE

X, x X

defined,

@-convexity and @-subdifferentiabilty of lower-semicontinuous functions on metric spaces arc

existence of minimizing points of nonlincar functions on Banach spaces and extensions of the notion of

3 118 APBLICATIONE

» Moreau replaced inner product with arbitrary coupling in Fenchel conjugate
> early papers: Balder, Dolecki & Kurcyusz (®-subdifferential, duality)
» important role in optimal transport theory (Kantorovich duality)
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®-convexity

¥(x)

proper ¢ : R" — R is closed convex if and only if

Y(x)= sup £, p(x), where  £,5(x) = (v, x) =B
(v.B):4yg<t
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®-convexity

¥(x) Y(x)

proper ¢ : R" — R is closed convex if and only if

Y(x) = sup  £,p(x), where  £,5(x) = (y,x) =B
(v.B):Ly g<
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®-convexity

[ coupling function @ : X x Y — IR where X, Y nonempty sets ]

Definition

P : X = R is called ®-convex if it is the pointwise supremum of its
®-minorants

PY(x)= sup £, p5(x) where £, 5(x) = d(x, v) -
(v.B):ty <9
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®-convexity
w(x)

[ coupling function @ : X x Y — IR where X, Y nonempty sets ]

» task: given x € R" , find y € R", B € R such that
Ly5(x) =d(x,7)-B
minorizes 9 at X: _ _
Y(x) = £; 5(X)
(Vx € R")  P(x) > £y 5(x)
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®-convexity

P(x)
X
X
[ coupling function where X, Y nonempty sets ]
> :given X € R", find y € R", B € R such that

Ly5(x) = ®(x,7) =B = P(X) + P(x,7) — &(X,7)

minorizes Y at X;

P(x)

I
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®-convexity

P(x)

» “slopes” y of ®-minorants at X = ®-subgradients of ¢ at X

Bo(x) ={y e R" | ¥(x) 2 P(X) + ¢(x,7) — ®(X,y), Vx € R"}
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®-convexity

> “slopes” y of ®-minorants at X = ®-subgradients of ¢ at X

Bo(X) ={y e R" | (x) 2 ¥(x) + ®(x,7) — ®(X,¥), Vx € R"}

> 7 €0o9Y(X) == X € argmin,cx ¥(x) — ®(x,¥)
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®-convexity

P(x)

> —vertical translation 3 of ®-minorant with slope y = ®-conjugate at y

B =d(x7)—¥(x)
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®-convexity

P(x) 4 (y) Y

<i

N\

X

PP(y) = Sgg{q’(x,y) —¥(x)}

» —vertical translation 3 of ®-minorant with slope y = at y
B=o(x.7) ~¥(x) = sup{®(x.y) — ()} = ¥°(¥)

> ® is d-convex (even if 9 is not)
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®-convexity

P(x) L) Y

<

PP (y) = ilel)r:{q’(x,y) —¥(x)}

» Fenchel-Young inequality
Y) +9°(y) 2 d(x,y)  Wx,yeR"

> Y EBY(X) —= Y(X)+Y®(y) = (. 7)
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®-convexity

P(x) 4 (y) 4

PO (y) = Slel)lg{¢(XJ/) —¥(x)}

» Fenchel-Young inequality
Y)+YP(y) > d(x,y)  Vx,yeR"

> Y E€BY(X) = Y(X)+Y®(y) = d(x.7) = X €0yP®(¥)
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®-convexity
W(x)

200y Y

» biconjugate

PP(y) = Sgg{q’(x,y) —¥(x)}

’tﬁW(X):SlElg{d’(X.Y)—wq’(J/)} = sup  {p(x)

(v.B):by p<t

> 1)®® largest d-convex function minorizing f
> 5 € () — P(X) = $*(R)
> 9 : X - R d-convex < 1 = ¢p*°
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®-convexity

P(x) 200y Y

PP(y) = sup{®(x,y) — $(x)}
summary
for any proper ¥ : X — R
Yy €0eY(x) < X € arfl;:i“{w(x) —0(x,7)} = P(X) +9°(F) = (%, 7)
%€ 0Y®(y)
{111()7) = 9*?(x)
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®-convexity and anisotropic smoothness
X=Y=R" O(x,y) =—=(L7txp)(x —y)

> —®-majorants for f € C}(R") <= ®-minorants for ¢ = —f

T

> slopes of fCD—r‘najorants of f <= ®-subgradients of 9 = —f
y €0p(—f)(X) &= x¢€ arggllgin (LY % ¢)(x —¥) — F(x)
YelR"
Fermat = V¢(L(x —¥)) = VF(X)
= J=x— 1V (VF(x) = Ti1(%)
» anisotropic descent for f <= ®-subgradient inequality for ¢ = —f

F) < FER) + (L) —7) — (Lx ) (x—F), VxR’
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Outline

5. Characterization of anisotropic smoothness
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Characterization of anisotropic smoothness
F(X)<F)+ (L) (x—y) — (LT x9)(x — V), Vx € R”

where y = X — 1V@* (Vf(x)) =: T;-1(X)

f L—anisosmooth F=¢é0L1x¢
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Characterization of anisotropic smoothness
F(X)<F)+ (L) (x—y) — (LT x9)(x — V), Vx € R”

where y = X — 1V@* (Vf(x)) =: T;-1(X)

f L—anisosmooth F=¢é0L1x¢

proof: (only =)

f L-anisosmooth <= 8o(—f)(x) # 0,Vx € R"
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Characterization of anisotropic smoothness
F(X)<F)+ (L) (x—y) — (LT x9)(x — V), Vx € R”

where y = X — 1V@* (Vf(x)) =: T;-1(X)

f L—anisosmooth F=¢é0L1x¢

proof: (only =)
f L-anisosmooth <= 9s(—f)(x) # 0,Vx € R"
= —f d-convex <= —f = (—F)*®
= f(x) = - s, —(LT ) (x = y) = (=) = (=N D (L'« )
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Characterization of anisotropic smoothness
F) SFR)+H (L) (x—7) = (L1 xd)(Xx—7),  YxeR”

where y = X — 1 V*(VF(x)) = T;-1(%)

f L—anisosmooth f=¢0L1%¢
)

T,-1 injective

k

Amax(V20* (VF(x))V2F(x)) < L, ¥x € R”

> f L-anisosmooth at X € R" <= X € argmin,cgn(L™ x ¢)(x — ¥) — f(x)
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Characterization of anisotropic smoothness
FO) < FR)+ (LT xd)(x =) = (LT xd)(x—¥), WxeR”
where y = X — %V(p*(Vf()'()) =: T;-1(X)

f=¢60L %9

f L—anisosmooth
D

T,-1 injective

k

Amax (V2" (VF(x))V?f(x)) < L, ¥x € R"

f L-anisosmooth at X € R" <= X € argmin,cgn (L™ x @)(x — ) — f(x)
X is stationary point of (L™1x@)(- —§) — f < y = T,;-1(X)

LMI holds = X is (strong) local minimizer

vV VvYyy

isX a 7 yes, if
1. (L7 % ¢)(- — y) — f attains its minimum <= (&)

(&) either dom ¢ bounded or a very mild growth condition on f: there exist r € (0, L), 8 € R:
f(x) < (rtxd)(x) - B, Vx € R"
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Characterization of anisotropic smoothness
F) SFR)+H (LT xd)(x—7) = (L1 xd)(x—7),  Yx€eR”

where y = X — $V*(VF(x)) = T;-1(X)

f=¢0L 1 x¢

f L—anisosmooth
D

T,-1 injective

k

Amax(V2¢*(VF(x))VZf(x)) < L, Vx € R”

» f L-anisosmooth at X € R" <= X € argmingcn (L™ x )(x — ¥) — F(x)
> X is stationary point of (L™1x@)(- —§) — f <= y = T,-1(X)
» LMl holds = X is (strong) local minimizer
> isxa ? yes, if
1. (L7 % ¢)(- — y) — f attains its minimum <= (&)
2. X is unique stationary point <= T,-1 injective <= (#)+ LMI

&) either dom ¢ bounded or very mild growth condition on Vf: limsup Ive* (v el <L
( llxll—=o0 "]
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Characterization of anisotropic smoothness
F(X)<F)+ (L) (x—y) — (LT x9)(x — V), Vx € R”

where y = X — 1V@* (Vf(x)) =: T;-1(X)

f L—anisosmooth f=¢0L 1 x¢

T,-1 injective <—= T, -1 str. monotone <— ||V¢*(VF(x)) — Vd*(VF(y))Il < L|x —y|, Vx,y € R"

N )

Ama(V20 (VE(X)V2F(x) < L, Yx € RT == | V2¢*(VF(x))V2F(x)| < L, ¥x € R"

> f L-anisosmooth at X € R" <= X € argmin,cgn (L™ x ¢)(x — ¥) — f(x)
> X is stationary point of (L™1x@)(- —y) — f <= y = T,-1(X)
> LMI holds = X is (strong) local minimizer
> isxa ? yes, if
1. (L7 % ¢)(- — y) — f attains its minimum <= (&)

2. X is unique stationary point <= T,-1 injective <= T,-1 strict. monotone
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2nd-order characterization: Isotropic case

V2f(x) < LV?¢*(VF(x))™? with ¢(x) = h(]|x||)
£(N— a(llylDPy+803lyINPL ¥y #0
V24 (y)~! = Uy Py+6MUyINPL
a(llyl)in y=0
t '’
where o(t) = " ,,(t) B(t) = ' P = I P.=l—Py
h(s) (hy(1) a(t) B(t)
A(cosh(s) — 1) arcsinh(A~1t) 12+ A2 m
Aexp(|s)) = Is| = 1) In(1 + A~*|t])sign(t) [t + X WO
A(=ls| = In(1 — Is) i s It 4+
¢ A2(£2 4+ A2)3/2 m

_/1_<
A(1 1—5s2?) N
Py (s arctanh(s) + In (\/ 1- 52)> tanh(A~1t) Acosh?(A~1t) 7ta"h P

Amax(V2F(x)) < Lmin{a (V). BUVFC)N}
(= LB(IVF(x)|]) for all examples)
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Connection with (Lg, L;)-smoothness

h(s) (hY(t)  a(t) Bt
AM=lsl =1 —s]) gy UPE je+a
» NGD becomes o
+ -y
X R )

» 2nd-order condition V?f(x) < LV?¢*(VF(x))™*:
V2F(x) < LN+ IVFCN) (I + MV T V) V(X))
» sufficient condition Amax(V2f(x)) < LB(||VF(x)])):

Amax(VZF(x)) < LN+ [VF(X)))
= Lo+ Li[[VF(X)| (Lo=LX Li=1)

v

“one-sided” version of (Lg, L1) smoothness (less strict)

» class of anisosmooth functions strictly larger than (Lo, L1)-smooth
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Example: anisosmooth O (L, L1)-smooth

» in 1d the condition becomes f”(x) < ALL(X + |f'(x)])?

— a5, a>1,a", a b>1, strongly convex self-concordant functions
are all anisosmooth

» n-d example
2
f(x) = exp(|Ix|*) = 2|

— fis not (Lo, L1)-smooth but is anisosmooth for A =1, L =10

22/34



Anisotropic smoothness & clipping

» 2nd-order condition becomes

Amax(VZ£(x)) < AL, VOO <A
Amax(PL V2F(x) PL) < LIVF(x)]], VOO > A
where P, = [, — %VX’;(”XZ)T projection on ker V£(x)

> in 1d: F(x) < LXIf [ (x)| < A

> if {x||f'(x)] < A} is bounded for some X then any function with locally
Lipschitz second derivative is anisosmooth
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Outline

6. Convergence analysis
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Nonconvex functions

XL = XK — Ve (VF(xH))

where f € C}(IR") is anisosmooth with respect to ¢

Theorem
IfyL € (0,2), then

L f(x9) —f*
min{2 —yL,yL} K+1

omin $(Ve"(VF(x"))) <

25/34



Nonconvex functions: momentum

choose x° € R", 4,3 > 0, set v~ =0 and iterate:

VK = BvETl 4 (1 - B)V* (VF(xX))

k+1 k

XKL = xk — gk

Theorem
IfyL € (0,1), B €(0,1/2), then

f(x%) — f*
(1-28)(K+1)

. . Yy <
Jmin $(V6"(VF(x)) < -

Moreover if f satisfies the (slightly) stronger condition
V@™ (VF(x)) = V" (VF()I < Llix = X||

and B € (0,1) and v = ‘(1 — B)?/L then

1

. . 1 /f(x°) —f. 1 .
min, 079" (Vi) < % (2L + owa (76 )

.
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Nonconvex functions: anisotropic PL

choose x° € R", 4,3 > 0, set v~ =0 and iterate:

VK = BvETl 4 (1 - B)V* (VF(xX))

k+1 k

XKL = XK — gk

Definition
We say that f satisfies the anisotropic gradient dominance condition relative
to ¢ with constant p > 0 if for all x € R”

(Vo' (VF(x))) = u(f(x) — ).

Theorem
IfyL € (0,1), B € (0,1/2), then

F(X) = f. < a(F(x°) = £),

where a = max{1l —y8(1 — 26)u, B(1 + 26)}.
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Convex functions: isotropic reference functions

XK = Xk — 2V ¢* (VF(xF))

Theorem

Let f be convex and ¢ = ho || - || with h: IR — IR proper, Isc, strongly
convex, even with h(0) = 0. The following holds for k € IN:

1. Xk — x*|| < |IxK — x*||, where x* € argmin f,
2. [I[VF( DI < IV,
3. if (h*)'(t)/t is nonincreasing on IR;

oo LIVAGOI® = x|
FOO) = F < Gy IV ek £ D
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Convex functions: general reference functions

XK = XK — 1V ¢* (VF(x9))

Theorem

Let f be convex and ¢ : R" — R proper, Isc, strongly convex, even with
¢(0) = 0 and 2-subhomogeneous:

d(6x) < 6%¢(x) for all 6 € [0, 1]

Then
4D,

Tk
where Dy = sup{ (L1 x ¢)(x — x*) | f(x) < F(x°)}.

f(x)—f. < —
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Outline

7. Examples
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Phase retrieval

> n =100, m= 3000
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minimize f(x) = i(y/ - (a'x)?)?
p
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—— Clipping
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0 100 200 300 100 500
Number of iterations
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Number of iterations
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& 107
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0 100 200 300 100 500
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Matrix factorization

min

UER™" VeR"™"

106
10!
10
=
=102
=3
107! GD
Lo | = GDm
—e— AdGD-accel
108 iHGDm
0 5000 10000 15000 20000

Number of iterations

» MovielLens100K data

10
10
= 10"
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=

107

1070

set,

f(U,V)

GD

—+— GDm

—e— AdGD-accel

—<— ilGDm R

0 1000 2000 3000 000 5000

Number of iterations

rank r = {10, 20, 30}

lovT —
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GD

GDm
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0 200 100 600 800
Number of iterations

1000
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Neural network training

! —F— 56D 10
—a— Adam
g z107!
0° 10-2
ot 104
99 90

296 =
| | —— D Lo
| —=— Adam
o T — iHGD o0

—— sHGD
93 40
0 10 2 30 40 50

0
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without momentum
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50

100 150
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—— {HGD

sHGD

200 250

50

100 150
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200 230
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without momentum
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100 —a— Adam
—— iHGDm
~—— 5HGDm
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The end

» joint work with Kostas Oikonomidis, Jan Quan, Manu Laude

Questions?

K. Oikonomidis, J. Quan, E. Laude and P. Patrinos, Nonlinearly Preconditioned Gradient Methods under Generalized Smoothness. ICML, 2025

E. Laude and P. Patrinos, Anisotropic proximal gradient. Mathematical Programming 12(4):747-756, 2025
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