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Description of the Control Problem
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Hybrid Automaton Formalism

A hybrid automaton is a tuple

H = ((Qa X)7 (Eca U)7 (Mcdisc7 MCCtS)7 (267 D)? (M€di807 Mgts)’ (5’ f))

Configuration (Q finite set of modes X CIR"™ set of cont. states

domain Y. finite set of discrete events U CIR™ set of cont. values
Control YE = Y. U{e}, € silent move U = {u(-) € PC°u(t) € U,Vt}
feasible funct. Mélisc QXX — 2% \ {} Mgts Q x X —2U \ {}
domain Y. finite set of discrete events D CIRP set of cont. values
Disturbance Y€ = X U{e}, e silent move D = {d(-) € PC°|d(t) € D,Vt}
feasible funct. Mgisc QX X — 2% \ {} Mt : Q x X — 2 \ {}

§:QXXXITEXTE —=20XX\ M1 | £ QOx X xUxD— R
Transition Funct. (g, x,0¢c,00) =W CQ x X (t) = fq(x(t),u(t),d(t))
5(Q7'x7€7€) — {(qax)} x(tO) = Z0
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Full-state Controller

The set of full-state feedback static controllers for H is the pair C' =
(Tdisc,TctS), Tdisc : Q < X — 222 \ {}7 Tcts : Q ¥ X — 2U \ {} and
V(g,xz) € Q x X, T%(q,x) C M&*“(q,x) and T**(q,x) C ME*(q, ).

The coupling of the hybrid automaton H with the class C =
(T, T5¢) of full-state feedback static controllers is the closed-loop

hybrid automaton
Ho = (@, X), (U, Ze), (T, T°%), (D, ), (ME*, ME*), (£,0)).

Hc is obtained from H by replacing the discrete controller move func-

tion with 7%%°¢ and the continuous controller move function with 7°°%°.
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Hybrid Thermic Model of the Room
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Maximal Safe Set and Maximal Controller

Given a set Good C () x X of configurations that do not violate a safety property,

2 the Maximal Safe Set, Safe, is the maximal robust controlled invariant
set contained in Good,
B the Maximal Controller is the family of all feedback controllers such that,

given any configuration (q,z) in Safe, keep it in Safe.

Fixed—Point Procedure [Tomlin, Lygeros, Sastry - HSCC98]

procedure Safe = P(H, Good)
W9 .= Good
1:=—1
repeat {
1 =1+ 1
Wit .= Wi\ [Pref (W) U Unavoid_Pre™ (Pref (W) U Wi, Pref (W1))]
}until (Wt = W)
Safe == W*
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. iX
Preg(Wilo .70 e 7T e LT MEQX). % & ME<(Q,x,)
Prec(Wlq T }
YueMZsIde Mgts BN .
Xj e
30,

JueMgs Vde Mgs
Wi, :

Xg

Prec(W%) = {(¢,z) € Q X X : Yo, € M2*¢(q,x).30. € M3*5¢(q, x).
(0c,0¢) # (e,€) A (g, @, 0¢,0¢) L W'}
Pre.(W") = {(q,z) € Q x X : o € MT*3¢(q,x).VYoe. € MZ*5¢(q, z).
(0c,0¢) # (e,€) N d(q,%,0c,0e) C W'},
Unavoid_Pre(B,E) = {(q,2) € Q x X |Vu € MS*® 3t > 0 3d € MSts
such that for the trajectory x(t) = v¥q(u,d, &,t) we have
VT €1[0,t) (¢, z(1)) € Wait NE A (q,z(t)) € B}
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Lower Bound on Event Separation

This lower bound can be enforced by introducing a timer t. (f. = 1):

events are enabled when t. > 0 and jumps reset the timer to t. = —A,

so that no discrete event is allowed in the interval —A < ¢t. < 0.
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Safe Set on Extended State Space

Since there is only one timer t., information about its value can be
discretized into the two parts—t. = —A and t. > O:

1. if t. > 0, then it suffices to know that a discrete jump is enabled,

whereas the specific value of . irrelevant;

2. if —A < t. < 0, since t. after a jump is always reset to —A, the

value of . can be determined by knowing the integration time.

Thus we can move between the two separated parts for t. = —A and

t. > 0 by integrating between them for a fixed time A.
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procedure [Safe,, Safe_ A] = P'c(H, Good)

W§ := Good
W . := Good
1= —1
repeat {

1: =141

Wt = WE N\ [Prel (WLa) U
Unavoid_Pre™ (Pref (W" ,) U Wg, Pref (W' \))]
W = Wi\ Unavoid_Pre{I_Aﬁ] (Good, WitH)
}until (W = W§ and W' = W2 L)
Safey = W
Safe_n = W',
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Projection Operators

Given a set of configurations K C Q x X:
1. m_a) : @ x X — @ x X is such that 7_a)(K) = {(¢,7) €
Q x X|(¢,z,—A) € K}, and

2. Ty : @ x X — Q x X is such that ) (K) = {(¢,7) € Q x
X|(q,2,0) € K}.

The computation of the safe set can be carried out using only the
projections of the sets K for t. = —A and t. > 0.
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The sets W¢, W™ o computed by procedure P’ (H, Good) are the pro-
jections, respectively, for t. > 0 and t. = —A, of the sets W* computed
by the procedure P(H, Good), where Good = Good x R, i.e.,
We = (W),
WiA — 7T(_A) (Wz)
In particular, the repeat cycle of procedure P'c(H, Good) converges if

and only if the cycle of procedure 77(15[ : (Nlood) does, and if so

Safey = m)(Safe),
Safe_n = m—a)(Safe).
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To reconstruct the set Safe, the knowledge of the segments Safe, and
Safe_ o 1s not sufficient; instead one has to obtain also the boundary

curves that join them, by means of backward integration from the ex-

tremes of the segments.
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_ Results

Since no transition is enabled for . < 0, Unavoid_Pre() is the playable set in a 2-
player dynamic game between d and w:

Prec(Wi)|q N ([-A,0) x R) = 0

min max H(t},T;., A1, 2, d,u) =
7 deD ueld
Pre.(W*")|g N ([—A,0) x R) =0
H:, Ty A, 2,d*,u*) =0
From modes (off, closed) and (on, closed) to
modes (off, open) and (on, open) the tem- (d*,u*) = (0,U)  upper boundary
perature is reset to Tge := rTge. (De,0)  lower boundary
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Conclusions

[]

Prec(-), Pre.(-) can be written easily in closed form

[]

no general solution available for Unavoid_Pre(-):

— exploit system structure, e.g. reduce game to lower dimensions
— approximate conservative solutions

timer for discrete event separation

handle event separation in the discrete domain

selection of a controller inside the maximal safe set

I I O o

application to “idle regime” in engine control
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